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Excmeks:

1) K= wnanifeld, Tedifles, E=TH tangend Londde,
A= DX

2) E<X > R Ariviel bondle,
A(g'v)-.: (Tx, H(r.)-V) (‘bkt.w-fm‘u.'l),
where M:X— GL(d, R) is the
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Rew: The ;9 are "ratoral™:
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® fn efgedic, non-glonid

e Tt A has no dominaleo SpliEEng then
“ltfz, S x (,o-c.lose 'La A w||o$e,

Ly;iwwv aY‘AP,\ b‘(n 0% -FH °‘(A)
(ie., all L.E. are c,o.l,) )

¢ Tn aemml,we can Lind K:A

“ V'\lse "P'l- Edomiration
has “flat pieces”: bonee x
(i-e., all L.E. ingids Coch
bundle of the finest D.9. are =)
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Abstract resvlt om ix 513"‘ (or “redistribotion
of wcn’fh“...)
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Thrm THLP] x2x" iff:
Let (A;“...,u )= nmlm‘ (2, a'd)
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[HLP] svggests that 1 shoudl be
posstble to improve the BV Thrm so

oLk.u nole 4endd Jr?l\i vndey
perorbations. .

(ok i{ d=21 - unwri Hch)

Th.-\' exu“, whel we ave 3""3 todo
1‘550'\"\3 that the Jchs is o
Slnale ptﬂo‘u’. orh’t ( L., cocyole is cyelic).




Theotem (B-Bonatti)

Vdz2 VK4 Ne>o0 4L such that
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Move aemmlly:
It we allow Some" domivadion for A,

then the Thrwm alse holds provided
we dow't try fo wmove the points on
the 'ﬁ"l”‘ mﬂcsfom‘h\a Ly the dowminda

indlexes : 18 2 dom 2pl?
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Thym. [50 -E;.\ continved

Moreovcf, Wk c(A) and G are Lo“t
hyperbolic with index P , then we
Cen o‘\oosz the 'Mu‘ " 09‘-'-'7'-'-'" (A}]ubj

svch that cach a\mpk 6‘('41) is
}\"“LJM wilh index'p.
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Mukuak the Thim. is stated for
'oyc.\ic_ incay cocyc'es“ , wWg «ale
Wore in'ttffcsfd in (pcriuli'c. orbits on
di{Seos.

Combined with Franks’ Lemnaa , ovr Thm

R has applications o bat:
resuils om r{)._a 10(.;:)t perfor -

(:_s:_: Releted results by Gosrme lon in Dt.H.r(ﬂ)
Rew: ?fﬁioﬂ.s vdoted work L’r Bonﬁi-ﬁarpdm_ V;ﬁ,_p




Thrm. [ Boralti -Diaz- Pojels]
{ a dilfeo MM is C'-robostly

Lrarsitive Lhen il admits a
(3l¢|u|) dowinated sp'ittiha.

|
For dxd, thig 19 Maic’ them, p""* b Christin
n?ru& :-No «3@,\&(&\ has o fttiocl‘ic. sink ov sevrce.
By [%3- o), LW si. every §-pertedic orbif &t

Bilem)
hs an L-(hﬂ“‘t‘ htt'l " Ce € hay «
R St b, forlyy- 1] ok Lo
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“ x-.:z on ToV’ where Uis » “‘3"‘ },_f
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( Actoally €he resolt helds (or strong s/u watifolds...)




AII oﬂm Grrllu*wh / exTension :.
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e Y Dr lp. heve (wheve nod od
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Let pw be the c-'qolit. X7 . §P,
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Madp  (so soppAd ).
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(et © (}-\ be the Lyapvnw ’urh
(vse averaged ex ponents).

