Ergod. Th. & Dynam. Sys. (2002), 22, 1667-1696  (© 2002 Cambridge University Press
DOI: 10.1017/S0143385702001165 Printed in the United Kingdom

Genericity of zero Lyapunov exponents

JAIRO BOCHIY

IMPA, Estr. D. Castorina 110, 22460-320 Rio de Janeiro, Brazil
(e-mail: bochi@impa.br)

(Received 20 February 2002 and accepted in revised form 14 May 2002)

Abstract. We show that, for any compact surface, there is a residual (dense Gy) set of
C! area-preserving diffeomorphisms which either are Anosov or have zero Lyapunov
exponents a.e. This result was announced by R. Maiié, but no proof was available. We also
show that for any fixed ergodic dynamical system over a compact space, there is a residual
set of continuous SL(2, R)-cocycles which either are uniformly hyperbolic or have zero
exponents a.e.

1. Introduction
Let M be a compact connected Riemannian two-dimensional C* manifold without
boundary and let u be its normalized area. Denote by Diffb (M) the set of all w-preserving
C! diffeomorphisms endowed with the C! topology.

For f € Diff}L (M), the number

+ : 1 n
M (f0)= lim —log| DfY I,

called the upper Lyapunov exponent, exists for almost every x € M. Moreover,
AT (f, x) = 0. Our main result is as follows.

THEOREM A. There exists a residual subset R C Diff}L (M) such that every f € R either
is Anosov or M1 (f, x) = 0 for p-almost every x.

This theorem was announced by Ricardo Maiié (1948-1995) around 1983. He also
announced its generalization to symplectic manifolds (with a somewhat more elaborate
statement) in [10]. Although his proofs have never been published, a sketch of a proof of
Theorem A appeared in 1995 [11]. We exploited ideas outlined there, together with new
ingredients, to prove the theorem in the present paper.

We recall that the only surface that admits Anosov diffeomorphisms is the torus, see [4].

It is interesting to compare our results with another C!-generic dichotomy for
area-preserving diffeomorphisms that was obtained by Newhouse [13]: a generic
diffeomorphism either is Anosov or the set of elliptic periodic points is dense in the surface.
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We will indicate by LE(f) the ‘integrated Lyapunov exponent’ of f € Diff}L(M ),
that is,

LE(f) = /M M) dp.

Recall Ruelle’s inequality 4, (f) < LE(f) [18], where h,(f) is the metric entropy of f.
As a corollary of the proof of Theorem A, we obtain that the functions

LE and h,, : Diff), (M) — [0, 0)

are not continuous.

A more general setting to study Lyapunov exponents consists of linear cocycles. In §5,
we prove the analogue of Theorem A for this context. More precisely, let X be a compact
space, let T : X — X be a homeomorphism and let © be some ergodic measure for 7.
Given a continuous matrix function (called a linear cocycle) A : X — SL(2, R), the
following limit exists:

1
LE(A) = lim ~log |A(T"™'x) - A(0)] = 0

for u-a.e. x € X. We prove the following.

THEOREM C. If T is ergodic then there is a residual set R C C°(X, SL(2, R)) such that,
for every A € R, either A is uniformly hyperbolic or LE(A) = 0.

It is natural to ask whether Theorem A extends, for instance, to the C? topology or
whether Theorem C extends to the C! topology. The answer to the first question is
unknown, but the answer to the second is negative. For instance, Young [19] exhibits open
subsets of C! (X, SL(2, R)) consisting of non-uniformly hyperbolic cocycles with positive
exponent, where the base transformations are linear automorphisms of the 2-torus.

Deciding whether a diffeomorphism (or a cocycle) has non-zero exponents is, in
general, very hard. Our results above provide some explanation for that fact: having
positive Lyapunov exponents is not a C'-open condition.

A related very natural question in this setting is whether systems with non-zero
Lyapunov exponents are typical, in a measure-theoretic sense. At this point, there is no
general theorem in this direction.

2. Preliminaries
The manifold M and the measure w will be fixed from here until the end of §4. Also, ‘a.e’
will mean ‘u-almost every’.

2.1. Oseledets’ Theorem and Lyapunov exponents. Let us recall Oseledets’ Theorem in
the two-dimensional area-preserving case. A proof can be found in [14].

THEOREM 2.1. Let f € Diff}L(M). Then there exists a measurable function x
AT (x) > 0 such that

AT(fox) = lim ! log [Df" ()
n——+oon



Genericity of zero Lyapunov exponents 1669

fora.e. x € M. Moreover, if O = {x : AT(f, x) > 0} has positive measure then for a.e.
x € OF there is a splitting T,M = E"(x) ® E*(x), depending measurably on x, such that
forv e TyM — {0}

A(fx) ifvg EC(),
=2 (fox) ifve BN,

=2 (fox) ifv g E"(x),
AT(fix) ifve EY(x),

n

1
lim —log||Df"(x).v| = {
—>+4o00on

1
lim —log||Df"(x).v| = {
n——oo n

and 1
lim —logsin L(E"(f"x), E°(f"x)) =0.
n

n—=+o00

Remark. One can also define the lower Lyapunov exponent as
_ .

A"(f.x) = lim —log||DfY|.
n—-—oon

It satisfies A= (f, x) = —AT(f, x).

The integrated Lyapunov exponent is defined by

LE(f) = /M A x) dp(x).

PROPOSITION 2.1. The function LE : Difflll (M) — [0, 00), is upper semicontinuous.
Moreover, it is given by

!
LE(f) = inf ;/MIOg IDf" Il d .

Proof. Given f,leta,(f) = fM log | Df™ || d . Then the sequence (a, (f)) is subadditive,
that is, a,+m < a, + a for every m, n. Therefore,
LE(F) = tim ) _ g 9D
n—+oco n n>1 n

Thus LE(+) is the infimum of a sequence of continuous functions and therefore it is upper
semicontinuous. a

2.2.  Avoiding periodic points and hyperbolic sets. We call R C Difflll (M) a residual
subset if it contains a countable intersection of open dense sets. The set Difflll (M) is a
Baire space, that is, every residual subset is dense. A property is said to be generic if it
holds in a residual set.

We say that a measure-preserving transformation is aperiodic if the set of its periodic
points has zero measure.

PROPOSITION 2.2. For a dense set of f € DiffL(M), the following holds: every
hyperbolic set for f has measure zero or one and f is aperiodic.



1670 J. Bochi

Proof. Let fy € Diffb (M); we will find f close to fo with the required properties. Take a
C? diffeomorphism f] € DiffL (M) C'-close to fp (it exists, as proved by Zehnder [20]).
Using Robinson’s conservative version of the Kupka—Smale Theorem [15, Theorem 1.B.i],
we find a C? diffeomorphism f, C2-close to fi, with countably many periodic points.
If f is Anosov then we are done. Otherwise, we use the fact that the hyperbolic sets for a
C? non-Anosov diffeomorphism have zero measure (this is a folklore theorem; for a proof
for basic sets see [3]). O

It follows from Proposition 2.1 that the set { f € Diffb (M) : LE(f) = 0} is a countable
intersection of open subsets { f : LE(f) < 1/k} of Diff}L (M). Hence to prove Theorem A
we only need to show the following.

PROPOSITION 2.3. Let f € DiffllL (M) be aperiodic and such that every hyperbolic set for
f has zero measure. Let U be a neighborhood of f in DiffllL (M) and let § > 0. Then there
exists g € U such that LE(g) < 4.

Proposition 2.3, which is proved in §§3 and 4, also has the following consequence.
PROPOSITION 2.4. The functions LE and h,, : DiffL (M) — [0, 00) are not continuous.

Proof. For any compact surface M, Katok [8] constructs area-preserving diffeomorphisms
f + M — M with positive metric entropy. Moreover, one checks that the examples are
homotopic to the identity (see the proof of Theorem B in [8]). In particular, they cannot
be approximated by Anosov diffeomorphisms. Using Propositions 2.2, 2.3 and Ruelle’s
inequality ,, < LE, we conclude that Katok’s examples are points of discontinuity of
both functions /4, and LE. O

2.3. Fixing coordinates, metrics and neighborhoods. Now we establish some notation
to be used until the end of §4.

Darboux’s Theorem (see [1], for instance) gives that for each x € M there is an open
set V 3 x and a C™ diffeomorphism ¢ : V — ¢(V) C R? such that the induced measure
@« () coincides with the usual Lebesgue measure in (V) C R?. Taking a finite cover of
M by such domains, we obtain an atlas

A =gV >RY,i=1,2,...,a)

1

For technical reasons let us take open sets V; C M with V, C V* such that
\U; Vi = M. Restricting the charts ¢; to these smaller domains, we obtain another atlas
A= Ui{goi Vi — Rz}. We will also suppose that £ (dV;) =0 = M(E)Vi*) foreachi.

For each point x € M, leti(x) = min{i : V; > x}. We defineanorm || - || = || - ||x on
each tangent space T, M by ||v|| = || D@;(x)(v)|l. The Riemannian metric on M will not be
used.

If A: TyM — Ty M is a linear map, the norm ||A|| is then defined in the usual way:

[ Av]|

Al = .
ozverim VI
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Using the charts ¢; ) and ¢;(y), we may view A as a linear map R? — R2. This permits us,
for example, to speak of the distance || A— B|| between two linearmaps A : Ty, M — T\, M
and B : Ty; M — Ty, M whose base points are different. Precisely, we define

IA = Bl = |D2AD}" — D4BD3 ||, where D;j = (Dgix,)z;-
If x € M and r > 0 1is small, we define
B, (x) = ¢;(y)(Br (i (x))).

We will always assume that r is small enough so that B, (x) C V*. The sets B, (x) will be
called disks.

Given g9 > 0, we define the gg-basic neighborhood U (id, €¢) of the identity as the set of
diffeomorphisms / € Diff}L (M) such that we have h(V;) C V;* for every i, h(x) € Bgy(x)
and ||Dh, — I|| < &g for every x € M. Given f € Diff}L(M), we define the gg-basic
neighborhood U(f, £0) of f as the set of g € Diff}, (M) such that g o ! € U(id, &) or
f~!og € U(d, ep). Notice that every neighborhood of f in Diff}L (M) contains a basic
neighborhood.

3. Construction of perturbations along an orbit segment
The aim of this section is to prove the lemma below. In the next section we will deduce
Theorem A from it.

MAIN LEMMA. Let f € Difflll (M) be aperiodic and such that every hyperbolic set has

zero measure. Let U be a neighborhood of f in Diff}L(M), 8§ >0and0 < k < 1.

Then there exists a measurable integer function N : M — N with the following properties.

For a.e. x € M and every integer n > N(x) there exists r = r(x, n) such that for every

disk U = B,/ (x) with 0 < r’ < r, there exist g € U and a compact set K C U such that:

(i) g equals f outside the set |_|;f;(l) £/ (U) and the iterates fI(U), 0 < j < n are
two-by-two disjoint;

() p(K)/pnU) > k;

(i) if'y € K then (1/n)log||Dgyll <é.

We will now outline some ideas in the proof of this lemma. We perturb the derivatives
Dfyj, of f along the orbit segment. These perturbations are constructed in such a way
that their product has small (i.e. not exponentially large) norm. To hinder the growth of
these products, we send the expanding Oseledets direction to the contracting direction.
This is possible in the absence of uniform hyperbolicity. Once the linear perturbations
are constructed, we must find an area-preserving diffeomorphism g close to f having
approximately the assigned derivatives. To guarantee that the diffeomorphism g exists and
has the stated properties, some care is needed in the choice of the perturbations of Df ;.

3.1. Realizable sequences. As we mentioned, to prove the Main Lemma we will
construct perturbations L of the linear maps Df;,. These perturbations will be required
to have the following property.
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Definition. Given f € Diffb (M), a basic neighborhood U = U(f,€0),0 < k < 1 and a
non-periodic point x € M, a sequence of (area-form-preserving) linear maps

Lo
M =S 1M s S T M

is called a (k, U)-realizable sequence of length n at x if the following holds. For every

y > 0O there is » > 0 such that if U C B, (x) is a non-empty open set then there are g € U

and a compact set K C U such that:

(i) g equals f outside the set |_|’;;(1) f7(U) and the iterates f/(B,(x)),0 < j < n are
two-by-two disjoint;

(i) w(K)/uU) > k;

(iii) if y € K then ||[Dg,j, — Ljll <y forevery j.

In the following lemma we give some useful properties of realizable sequences.

LEMMA 3.1.

(1)  The sequence {Dfx, ..., Df pn-1()} is (k,U)-realizable for every k and U.

(2) Letk, ki, kp € (0,1) be suchthat 1 —k = (1 —ky) + (1 —k2). If {Lo, ..., Ly—1}
is a (k1,U)-realizable sequence at x and {L,,, ..., Lyym—1} is a (kp, U)-realizable
sequence at f"(x) then {Lo, ..., Lyym—1}is (k,U)-realizable at x.

(3) Let{Lj : Tfj M — Tyj+1,M} be a sequence of linear maps at a non-periodic
point x. To prove that the sequence {L;} is (k,U)-realizable we only need to check
the conditions for open sets U that are disks, U = B, (y) C B,(x) C V.

Proof. For the first property, just take g = f.

For property (2), take y > 0. Let r; > 0 be the radius associated to the first
((k1, U)-realizable) sequence, and r, the radius associated to the second sequence. Let 0 <
r < rp be such that f"(B,(x)) C B(f"(x),r2). Given an open set U C B,(x),
the realizability of the first sequence gives us a diffeomorphism g; € U and a set
K1 C U. Analogously, from the open set f"(U) C B(f"(x),r2) we can find g» € U
and K» C f"(U). Then define a diffeomorphism g as g = g inside U, ..., f*~D(U),
g = g inside f*(U), ..., f"T"=D(U), g = f elsewhere. Also define a compact set
K = K1Ng™(K2) C U. Then one can check that g and K satisfy the required properties.

Now let us prove (3). Let {L;} be a sequence at the point x and suppose that the
conditions of realizability are satisfied for open sets U that are disks. That is, given
y > 0, there is an r > 0 such that for every disk U C B(x,r) there are g and
K verifying conditions (i)—(iii) of the definition of a realizable sequence. Fix the chart
(¢, V) = (¢i(x)> Vicx)) € A and take any open set U C B, (x). By Vitali’s covering lemma
(see, for instance, [12]), there is a countable family of disjoint closed disks in R2 covering
(pl._l(U) mod 0. Thus we can find a finite family of disks U; = By, (y;) C U with disjoint
closures such that u(U — |_|; Br; (yi)) is as small as we please. For each disk U; there are,
by hypothesis, a perturbation g; € U(f, &9) and a set K; C U; with the properties (i)—(iii)
of realizability. Let K = | J; K; and define g as equal to g; in each f I(U;). Since the latter
sets are disjoint, g is well-defined. Moreover, g € U( f, &9) and the pair (g, K) satisfies the
required properties (i)—(iii). O
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We will denote by Ry the rotation of angle 6,
cosf —sinf
Ro = .
o <sin 6 cos6 )
The simple lemma below is the basic tool that will be used to construct all our realizable
sequences.

LEMMA 3.2. Let &1 > 0and 0 < k < 1. Then there exists g > 0 with the following
properties. If |a| < ag and r > 0, then there exists a C' area-preserving diffeomorphism
h : R?* — R? such that:

(1) |z| = r implies h(z) = z;

(i) |zl < Vkr implies h(z) = Ry (2);

>iii) |h(2)| = |z| for all z;

(iv) |h(z2) —z| < ar forall z;

) |IDh;—1I| < ey forallz.

Proof. First suppose r = 1. Let F : R — R be a C* function such that F(r) = 1
fort < vk, Ft) = Ofort > land 0 < —F'(t) < 2/(1 — k) . Define h by
h(z) = RuF()(z). Then h is an area-preserving diffeomorphism satisfying properties
(D)—(iv). If o is small, (v) will hold for |z| < +/k. We still have to check (v) in the annulus
Vk < |z| < 1, where we can take polar coordinates (p, 6). The mapping A takes the form
(0,0) — (p,0 + aF(p)). The Jacobian matrix of 4 is (aF}(p) (1)) and it is close to the
identity if ¢ is small enough.

Now we claim that the same «p will work for any r > 0. Indeed, if A is
the diffeomorphism associated to r = 1 constructed above, let h(z) = rhi(r~'z).
Then (i)-(iv) obviously hold for / and, since Dh, = D(hy) (v) also holds. O

riz»

The two lemmas below will be used to construct realizable sequences. Given x € M and
0 € R, consider the chart ¢ = ¢;(y) : Vi) = R? and the linear map (Dg,) "' RgDyy :
T M <—. We shall call this map the rotation of angle 6 at x and also denote it by Ry.

LEMMA 3.3. Given f € DiffL(M), U=U(F e) and0 < k < 1, thereis an a1 > 0 with
the following properties. Suppose that x € M is not periodic and |0| < «1. Then {Dfs Ry}
and {Ry Df,} are (k,U)-realizable sequences of length 1 at x.