Hdk the w.rfices (.orusfmlin to
the ivdleves of the {inesl dom. spif. of ('A



Th[h_[Bo -Ro 1]
The following statements abovl & comcave

1“ Pk E"' are 01lli Va 'tﬁn*:

ORy <o (i) , and the twe 1"*""’
tovche ot the warked F"“*’ (‘ﬂi':_{"a

@ 3%“_5:;;‘ s.t. Y Preserves |

‘CRO\ W(%h.?ﬂ) -— 0.
?\QM'. Nlt ® uh;@%_ Kewn: 3 (.‘-aellzfil. Cnnitqﬂﬁﬁwk

of previews Thrm. @related to [Alultmr-!vowﬂi-
CvowrSier]. |
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Notice thel :
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I} d=2, then the Main Pro.f_ follows

i e ST

from Maie’ ’
‘CC',U(Q) . arauneni ( yesterdays
(an wWe Teduce the aem.ra\ wse te the
2- dim. case L Jdew Restricd to
.wn‘\.ﬁn‘il{ 3\; and At ond arrly Maie .. -

URoNG' Bt The fact that AE—~E

heg WO b(‘i‘lﬂh&) hh‘"*“. Sp'n'ttin:
&sw, M‘l .ue‘uk U\t uistQN.c, -.‘ inwr.‘n{

cbburdles F<E with Melstrony) 0S. F=EF,
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Even so, to prove the Main ?mp. , we will
fry to reduce the dimension : actually we’fl

avgve by indection on d.

&(A‘lﬁd}ioh ord Que tient
AEE cocyele , Fr invariant svbbondle

_[AIF * 34 Cs
A...( s A/F) wrt, Jp’a“aa E FOF'L
o\We con prML AlF and A/F I-JC’GM'?

0'*“' ping F ih\ml'l'mt)_
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Proo) o\ the lemma:
4si. shez A_(F;F) is nol swall. Indeet

sinh [F,F) 2 sin&(F.H) . sind(fg, %)

In prf-icular, wWe may oho.na..,
Lases and assume that FOLF



'” doninte; P and P
oTy Ploq' Prodvd' in the Oﬂ:-lfa(,‘ Psfg:
RRRQ + RRQP + Ra PP + @PPP

”\CS(’, (\ [/ Jonir-l'tl Ly Hte corres-
Poh&iha prodco{; of M.



Recall the Part of Mahe’ “3"“ ent
sbout (-Yuth\a sl nhak,,

LCSM. V‘;K'ﬁ , % JL such M V(u"oll A.
o E.G Eq invariant
oJominated ab the 3 ¢-shorl pah
{ ‘l\ 0" (,.‘7?';,
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V= :v.i{ :'i"f in Eg perborbation
R expansion (as Christian
iw time L 15 ¢lp’a'nu‘.).
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Loduchive slep ] Asume 1108t 1
Assume : o 334 (oﬂc’rwise reverse time) 1
o i 3., (ctherwise there 1s him tod
Here we consioler o c.ocyclq, A wia'l ﬂl'y r«' t.iJVY.
oand o L-domineted spl. of indew i (Vhere £>>1)



Assume also |\, >A3 (The ve Aed, s

Twvariant svbbundles:

A1 > A:_ 224 >"\A-n?r ?r;l.‘,
D S —
H G E
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Main aSSUhpthh: F'* F.



Netice €hat if "
(@) GHF o DTy
then we can vse the induction kyroﬂ\esf:}

to conclvde:

(4)= Fv,rl'vl"b A lG ®F ; and obtain
(2) =\ FﬁYeVTL A/H A. =r\,;,,,



T (1) or R) avtomatic 72 T.e.,
does HOG $ F imply GFF or %}% 7

AVISWY : ”9.

8 GOF ¢

But the comterexample is too dlelicate:

we' Il show thd it can be destroyed by

pectirbation — this will preve the
Main FYroposibion.




C'-— perturbafion t‘ccltm?w;
in the Rtiahbrhoad of

Periﬁdic. Pinl'f

lectore Y
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As explained before, the progf
of the Main Frop. recluces o prove:

with enly ':f’.liﬁ\‘“' ).
L&MM—A . A= crclic coc.yde"' with (.E.