Proof. We will prove that if 0| is small then the sequence {Dfy Ry} is realizable; for the
other sequence the proof is similar. Let 7 > 0 be small. By Lemma 3.1(3), we only need to
construct perturbations supported in disks U = B,/ (y) C B,(x). Now apply Lemma 3.2
to find, for each small angle 6, a diffeomorphism g and a disk K C U with the required
properties. Since r, and thus 7/, is small, g is near f. |

LEMMA 3.4. Given f € DiffL(M), U=U(F e) and0 < k < 1, thereis an ar > 0 with
the following properties. Suppose that x € M is not periodic, m > 2, Rg, : TyM < and
Ro, : TymxyM <= are rotations such that |0;| < ay. Then

{DfoHOa fo)ra s fom72x, R91 fomflx}

is a (k,U)-realizable sequence of length m at x.
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Proof. Let ko be such that 1 — kp < %(1 — k). Apply Lemma 3.3 with kg in the
place of k to obtain ap. Now, if [6|, [01] < o2 then {Df;Ry,} and {Ry, Df pm-1,}
are (ko,U)-realizable sequences of length 1. By items (1) and (2) of Lemma 3.1,
{DfxRay, Dffx, ..., fom—Zx, Ry, fom—]x} is a (k, U)-realizable sequence. O

The lemma above is somewhat weak; we cannot use an arbitrary (say, m) number of
rotations instead of just two. This difficulty will be overcome in the next section.

3.2. Nested rotations. Now we will deal with linear area-preserving transformations
with an invariant ellipse. As will be shown in Lemma 3.7, suitable sequences of such
elliptic rotations are realizable. The key point there is that those sequences can be
arbitrarily long while & is kept controlled.

Our ellipses will always be filled ones. An ellipse B C R? has eccentricity E if it is the
image of a disk under a transformation L € SL(2, R) with ||L|| = E. (This is not quite the

usual definition.) Thus,
major axis
minor axis

The following lemma is a slight generalization of Lemma 3.2.

LEMMA 3.5. Let g1 > 0,0 < k < 1 and E > 1. Then there exists ¢ > 0 with the
following properties. Let B C R? be an ellipse centered at the origin, of eccentricity < E
and diameter < ¢y, and let L € SL(2, R) be a linear map with ||L—1|| < & and A(B) = B.
Then there exists a C' area-preserving diffeomorphism h : R* — R? such that if B’ is the
(smaller) ellipse B' = kB then:

(1) z ¢ Bimplies h(z) = z;

(ii) z € B implies h(z) = L(z);

(iii) & preserves all ellipses of the form tBB, t > 0;

iv) |h(z) —z| < e forall z;

V) ||Dh; —1I| < e forall z.

Proof. There is M € SL(2,R) with |M| = |[M~'|| = E such that M(B) is a disk.
We apply Lemma 3.2 with E~2¢| in the place of ¢; to get 9 > 0. If L € SL(2,R)
preserves B and |L — I|| < & then IMLM~' —1I|| < EZ%e. Thus if ¢ > 0 is chosen small
enough then MLM ™! is a rotation of angle o with |a| < ao. Thus Lemma 3.2 gives a
diffeomorphism /¢ and we define & = M ~'hoM. The properties (i)—(iii) and (v) are easily
seen to hold for 4; (iv) is assured if we suppose that €, and thus |«|, is very small. O

The next lemma says that the image of a small ellipse by a C' diffeomorphism is
approximately an ellipse.

LEMMA 3.6. Leth : R2 - RZ be a C! diffeomorphism with h(0) = 0. Let M = Dhy :
R2 — R2. Then, givenn > 0 and E > 1 there exists r > 0 such that if B(y) C B,(0)
is an ellipse centered at y with eccentricity < E and B(0) = B(y) — y is the translated
ellipse centered at zero, then we have

(I =mMB(0) + h(y) C h(B(y)) C (1 +nMB(0) + h(y).
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Proof. Let g : R — R2 be such that h = Mg. Since g is C! smooth and Dgy = I, we
have

g@)—g(y)=z—y+é&xy) (%)

where

§(z, ) —0

1im =
(z.y)=0,0) |z — y|

(| - | indicates the Euclidean norm in R2.) Choose r > 0 such that |z, |y| < r implies
lE(z, y)| < E~%n|z — y|. Now let B(y) C B.(0) be an ellipse with axes 2a and 2b;
1 < bj/a < E% Ifz € 3B(y) then |z — y| < b and |&(z, y)| < E~2nb < na. Thus
equation () gives that

g(0B () — g(y) C Vya(3B(0)),

where V,(-) denotes e-neighborhood. To avoid confusion, we will temporarily denote the
difference of sets by the symbol \. We have the geometrical property

Vna(0B(0)) C (1 4+mB0)\ (I —nB(0).

Therefore,
g@B(k) —g(y) C 1 +nBO)\ (1 —n)B(0).

Applying the linear mapping M, we have
h@@B(y)) —h(y) C (1 +mMB(0)\ (1 —n)MB(0).
The lemma now follows from standard topological arguments. a

Now we use the above material to give another construction of realizable sequences.
In the next lemma, D C T, M will denote the unit disk {v : ||v] < 1}.

LEMMA 3.7. Given f € Diff}L(M), U=U(f,c0),0<k<land E > 1, thereise > 0
with the following properties. Suppose that x € M is not periodic and there is n € N such
that |Df{| < E forj=1,...,n. If

L L L,
M= T M =S5 25 T M

are linear maps such that for every j =1, ..., n we have
(i) Lj_1---Lo(D) = Df{ (D) and

(i) ILj — Dffixll <e,

then {Ly, ..., L,_1}is (k,U)-realizable at x.

Proof. Let f, €9, k and E be given. Let ¢ > 0 be given by Lemma 3.5, depending on
g1 =¢o,kand E.

Now let x, n and {Lg, ..., L,—1} be as in the statement. We must prove that the
sequence {Lo, ..., L,—1} is (k, U)-realizable; so let y > O be given.

We will consider the charts @;(¢jy) @ Vipiv) = R?. To simplify notation, we write
@; : V; — R?instead.

Let ro > 0 be such that, foreach j =0, 1..., n, we have:
() 1By C Vi
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(2) thesets f/ (m) are two-by-two disjoint;
(3) foreveryz e fj(BrO(x)) we have | Df, — fo,-x|| < yE_z;
(4) |IDf!| <2E forevery z € By, (x).

Using the charts, we can translate the problem to R2. Let f i be the expression of f in
charts in the neighborhood of f/(x), that is, f i =¢@jyr10 fo (pj_l. To simplify notation,
we suppose that ¢; (f/(x)) = 0.

Let L ;j be the expression of L ; in charts, that is,

Lj = (Dgjs1) gty - Lj - (D)) i7"

Let M; = (Dfj)o € SL(2, R). By hypothesis, we have [|[M;_; --- Mg|| < E for each j.
Let R; € SL(2, R) be such that Zj = M;R;. Since R; preserves an ellipse of eccentricity
< E, we have |R;|| < E%.

Take ko such that k < ko < 1 and let 0 < 7 < 1 be such that t#ky > k. Take n > 0
suchthat 7 < 1 — 5 < 1+ < t—!. Using Lemma 3.6 n times, we find 0 < r| < rg
with the following properties. If B C B,,(0) is an ellipse centered at a point y and with
eccentricity < E then, foreach j =0,...,n — 1,

(I =mM;B—-y) C fij(B)— fi(y) C (L +mnM;B—y).

Finally, let » = r1/3E. This is the r of the definition of realizable sequences.

By Lemma 3.1(3), in order to prove realizability we may restrict ourselves to sets U
that are disks, so let U = B,(x") C B,(x), for some x’ and r’.

Let, for0 <t <1, B? = B, (x). Let B? — x’ denote the translate of B? centered at
the origin. Define, fort > Oand j =1,...,n,

B! = Mj_y---Mo(BY —x) + fi—1-- fox').

Then B'tj is an ellipse centered at fj_i--- fo(x’) with eccentricity < E. We have
Mj_y---My(B;(0)) C Bgr(0) and, by (4), fj—1--- fo(Br(0)) C B2£,(0). Therefore,

Bl CB{ € Mj_1 -+ My(Br(0)) + fj-1 -+ fox') C B3, (0) C By, (0).
This permits us to apply Lemma 3.6 to those ellipses and get the property

0<t§1,0§j§n—1=>Bi,+lcf;(B',j)cBifllt.

By hypothesis (i), the linear map R preserves the ellipses B,j . So we apply Lemma 3.5

with ko, Bi,, and R; in the place of k, B and L. The lemma gives us a C! area-preserving
diffeomorphism /; : R?> — R? such that:

5 z¢ B{n implies hj(z) = z;

(6) ze€B,, ;- implies hj(2) = R;();
(7) t>0implies h;(B/)) = B};

(8) |hj(z) —z| < g forall z;

9 ID(hj); — 1| <& forall z.
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For0 < j<n—1,letS; =¢; ({z: /;(z) #z}). Then we have

1 1a) - j—1
Sj C oy (Bl C o' lfj-1BLIDIC -
C ;' i1+ foBU DI = [T (Bojp (X)) C I (U).
So, by (1) and U C By, (x), the sets S_, are disjoint. This permits us to define a
diffeomorphism g € Difflll (M) asequalto f in SoU---LS,_1, and equal to ‘pjil 0gjop;
in §;, where g; = fj ohj.

Let us verify that g is the desired perturbation. First of all, by (8) and (9), we have
f~logel(id, ), that is, g € U(f, o).

We abbreviate f©@ = id, f) = fi=1--- fo and analogously for g\, Condition (i) in
the definition of realizable sequences is easy to check. We have seen that f/(U) O S s
this means that g; equals f; outside f J(U). Now define

—1,50 —
K = @ I(BIan) = Brznm(x/) cU.
Since ¢q takes u to the area in RZ, we can calculate
w(U = K) =2 = ne¥kor? = (1 = t¥ko)u(U) < (1 = )u(U),
which is condition (ii) in the definition of realizable sequences.
Since g; = fj o hj and hj preserves B ellipses, we have (by induction in j)
)@ B i
g(j)(Bt) C Bt’j\/gt C B‘Ef’l\/gt
forevery j and 0 < ¢ < 1. Setting t = 2" /ko, we get
g/ (K) C 97 B o)-

To check condition (iii), take y € K. Let y = (po_l(y). Then g (3) € Einm and so,
by (6), (Dhj) g5 = Rj. Therefore,

I1Dggiy — Ljll = I(Dgj)gtn5 — Zj|| = I(DfPn ;g5 Rj — (DfoR;ll-
Using (3) and ||R;|| < E? we get
1D8s, — Lill < D)y, ey — (PLollIR; 1 < 7.

proving the third condition and thus the lemma. a

3.3. Sending E" to E°. Here we use Lemmas 3.3, 3.4 and 3.7 to construct realizable
sequences that send the expanding Oseledets direction to the contracting direction; this is
the content of Lemma 3.8 below.

First we define some notation that will also be used in §3.4. Given a diffeomorphism
f € DiffL (M), let O(f) C M be the full measure set given by Oseledets’ Theorem.
Define the following f-invariant sets:

O (f) ={x € O(f) : AT (f, x) > 0},
O'(f) ={x € O(f) : AT (f, x) = 0}.
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Now we define forx € OF(f) andm > 1,

Alx.m) = D" Es (ol
’ I DS e o)l

and define the set
Tn(f) ={x € OF(f): Alx,m) = 1/2}.

In informal words, the set ', (f), for large m, is the place where the lack of uniform
hyperbolicity appears, and where the Oseledets directions can be mixed. More precisely,
we have the following.

LEMMA 3.8. Let f € DiffL(M), U =U(f e) and 0 < k < 1. Then there is a positive
integer m such that, for every point x € I'y,(f), there exists a (k,U)-realizable sequence
{Lo, L1, ..., Ly—1} at x of length m such that

L—1---L1Lo(E" (x)) = E*(f™ (x)).
For the proof of Lemma 3.8, we will need two simple linear-algebraic lemmas.

LEMMA 3.9. Given ap > 0, there is a ¢ > 1 with the following properties. Given a linear
transformation A : R?2 — R? and unit vectors s, u € R? such that |A(s)||/|A@)| > c,
there exists &€ € R? — {0} such that

L&, u) <ay and £(A), A(s)) <.

Proof. Let a = arcsinay and ¢ = a~2. Let & = u + as. Since |u| = ||s| = 1,
we have sin{(&,u) < a. Letu = A(u)/|A@w)| and § = A(s)/||A(s)|l. The vector
A(€) = A(u) 4+ aA(s) is parallel to

_1||A(u>||>A A
(a FOARE

Therefore sin £(A(£),$) < a”'[A@ /Al < a. .

LEMMA 3.10. Given a) > 0 and ¢ > 1, there exists E > 1 with the following properties:
Let A € SL(2, R). If there exists a pair of unit vectors s, u € R such that £(u, s) > ay,
L(Au), A(s)) = aj and

i < Al <2
¢ A@
then |A|| < E.

Proof. By substituting A by B, YAB;, where B and B are area-preserving changes of
coordinates whose norms are bounded by some function of o1, we may suppose thats L u
and A(s) L A(u). Now we have |A(s)| - |A(u)|| = detA = 1, so both ||A(s)| and
| A(u)|| are bounded by ¢!/2. ]

Proof of Lemma 3.8. We first define constants kg, C, o1, a2, E, ¢, C, 8 and m.
Let ko € (0,k). Let C = sup |Df*!|. Leta; > 0 and a; > 0, depending on £, &y
and kg (in the place of k), be given by Lemmas 3.3 and 3.4, respectively. Let ¢, depending
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on a, be given by Lemma 3.9. We assume that ¢ > C2. Let E > 1, depending on ] and
¢ = 2¢2, be given by Lemma 3.10. Let ¢ > 0, depending on f, o, k and E, be given by
Lemma 3.7.

Choose B > 0 such that if |9] < g then the rotation Ry is close to the identity,
IR — I|| < C~'E~2¢. Let m be the least integer satisfying m > 27 /.

Fix x € T';,,(f). The rest of proof is divided into three cases.

First case. Suppose that the following condition holds:

there exists jo € {0, 1, ..., m} such that L(E“(f°(x)), ES(f0(x))) <a1. (D)

By Lemma 3.3, for every y € M and every |#| < « and every rotation Ry at y
(respectively at f(y)) the sequence {Df, Ry} (respectively {Ry Dfy}) of length 1 at y is
(k, U)-realizable. If jo < m, we use this fact with y = fj0 (x)and 0 = =L(E"(y), E*(y))
such that Rg(E“(y)) = E*(y). So {fo,-o(x)Rg} is a (ko, U)-realizable sequence of
length 1 at y. By Lemma 3.2, items (i) and (ii), the sequence

{L07 ey Lm—l} = {DfXa e fo/'o—l(x)a fo./o(x)RQa fo-/U‘*'](x)’ ey fom—l(x)}

is a (k, U)-realizable sequence of length m at x. The product L,,_1 - - - Lo sends E*(x) to
ES(f™(x)), as required. If jo = m, we define

{LO, ceey Lm,]} = {Dfx, ceey fom—Z(x), RQ fom—l(x)}
instead. Again, this is a (k,{/)-realizable sequence whose product sends E“(x) to

ES(f™(x).

Second case. We assume the following condition:
there exist jo, j1 € {0, 1,...,m}, jo < ji, such that A(f0(x), ji — jo) > c.  (ID)

Since ¢ > C2, we have j; — jo > 1. Let A = Df;“*jo, and take unit vectors

P jOX
s € ES(fo(x)) and u € E*(f/0(x)). By (I), we have ||As|/||Au|| > c. Therefore,
Lemma 3.9 gives a vector £ € Trio(yM such that

160l = £, ES(fPx)) <ar and 161] = L(DfI @), E“(f11x) < .

fiox

The signs of 6y and 6; are chosen so that Ry, (ES(flox)) > & and Ry, Df;}(;jo &) e

E*(f/1x). Applying Lemma 3.4, we conclude that the sequence
{fo_/ongo, foj0+1x, e, fojl—2x, Ry, fojl—lx},

of length j; — jo at ffo(x), is (ko, U)-realizable. Now define the sequence {Lo, ...,
Ly, 1} of length m at x putting L j, = fo,-Ongo, Lj,—1 = Ro, Df 4j  and all the others
L; = fo,-x. By Lemma 3.2, items (i) and (ii), this is a (k, {f)-realizable sequence.
Moreover, we have L;,—1 - - - Lo(E*(x)) = ES(f™(x)).

Third case. We suppose that we are not in the previous cases, that is we assume:

forevery j € {0,1,...,m}, £L(E“(f/(x)), ES(f/(x))) = ay (not I)

and
foreveryi, j € {0,1,...,m}withi < j, A(fi(x),j —i)<c. (not I)

We now use the assumption x € ', (f), thatis A(x, m) > 1/2.
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CLAIM. Foreveryi,j€{0,1,...,m}withi < j,

1/2c%) < A(fi(x), j—i) <ec.