MoAa2-2d> 2022 A
N rr— S ———
2 G F

I¢ HOG EF then after an € -short
M‘l 0.‘ 'Q'*QYL- (U;tM l.'-k'\,i Cigen *’M)
ve have GkﬂF or -ﬁ—&ﬁ% .|l=2[20,s,¢1,...)




Proof of the lemma:

Agsome HOG P F, G>Fard Z>£.
oL # H

(3)
By previovs lemma, (1) +(3) =3

& HIE ()



G0 eamh time thal £(H,GOF) “G 5
becowes shall, eilher £bfle—  Suy
or £(H,Q) is swall) bul no l “"f""’}'ﬁ‘”"

both (Lecmse. G>F).



Ut will shov that M‘L’M WVe Cah ’
Cind this Silualion (U cloge bo GOF , &vt
far_§rom GUF), ths comploting Ehe prooy

Fiﬁt, ' 5InCe “") ”}l: 4 lny o previovy
[ewwna (Ham argvmcht) , We can

(Fe.-(turbi ng if necessary), assume €At
A (WU F) @< Tc<d of some point.
| S

Y<efAec



B ______ s S s
Y
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a sSwall GQ&N

C
- o

Kem: it is

convenient o

wau H choose vé (>

5 ei‘aun vector

F
cisely , we compese €he ocyele
GOF ewd wovey H oS described.

lIv)| is of the order of (& (smll ,lwl mlf-;g:‘-'&'; |




PWJC(.{ ara;sou ly onto GDF :

oA

(timne f.q) (some fime < tg)

(Use. that (6>F] and ¢5-1,>4. >

Full

ture:
. F/H\ﬂ..\ M’; N )



eThe last thing is to "close’ the prth of
lhe pertorbed space H, so that it

becowes anm elgenspace.
o_"\{.; c‘.‘,ri' Since A.. is the 6’;’.«’ L.E.

(ullﬂ S an clphve.d’.r) - the Prloruﬂ

cetums nearby, and se we can close it.

e Thic Pfom the lemwe,
¢ By \\Olub{iOh, thrﬁzﬁsitioh "P”Oluff.



The Main Proposilion assumes that

all e.iaenulves ace Teal.

How to 311 vid of that a$S$ uhfﬂu.?
Lewmma . [ Bometti - Crovisier /Avila ...]
Veyo dn, st. Vn2n, ,

V AS § Aa., seseyp Au € GL+(2, ﬂ)

3 0¢(-£,¢) st ‘Q{}

KBAH RO Ah—l Ke A, hes ved

cisenvalves.




Procg. Let v be the direction which i
most contracted by AnA . Let
I.) = {RQAJ R9A6,1 Ay Re\/; 9‘[‘5.?.]}
IJC.‘P" _:Eo“’tkﬁ vi =[V'€.V"‘£] ‘
It 3) st. I‘);le then I,,=IP"" -
veln ) 50 RGAN“‘KeAu Ko has an
d‘xho\ifc.ctiOn and we are ‘b!le.



S0 assume Li¥ P V).

Aj-u 3 {
- AL )
I &

‘IS*'-; i-htial\- '( AJ‘I}
In uok I:]‘ we teke U’L
Hilbert wetric.



ave Uniform comtractions (by o
(actor Ale)<1), w.rtl. the Hilberl wmelriy

"70 An Al - ID _'In-" il 'S
‘5{(0'1 whtud;ioh .

Thiy is impossible, becavse ve T,
¢ the ms‘t tntracted di'rcofio'a.