Proof. The second inequality is just (not II). For the first,
AfI @), j =) = AT ),m =71 Al m) - A, DT = 1/Q2eD).
It follows from the claim, condition (not I) and Lemma 3.10 that
forevery j € {0,1,...,m}, |IDf!| <E.
Choose numbers 6y, . .., 0,—1 such that |§;| < B and 2’7;01 0; = L(E"(x), E*(x)).
Define linear maps L : Tf_/xM — Tfj+1xM by
L; = Dfi™" Ry, (D).

Then we have: ' ‘

(i) Lj_1---Lo= Df,{R@/._,+...+90, therefore Lj_1--- Lo(D) = Df! (D), where D is
the unit disk in 7T, M ; ' ' ‘

() ILj = Df il < 1Df7ix NIDF R, (DFH™ = 11l < CUDA I IRg; — 11| <ce.

So we have constructed a sequence {L, ..., L,—1} of length m at x that, by Lemma 3.7,

is (k, U)-realizable. Furthermore, we have

Ly—y -+ Lo(E"(x)) = folRZ»;z—Ol o, (E"(x)) = Df(E* (x)) = E*(f"x),

as required. O

3.4. Realizable sequences with small products. In §3.3 we have defined sets I';,, (f), for
fe Diff}L (M) and m € N. We also define the following f-invariant sets:

Qu(f) = " T

nez

LEMMA 3.11. For f € Diff}L(M) andm € N, let Hy, = O (f) — Qu(f). If Hy, is not
empty then its closure H,, is a hyperbolic set.

Proof. The proof is quite standard. If x € H,, then A(x,m) < 1/2 and A(x, mi) < 1/2i.
Since || Df || is bounded, there are constants K > 1 and 0 < 7 < 1 such that

A(x,n) < K" foreveryx € Hy andn > 1.
Fix x € H,, and let v* € E*(x), v° € E®(x) be unit vectors. Then
v =o'l > DI IDFM — DF|
> (I DA = IDF O I = 1D DA v /2.

This shows that there exists a constant a > 0 such that 0(x) := £(E"(x), E*(x)) > a for
every x € Hy,.
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Letx € Hy, and n > 1. Since Df}! preserves the area form, we have

sinf(x) = | Dfy" s ol - 1DFY g o ll sin € (f"x).

Therefore,

1D el = |0 Ny < JE e
sill = | —————Ax,n) <,/ — = Ki1{,
x 1B ) sin@(f"x) sina M

IDF " ol SO A (fnry,m) < A = Ky

u = [— xX),n) < " = T,

x 1B sin@(f"(x)) sina M

for some constants K1 > 0,0 < 71 < 1. These inequalities imply that the bundles E*, E*
are continuous on H,,, and have a unique continuous extension to the closure. O

We will need the following result, which may be thought of as a quantitative Poincaré’s
Recurrence Theorem.

LEMMA 3.12. Let f € Difflll (M). Let ' C M be a measurable set with u(I') > 0 and let

Q= U FHI).
nez
Take y > Q. Then there exists a measurable function Ny : 2 — N such that for a.e. x € Q,
everyn > No(x) and every t € [0, 1] there is some £ € {0, 1, ...n} such that fe(x) el
and |(£/n) —t| < y.

Proof. Let xr be the characteristic function of the set I'. Consider the Birkhoff sums
n—1 )
sn(X) =Y xr(f7 ().
=0

J

CLAIM. Fora.e. x € Q, the limit lim,— o (1/n)s,(x) exists and is positive.

Proof. Birkhoff’s Theorem gives the existence; we are left to show the positivity.
Let Z C 2 be the set where the limit is zero. Let Zg = ZNT'. The a.e.-defined f-invariant

function
n—1

. 1 i . Sn
¢=n£“;o;;“o°f’ < Jim o
vanishes in Zg. This means that the set P = {¢ > 0} is disjoint from Zy. On the other
hand, ¢ (x) > 0 implies that some iterate of x is in Zy. Since P is invariant, it follows that
P = &. Thus ¢ = 0 a.e. and u(Zp) = f(pdu = 0. But @ = |,z f"(I') means that
Z = U,ez ["(Zp) and therefore 1 (Z) = 0. The claim is proved.

Take x € Q. Leta = lim,— oo (1/n)s,(x). Take 0 < ¢ < a suchthat (a+¢)/(a—¢) <
1+ y /2. Choose (measurably) ng such that n > ng implies | (s, /n) — a| < ¢. Finally, take
an integer

2nop 4
No(x) > max { } .

ya—e)y
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Now, by contradiction, suppose that for some n > Ny (x) there exists ¢ € [0, 1] such that
f(x) ¢ T forevery £ € (n(t—y), n(t+y)). Let [£1, £2] be the maximal closed subinterval
of (n(t — y),n(t + y)) N [0, n] with integer endpoints. Then ¢, — €] > ny —2 > ny /2.
If £; > ng then

8¢, Se, Se, Se, a+te
= = < < <
£y 12 Li+ny/2 ~ L(14+y/2) 1+vy/2
a contradiction. Therefore, £1 < ng. We have £, > ny /2 > ng/(a — €) > ng, thus

a— &,

¢, £ no
a—&e< — < < <
& bi+ny/2  ny/2

again a contradiction. O

a— &,

In Lemma 3.8 we have constructed realizable sequences that send E* into E®.
Using this, we now construct realizable sequences whose products have ‘small’ norms.

LEMMA 3.13. Let f € DiffL (M) be aperiodic and such that every hyperbolic set has zero
measure, U = U(f, €9), § > 0and 0 < k < 1. Then there exists a measurable integer
function N : M — N such that for a.e. x € M and every integer n > N (x) there exists a

realizable sequence
(Lo,-.s Lot} = {LG™" . L)

of length n at x such that
4
ILn—1--- Loll < e5™.

Proof. Letkg € (0, k). Let m € N, depending on f, &9 and kg (in the place of k), be given
by Lemma 3.8. By Lemma 3.11, the disjoint union (’)O(f) U 25, (f) has full measure.
We will define the function N : M — N separately on (’)O(f) and 2, (f).

For each x € O%(f), take N(x) € N such that IDfIM < e"® for every n > N(x).
For some fixed n > N(x), we define L; = LEX’") = Dfyj, for0 < j < n—1
By Lemma 3.2, item (1), {Lo, ..., L,—1} is a (k, U)-realizable sequence of length » at x.

If u((’)o(f)) = 1 then we are done. Suppose from now on that u(2,,(f)) > O.
Let C > logsup,c vem IIDgx|l. Apply Lemma 3.12 with I' = T’ (f), 2 = Qu(f),
and y = 6/20C to find No(x), depending measurably on x € 2,,,(f), such that for every
n > No(x) and ¢t € [0, 1] there is an £ € N with fe(x) elp(f)and |(€/n) —t] < y.

Fix x € Q,,(f). Consider the Lyapunov exponent A = AT (f,x) > 0. If A < § then
it suffices to take N (x) large enough and define {L(jx’")} as the trivial realizable sequence
(as we did when defining N on OO(f)). Thus, we can assume that A > 8. If x is contained
in a certain full measure subset of 2,,,(f) (we will also assume this) then we can find
Ni(x) = No(x) such that if j > 11—0N1 (x) then

< —

20°

1 j
71055 IDfy g ll — A

< —

1 .
—log |Dfl1Es | + A ,
‘] 0g ” fxlE ||+ 20

< —.

‘l logsin £ (E“(fx), E*(f/x))
J
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For each j > 0, take unit vectors v]’f € E“(f/x) and vj. € E*(f/x). Let B = {v?, vj.}
be a basis of the space Tyj M. Also denote 6; = &(v}’f, vj.). If A : Tf_/OXM — Tf_/lxM
is any linear transformation, we will indicate by A its matrix relative to the bases B, and

Bj,. If
— a as
A — < uu .SL!)
Ays  dss
is such a matrix, we will write ||A|lmax = max{|auul, |asul, |aus|, |ass|}. We claim that
there is a constant K > 1 such that

IAl < K(Gin6,) " | Allmax
[Almax < K(sing;)"'|A]

A

for every such A. To prove this fact, look at the matrix of the change of bases from B; to
the orthonormal basis {v;f, (v;f)l}, that is,

1 cosd;
0 sinf; /)’
The norm of its inverse is of the order of (sin 6 j)’1 .
Take N(x) > Ni(x) such that

2,Cm
K=e < SN,

m
— <y i
N(x) sin Oy

(Notice that 6y is a measurable function of x.) This defines the measurable function N
on the set ©,,(f). Now fix some n > N(x). Let £ be as given by Lemma 3.12 with
t = %, thatis, such that f*(x) € 'y (f) and [(¢/n) — 3| < y. By Lemma 3.8, there is
a (ko, U)-realizable sequence {L), ..., L:n_l} at f%(x) of length m such that the product
L' =1L - Ljsatisfies L' (E*(f(x))) = E*(f*™™(x)). We now define the sequence

{Lo,...,L,—1}of length n at x as

{Dfy,..., foé—lx, Lé), e, L:n—l’ fo(+m+lx, oo, Dfpny}.

By Lemma 3.2, it is a (k, U{)-realizable sequence. To complete the proof, we must estimate
the norm of

L=Ly1---Lo=Df{i" - L' Dfy.

R Hin 0 T — ehsn 0
¢ _[¢€ n—b—m __
Dfx - ( O e—,uyz) ) fo(+m(x) - < 0 6‘_”'4") °

Write

CLAIM. Fori =1,2,3,4we have |u; — (1/2)| < §/5.

Proof. We have u; = (1/n) log ||Df)f|Eu ||. But
¢ 1

Pt g

)
< — and

1
‘—log IDfE gull — A %

14
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Also, A < C. Through |ab — a'b’| < |a — d’||b| + |b — b’||a’|, we obtain

S,
< — = —.
20 Y T 20

A
=3

Similarly for p>. Now,

1 n—_{—m 1 n 1 +m
U3 = ;log IDS ptim )l Il = ;log IDf el — ;log I1Dfy ™ el

Since
L4+m 1
log | DfE™|gull = 1| < — and ——| <2y,
}€+m og[[Dfy ™ gl <5 . <2y

we have

1 A 8 36

—log | DfE™ g — =| < — +2Cy = =—.

‘n og IDfy, ™ gl 2l <30 T2 =124
Thus

A 1 1 A 8 36§
—=| < |=log |Df* Egull — A —log | DfE ™ pul|| — = — 4+ —=-.
Similarly for p4. The claim is proved.
Since the sequence {L6, ..., L, }is (k,U)-realizable, we have ||L; | < e€ foreachi.

In particular, || £'|| < ¢“™ and

1L lmax < K (sinOpam) "V IL]| < KeCmesom,
since sin By, > e=$EEM S o358 Now write

E — (buu bsu)
bMS bSS
Since E’(E;((x)) = E‘}Hm(x), we have b,, = 0. Computing the matrix product
L= Df}’;f,f(zl) - L' - DfE, we obtain
_ 0 e(—Hatusng
L= (e(‘“““)"bus e(uzm)nbss) :

We have max{u; — p4, —pu2 + 3, — 2 — pg} < %8. Therefore,

2 3
I Lllmax < egSn”E/”max < KeCmesdn

and
. _ . _ 3 4
ILII < K (sin60) " [ Lllmax < K> (sin ) 1 e < 5%,

This concludes the proof. g

The Main Lemma follows easily from Lemma 3.13.
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Proof of the Main Lemma. Of course, we can suppose that i = U( f, eg) for some g9 > 0.
Applying Lemma 3.13, we find the measurable function N : M — N. Fix x (in a full
measure set) and n > N(x). Then Lemma 3.13 also gives us a (k, If)-realizable sequence
{Lo, ..., L,—1} of length n at x such that

4
ILy—1--- Lol < e5™. (*)

Take y > 0 very small (depending on n). By the definition of a realizable sequence, there

exists r = r(x, n) with the following property. For every disk U = B,/(x), withO < r’ < r

there exist g € U(f, €9) and a compact set K C U such that:

(i) g equals f outside the set |_|;%;(1) f4(U) and the iterates f7(B,(x)), 0 < j < n are
two-by-two disjoint;

(i)  pE)/nl) > k;

(iii") if y € K then IDggiy — Ljll <y forevery j=0,1,...,n—1.

If y is small enough then (%) and (iii’) imply that:

(iii) if y € K then [|Dg}|| < €.

This completes the proof of the Main Lemma. o

4. Proof of Theorem A
4.1. Preliminary definitions. Fix some measure-preserving diffeomorphism f. If a
measurable set A C M and n € N are such that the sets A, f(A), ..., f"~(A) are disjoint
then we call the set

T=AUf(A)U---U " 1A

a tower for f. The number n is called the height of the tower and the set A is called its
base. A castle is a finite or countable union of two-by-two disjoint towers. The base of the
castle is the union of the bases of its towers.

Given f and a positive measure set A C M, consider the (a.e. finite) return time
T : A — Ndefined by t(x) = inf{n > 1 : f"(x) € A}. If we denote A, = ()
then T, = A, U f(Ap) U---U f""1(A,) is a tower. Let Q = |,z f"(A). Then Q is
f-invariant and it is a castle with base A and towers 7;,. We will call Q the Kakutani castle
with base A.

We will need also the following.

LEMMA 4.1. For every aperiodic invertible measure-preserving transformation f on a
probability space X, every subset U C X of positive measure and every n € N, there exists
a positive measure set V. C U such that V, f(V), ..., f*(V) are two-by-two disjoint.
Moreover, V can be chosen maximal on ‘the measure-theoretical sense’. (This means that
no set that includes V and has larger measure than V has the stated properties.)

Proof. We follow [6, p. 70]. Take U; C U such that u(U; A f(Up)) > 0 (it exists
because otherwise a.e. the point of U would be fixed). Then V| = U — f(U}) has positive
measure and Vi N (V1) = &. Take U C Vi such that u(Us A fz(Uz)) > Qandlet V, =
Us — f2(Us). Continuing in this way we will find V = V,, such that V, f(V), ..., f*(V)
are two-by-two disjoint. Suppose that the set Ry = U — U?:_n f7(V) has positive
measure; otherwise V is maximal. Take V' C Ry such that V', f(V'), ..., f* (V') are
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two-by-two disjoint. Continue in this way by transfinite induction. Since a disjoint class
of positive measure sets is countable, the process will terminate at some countable ordinal.
Hence we find a measurable set V C U such that w(Ry) = 0. O

Now we will prove Proposition 2.3 and thus Theorem A.

4.2. First step. Construction of a castle Q. Let f € DiffL(M ) be aperiodic and such
that every hyperbolic set for f has zero measure. Let U be a neighborhood of f in
Diff}, (M) and let § > 0.

Take 0 < k < 1 such that 1 — k < 82. Apply the Main Lemma to get a measurable
function N : M — N with the properties stated there. We define the sets P, = {x € M :
N(x) < n}forn € N. Obviously, u(P,) — 1. Fix H € N such that u(Pg) < 82, where
PIS denotes the complementary set M — Pg.

Take B C Py such that B, f(B), ..., f#~1(B) are two-by-two disjoint and such that
B is maximal in a measure-theoretical sense. Consider the following f-invariant set:

0= rm.

nez

Q is the Kakutani castle with base B. Notice that Q D Py mod 0 (by maximality of B)
and hence 11(Q€) < 82. Let Q C Q be the (finite) castle consisting of all the towers of O
with heights at most 3 H floors. The following property will be important later.

LEMMA 4.2. (0 — Q) < 3u(PS) < 36%

Proof. Write the castle as O = LIy T; where B = | |72}, B; is the base and T; =
|_|§;10 fj(Bi) is the tower of height i floors. Take i > 2H and H < j <i — H. The sets
FI(By), ..., fITH=1(B;) are disjoint and do not intersect B L - - - U fH~1(B). Since B is
maximal, we conclude that (see Figure 1)

i>2H, H<j<i—H= f/(B;) C PS mod0

(otherwise we could replace B by B U (f J(B;)N Py), contradicting the maximality of B).
Thus,

o =~ i—2H+1
i > 2H implies u(T; N PG) = > u(f7(B)) = ————u(Ty).
. i
j=H
In particular,

i > 3H + 1 implies u(T; N Pf) > tu(Ty)

and so
—~ O 0 00
w@-Q)= Y wul=< Y, 3M(TiﬂPS)=3M(P§ﬂ || n) < 3u(Pg).
i=3H+1 i=3H+1 i=3H+1

O
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castle O

i"~__ this part is
contained in P
3H

base B8 —

FIGURE 1. The castle @

4.3. Second step. Construction of the perturbed diffeomorphism g. Let 0 < y <
82H~!. By the regularity of the measure s, one can find a compact castle J C Q such that
w(Q — J) < y and it is of the same type as Q. Saying so we mean that the castles have
the same number of towers and that the towers have the same heights. Since J is compact,
we can find an open castle V containing J with u(V — J) < y and also being the same
type as J. Hence (A denotes symmetric difference),

uVaoQd)y=pnlV-0)+u@-V)=ulV-"H+un@-1J)<2y.