Bemari: The same axgument  can b usal fo croate aomglex  eidauvalues  when T Aql[334 {hailes .'r.tmmﬁ]



“0\!, U\e ?1'00! 0! tkc Bo-Bo (1:!) T‘CON&. :

ey

« Given wqude hwith no s‘frona ‘lpn!n'tiog
we Uc.n'l te fevfurL il fﬂ oblain

* pnxribeol aan F<a(h): “ln)
A
e Ue have already solved Ehe problew

for & of Ehis kind: e\
Call thiy &n ﬁw

"e,leheﬂt“)’ (“a‘ttthiﬁa) Oftl"ntiou‘\
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It is c.lur u‘d with « se‘;ucnce of
elementary operations, we can approach
dny ai\mt 3r‘4-Fh c.

However, tt's necessavy to bound
Lhe wmbers of elementary operations
We're aoiua fe vse. '

Thet's becavse: -ve nedd bo “‘*{," #’tv?:f

-atter en opevation , we

may qoin(!) some (weak) o‘omni.::, wvhid
09 .
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lewmma. Vdz2 3 cecld)etof] i
such that for any concave Jrapk
o:{04,2..,d] =K there ave

2, consecutive vertices {ormirna -
":riom’lt of

AVEC A




%0, choosina which Criangles to Clatles

accon'ina o « araufx sfrafelz
“\.o fYen 'to be (—Mﬂ'acd comleffes

to 2ero ex'wmniia"y fast.
*Once the aren becomes sofficiently

swmall, it's triviel to weke o firal
CoYTeckion.

* Therekwe we have en & priori beund
on the # of e‘&muittry opernfions_



o We have £9 bg more c"ﬂ(y’ -

the choice of the e,lenmtary
ﬂaﬁcni o,uratim; : we 4re not

allowed to %5: the index.

. Ar’m we weed an « priori bovne

4 the V'V"\ber 0& &le,hu\b\rz o&aﬁng

. Aﬁn ve will {ind ar $ r.fcay s.2. the
w

of



S{TA‘tGai : ( f = index )

1) Flatten 45 wuch as possible both
Sides (acconlina te the previovs
areely s{nttay), ka,fi'na the
vertex p fixed.

1) Flalten p o5 much as

3) Go to S{GP L

Tt pOSS'iHL Lo show that ftep 2 either
wins the a6t OY kiﬂs # h{in‘itg, pro,nrfiw. .* “l_

Pcssiuc.



C'-' Pcri’orba{'fon fcch ni:;vo;
in the nciaﬁbor‘woﬂ(
of peri odic. orkils

Lu{:v re 5



The dnd Bo-Bo Theorem f:m1-M
f“=(mriu\ic- orl»iis)—"'i’iA

'y. h{muwfﬁ ohr") o, ,A-
We want to for'lvr'n the
cocycle DE\Pn so that We obtain

o prescribed Lyapumov rorh
w‘\i’:l\P‘: 13 u{uw&
respects” the finest

dow. SP'. of (A



Ac.‘lodl'\, it's So-ﬂ-icicnf to bew the
Thom. = the case o= 6‘0.); then

the a&wﬁnl case follows from the
1ot Thrm. SS9 we on‘y neeol &.P',*_

{kt {Ol,ﬂwi!\a wcrt.fc verysion



_T_&Q_‘_. T‘-ke A 'fllu( cocn,c' . AE

L .|
X —X

Lﬂ{ Bh Lt i SC’VCMCQ 0‘ M’Jib °fb“}
Uitk ka|-—)pa‘ ASSomc vk -‘/4—
Vhf& Vk Gf’“lt'c measvre on 'PR | ’
Then there exists « seguence ot
cocycles Br—>A such that

o (B, i )= o(A,p) Vk
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Rem. Kalinin (Annals’1) has o
m] of thi
result, assvming : o T< "hyperbolic®
A Hilder
* p ergodic
V M Q_Ph it (Squwce, o} rtriadi:.. wLifs)
such that & (B) — 0o (p).