Denote by S the base of the castle V N Q. For each x € S, let n(x) be the height of the
tower that contains x. We have n(x) > H > N(x). Hence the Main Lemma gives, for a.e.
x € §,aradius r(x) = r(x, n(x)).

Reducing r(x) if needed, we can suppose that the disk E,(x) (x) is contained in the base
of a tower in V, for a.e. x € S. Using Vitali’s Covering Lemma, we can find a finite
collection of disjoint disks U; = By, (x;) with x; € § and 0 < r; < r(x;) such that

(S — L1 Up) -
u(sS)

(Actually, Vitali’s Lemma allows us only to a.e.-cover the set S restricted to each chart
domain, so we have to cover S by chart domains first.)

Let n; = n(x;). Notice that n(x) = n; for all x € U;. By the Main Lemma, for each i
we can find a compact set K; C U; and g; € U such that:
1) p(K)/wUi) > k;
(i) g; equals f outside the set |_|’:’;()1 FIU;
(iii) x € K; implies | D(g/")x|l < €.

(%)

Let g be equal to g; in the set |_|;f":_01 fI(U;), for each i, and be equal to f outside.
Since those sets are disjoint, g € Diff}L (M) is a well-defined diffeomorphism. Moreover,
g €U =U(S, &p).

Since each U; is contained in the base of a tower in the castle V, V is also a castle for g.
Moreover, we can define a g-castle U of the same type as V with base | |, U;. Analogously,
let K be the g-castle of the same type as V with base | |; K;. Then, by definition,
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K Cc U C V. Wehave u(K)/u(U) > k. Also, (x) implies u(U)/nu(VN Q) > 1 — y.
Thus
ulV—-U)=pVNnO-U) <yn(VNQ) <y
and
uwWU A Q) =puU AV)+nplVAaQ)<3y.

Summarizing, we have constructed a diffeomorphism g € U and g-castles K C U of
the same type as the castle Q and such that:
i) wuUWAQ) <3yandu(U—-K)<1—k;
(i) gequals f outside U;
(iii) if x is in the base of K and n(x) is the height of the tower of K that contains x, then

we have || Dg" || < @),

4.4. Third step. Estimation of LE(g). We claim that LE(g) is small. To show it, we
will use the following property from Proposition 2.1:

1
g € Diff), (M) implies LE(g) = K/I;fl ~ /M log | Dg" | dp.

This allows one to conclude in finite time (i.e. without taking limits) that the integrated
Lyapunov exponent is small.
Set N = 8~ H. (Of course, we can assume that ! € N.) We define the following

‘good set’:
N-1

G= ()¢ /K.
j=0
We will show that this set has almost full measure.
LEMMA 4.3. n(G€) < 168.
Proof. Consider the following sets.
Si=U—-K, $=0-U, $3=0-0, S4=M~-
Then K€ C S U S, U S3U Sy and

Q)

ey Uson

4 —
i=1 j=0

1

We will estimate the measure of each set U = 01 g/ (S;) separately.
First, we have 1 ($2) < u(U A Q) < 3y, and so

N-—1
u( U g_j(52)> < Nu(S2) <3Ny < 36.
j=0

Before continuing, we point out that if X C M is any measurable set then

(LJgMXQ<u(XULﬂgf@) U‘knﬁ

j=l1
= u(X) + (N — Du(g™'(X) — X).



Genericity of zero Lyapunov exponents 1689

Moreover, (g7 (X) — X) = u(g(X) — X) = u(X — g(X)), simply because p is
g-invariant.
We have

N—1
u( s (Sn) < 1(S) + Nu(Si — g(S1).

Jj=0
The set S1 = U — K is a g-castle whose towers have heights at least H. Hence its

base, which contains the set S — g(S1), measures at most (1/H)u(S;). Moreover,
w(S1) < 1 —k = 82. Substituting these estimates, we get

N—1 ) N82
M( U g_-’(Sl)) <8+ — < 82 +8 < 26.
j=0

We are going to treat the case i = 3 similarly. By Lemma 4.2, 11(S3) < 382. The set
S3 = Q — Qs an f-castle whose towers have heights at least 3H. Hence p(f(S3)—S3) <
(1/3H)/1(S3). Since g and f coincide in U, we have

g(83) =¢S5 —U)Ug(S3NU) C f(S3) Ug(SsnNU).
So

S 82
1(g(S3) — S3) < W(F(S3) — S3) + u(g(S3 N 1)) < % U= 0) < = +3y

and

N—1 ) 52
u( U g‘-’(53)> <3824+ N - +3r) < 382 + 8+ 3Ny < 78.
j=0

Theset S4 = M — @ is f-invariant, thus
8(84) —Sa=1[g(S4 —U)Ug(SaNU)] =S4 CgSsnU) C gU — Q).
Now, 1(S4) < 82 (see the definition of é) and u(U — Q) < u(U A Q) < 3y. Thus,
N-1
u( U gf(s4)> < u(Ss) + Nu(U — Q) < 8> +3Ny < 48.
Jj=0
Putting all estimates together, we get £(GC) < 28 + 38 + 76 + 46 = 166. a

Now we will show that (1/N) log || Dg" | is small inside the set G. Let K¢ be the base
of the castle K. For y € Ky, let n(y) be the height of the tower containing y. We know
that

||Dgf,(y) | < UGN

Now take x € G. Since the heights of K-towers are at most 3H, we can write
N=ji+nm+n+--+n+j
such that 0 < ji, jo <3H, 1 <ny,...,n; <3H, and the points

gl(x), g1 (), ..., gl ()
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are exactly the points of the orbit segment x, g(x), ..., gV "1 (x) which belong to Ko.
Hence, if C > supycy [1Dgy || then

IDgN || < Ciredm ...z < COH N

and so

1 6H log C
+ log 1D Il < Tg +5=(6logC + 1)s.

Therefore,
1 N
LE(g) = | —logllDg™lldn
u N

/11 IDgN |l d +/ 11 IDg" || d
= — lo, —lo
GNg g lldn GcNg g ldp

< (61ogC + 1)8 - (G) + (log C)u(G©)
< (22log C + 1)é.

This proves Theorem A.

5. Generic dichotomy for continuous cocycles

5.1. Cocycles. Let (X, ) be a non-atomic probability space and 7 : X < an
automorphism of it. Denote by SL(2, R) the group of two-by-two real matrices with unit
determinant. Let

L*°(X,SL(2,R)) = {A : X — SL(2, R) measurable and essentially bounded}
and consider in this space the following metric:
[A — Blloo =esssup||A(x) — B(x)].
Given A € L*°(X, SL(2, R)), we denote forx € X andn € Z,
AT 'x) - A(x) ifn >0,

A"(x) =11 ifn =0,
[A(T"O1™' - [AT'0)1' ifn <O.

Notice that the relation
A" (x) = AN(T"x) - A™ (x),

called the cocycle identity, is satisfied for m, n € Z. With some abuse, we call the function
A a cocycle.
Oseledets’ Theorem may be summarized in the present case as follows.

THEOREM 5.1. Let T and A be as above. Then there exists a measurable function
x = At (x) > 0 such that

1
AT(x) = lim_ —log||A" ()]
n—+oon



Genericity of zero Lyapunov exponents 1691

for u-a.e. x € X. Moreover, if OF = {x : AT (x) > 0} has positive measure then for a.e.
x € OF there is a splitting R* = E*(x) @ E*(x), depending measurably on x, such that
forv e R* — {0}

AT ifv g EY(),
=2t ifve EC(),

n

1
lim —log|lA"(x)-v| = :
—+toon

=2t () ifv ¢ E'(x),

1
lim —log||A"(x) - v| =
n—ooon AT ifve EY(x),

1
lim —logsin £(E“(T"x), E*(T"x)) = 0.
n

n—=+o0o

As before, we define the integrated Lyapunov exponent,

1
LE(A) = / AT du = inf — / log |A"|| d .
X neNn Jy
We now define the notion of uniform hyperbolicity for cocycles.

Definition. A cocycle A € L*°(X,SL(2,R)) over T : (X, u) < is said to be uniformly
hyperbolic if there exists, for a.e. x € M, a splitting R? = E%(x) @ E*(x), which is
measurable with respect to x, such that:
(i) AX).E*(x) = E*"(T(x)), A(x).E*(x) = ES(T(x)) fora.e.x € M,
(ii) there exist constants C > 0 and 0 < 7 < 1 such that
A" (x) - v || < CT"|[v*
[AT"(x) - v < C™ ",
fora.e.x € X, v® € ES(x),v" € E*(x) andn > 0.