Vroof of ovr resolt :
Start with d=2.. We mly need to

Qe almd oke tqmwnf :

74(’0:1)‘#» %Jba_mq“n 09‘

M V20

Take w4 st.

= [loghA 4y = & (p).



Now take [k]>>4 such thed:
*the o ’eﬁoJi’c ord. .Ph has fcriml

N> w

» the measvre @ oh Pk J’ chse toE
cmol 59 _

L Jlng ARt = - (WM
=glA, p )



For simplicity, assume that the period
N»m 5 &N't??'& of m.

- M) -d
Let Z,ly)‘::-é-n éf'? (&~ (T™)l







racst 'maww- Jue |
of My My 4”@)

6 My~ M, |

< Ml - NM,]| =€ M%)
Claim: Both inequalities (4)and (2)
hecome approx. aqualities under P'-f""‘)"

M=Nfe)
N LAY v,,) I



Tt Collows from the Clain Ehat
1K= pertufl;. of A st.
6y (A% ) 2 2,(y) 25, (A, )
(‘a s 3004)_
By semicontinvity, 2, is actvally 2.
This proves the Thrn. in d=2
wmodvle the Claim.




/Y be Viehel kot A2 &M

Rem. Ac‘toa“):. -[o'(v“lc aoﬂdﬁtf- -

which by defn. have Z,(4)2 6 (4,4)
we acioa“y have &, (3)::"6‘. (A,/-x)
(vtheywise ve woukd break semicontinviby)

! 4 P
dince A %"KZI (4) =~ 5, (Ap), we

tomclude thet \most points in P,
Ale 400d .



Claim 0). \MeGL(,R)IO=0

¢.t. br&z‘:‘l 'eiauw(ue| of RQM
's 2 AMI|.

\-
E_x‘_"d'f M= Rnla() O) (—) o)(mq)
hay [ei ain ¥

$ egch.l 1. Bl Rg”f-lx* & '\_"“w)
'MS leiaenv. l *_-:.A[s;..gl ~$1 =M ||
Preok o\ the Clain (1) : Same idea-..




Claim@) Y M, M, ..., M€ GL(Z,R);
3 CIY QJ, o= r anﬁ O s.i.

1Mn Ro,,., - Ko, M2 Ko, M, | =

1M = M) - B M
Proof. For each 4, let s; be he

direckion most 5.
contracted Ly M @ s
(or by M; =Koy M D *




The ang les Oy,-.,On € ['E, el v
choSen im bhis order (recursively) s.
that: ﬁ_(V;,S;) 2¢e Y. ovil vetsY

ukere{vom the wost expanded $t. by M,
Vi-u"-'-'q; Vi , H;':RB; M;

A
\/ - A
< Tss
_— u .

Va [\

Thew NAFNzZ NAsFi v | 2bine) M)W

%




The term Ging)  =e™ is
neghgiblc , beawvse

.‘ﬁ.lua | = o Wege| = -:;\-lbatl e<f
-17)1.

Thig proves Claim (2/), anel
hewce the Thrm, for d=2.



M_LM&M i
. B ("‘) Lim MJ!&a"A‘A“"-IP’M
s Choosa. W, I, N_]Pkl as before.

.”&w -fuuc'ti"l ”[ -|

Zilp=3r 2 3 =g IX A5
(ae Pk) with averaaf, u«bo"ﬂ'(ﬁr)



A Po‘in‘t i called i-?ood f
2.;(3) 2 5: (A ). (actvally = )

+For these pfs. it's p'”i’o’c to
inscrf Y| r‘ofd'honj, avoidl

thC{,‘ktiﬂ\f’ andd so obtain the
desired valve for o (K, P ).
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® AS Lg*o(g. {0( GM)\ 4;-, mosf
P'ls, it Pk ave i-aOOd.

o Therelore 2 « point which s
A-9ood for every 4i=4,2,...,d-1.

¢ For thig poinf we can avoidl
Cancellations in cach dimension.
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