Remark. If A is uniformly hyperbolic then there is a constant « > 0 such that
A(E"(x), ES(x)) > o for a.e. x € X; see the proof of Lemma 3.11.

Remark. If A is uniformly hyperbolic then it has positive (>=—log t) Lyapunov exponent
a.e. and the spaces E*, E® in the definition coincide a.e. with the spaces given by Oseledets
Theorem.

Remark. The set H C L°(X,SL(2,R)) of uniformly hyperbolic cocycles is open.
This can be shown by standard invariant cones techniques.

We have the following result.

THEOREM B. If T is ergodic then there is a residual set R C L*° (X, SL(2,R)) such
that, for every A € R, either A is uniformly hyperbolic or LE(A) = 0.

From the above theorem we will deduce its continuous version. Now we suppose that
X is a compact Hausdorff space, © is a regular Borel probability measure on X and
T : (X, ) < is an automorphism of X. (T is not assumed to be continuous.) In this
setting, we denote

C(X,SL(22,R)) ={A : X — SL(2, R) continuous},

endowed with the uniform convergence topology. Then we have the following.
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THEOREM C. Let X, w and T be as above. If T is ergodic then there is a residual set
R C C(X,SL(2,R)) such that, for every A € R, either A is uniformly hyperbolic or
LE(A) = 0.

5.2. Proof of Theorems B and C.

Proof of Theorem B. The proof is similar to Theorem A’s, but it is easier in several aspects.
Let A € L*°(X, SL(2,R)) be a non-uniformly hyperbolic cocycle with LE(A) > 0,
§ > 0and ¢ > 0. We have to show that there exists A € L*(X, SL(2,R)) with
A — Allso < € and LE(A) < 6.
The first step is to prove an analogue of the Main Lemma.

LEMMA 5.1. Given A, § and ¢ as above, there exists a measurable function N : M — N
such that for a.e. x € X and every n > N(x) there are Lg,...,L,—1 € SL(2,R)
satisfying |L; — A(T'x)|| < & and |Ly—1--- Lol < €. Moreover, the matrices L;
depend measurably on x and n.

Proof. Since the proof of this lemma is essentially contained in the proof of the Main
Lemma, we will be brief. Let O C X be the full measure set given by Oseledets’ Theorem.
Form € N, let

A" Es )l
|A™ ()| eyl

Tw(A) ={x € O: A(x,m) > 1/2},  Qu(A) = T"(Tw(A)).
nes

A(x, m) forx € O,

Then, for every m, u(€2,,(A)) = 1 (same proof as Lemma 3.11).

Imitating the proof of Lemma 3.8, we can show that if m is large enough then for every
y € 'y (A) there exist matrices L, (y), ..., L, _,(y) € SL(2, R) such that:
@ L) - A(T7y)| < &;and
(i) L, () LoOD(E"(y) = ES(T™Y). '
(These perturbations may be taken in the form L/j (y) = A(T/ y)Rg_,, )

Proceeding as in the proof of Lemma 3.13, we find a measurable function N : X — N
such that, for a.e. x € X and every n > N(x), there is an integer £ &~ n/2 such that
y =T €T, (A)and

JAT T 0) - L, () Ly - AL < ¢,

The matrices Lo, ..., L,—1 are defined in the obvious way: L; = A(T/ (x))if j < €or
j>¢+m—1l;and L; = L’jfe(y) otherwise. O

We choose an integer H and a set B as in §4.2. Let Q be the Kakutani castle with
base B. Since T is ergodic and w(B) > 0, we have Q = X mod 0. Let Q be the castle
consisting of all the towers of é with heights of at most 3 H floors. We have u(Q°¢) < 3682.

Let Qg be the base of the castle Q. We apply Lemma 5.1 to a.e. point in Qg to find
A € L®(X, SL(2, R)) such that:

@ A= Al <&
(ii) A = A outside Q;
(iii) if x € Qp and n(x) is the height of the tower containing x then A" (x)| < €.



Genericity of zero Lyapunov exponents 1693

Now let N = 6 'H and G = ﬂ?’z_ol T/ (Q). Since Q€ is a castle with towers of
height > 3H, we have

N-—1
n(G) = u( U T—-"(QC>) < (@Y + Nu(T~1(Q%) - 09
j=0
3H

Let C > ||Alloo +& > 1. Then |Alloc < C andif x € G then AN (x)|| < COHeNS.
Therefore

N c 2
<(1+ w(Q€) <382 +5 < 48.

- 1 ~ 1 ~
LE(A)S/ L log IIANIIdMJr/ L log ANl du
G N GC N

< (6logC + 1)8 + (log C)u(GC) < (10log C + 1)8
and Theorem B is proved. O

Remark. An alternative proof of Theorem B, without using castles and the related
estimates, can be given following Knill’s [9] methods, using coboundary sets. This is
done in [2].

Proof of Theorem C. Let A € C(X, SL(2, R)) be a non-uniformly hyperbolic cocycle with
LE(A) > 0,8 > 0and ¢ > 0. We have to show that there exists B € C(X, SL(2, R)) with
|B— Allco < ¢ and LE(B) < 4.

By Theorem B, there exists A € L>®(X, SL(2, R)) near A with LE(A) = 0. Write
A=A (I + J) with J € L (X, M(2,R)) close to zero in order that if J;; (x) denote
the entries of the matrix J(x), then || J;j|loo = sup, |J;j(x)| < . Let N € N be such that
(1/N) [y log |AN || dp < 8 andlety = N~'s.

By Lusin’s Theorem (see, for instance, [16]), there exists J' € C(X, M (2, R)) with
u{x : J # J} < y and ”J,{}'”oo < |Mijllo < €. Define Jl.;f = Jl.’j if (4,7) # (1,1)
and take J{| in order to have det(/ + J”) = 1. One can check that ||J][loc < 2¢ if we
suppose ¢ < 1/3. Thus ||J"||cc < Ke, where K is a constant. Let B = A(I + J").

Then B € C(X, SL(2, R)) and
1B = Allee < lAllocll V" loc < K [|Allce-

That is, B is close to A.
LetGo={x: B(x) = A(x)}and G = ﬂy;ol T~/ (Gyp). Then we have

N-1
u(GY) = u( U THGS)) < Nu(GG) < Np(x = J # T} < 8.
j=0
Moreover, if C > || B||» then

1 N 1 N
LE(B) = | —log|lB™|ldu+ —log|IB™ ldu
G N G¢ N

i iN c
< |+ logllANlldp + (og €)u(GE)
G
< (1 +1logC)$

and we are done. O
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5.3. The non-ergodic case. In the statements of Theorems B and C, T was assumed to
be ergodic just for simplicity. We will state without proof the generalizations of these
theorems to the non-ergodic case.

Again assume that X is a compact Hausdorff space, u is a regular Borel probability
measure on X and T : (X, u) < is an automorphism of X. One says that a T-invariant
set Y C X is uniformly hyperbolic if the restricted cocycle (Y, T|y, Aly) is uniformly
hyperbolic.

THEOREM C'. Let X, u and T be as above. Then there is a residual set R C
C(X,SL(2,R)) such that for every A € R the following holds. If the invariant set
OF = {x € X : AT(A,x) > 0} has positive measure then there are invariant sets
Hy C Hy C --- C OF covering OF mod 0 such that each set H; is uniformly hyperbolic
for (T, A).

The generalization of Theorem B is entirely analogous.

5.4. Discontinuity of the Lyapunov exponents. Knill proves in [9] that LE : L°°(X,
SL(2, R)) — Ris discontinuous if T is aperiodic. We will analyze the continuous case.

Again, suppose that X is a compact Hausdorff space and u is a regular Borel probability
measure on X. Now let T : (X, u) <= be an ergodic homeomorphism of X.

By Theorem C, A € C(X, SL(2, R)) is a point of continuity of the function LE : C (X,
SL(2, R)) — Rif and only if either LE(A) = 0 or A is uniformly hyperbolic. Moreover, it
was proved in [17] that LE is even real-analytic when restricted to the open set of uniformly
hyperbolic cocycles.

Thus, it is interesting to look for examples of continuous non-hyperbolic cocycles with
positive exponent for any given aperiodic ergodic system (X, T, ). These examples are
easily constructed if the system is not uniquely ergodic, as is shown below.

PROPOSITION 5.1. Let (X, T, ) be as above. If T is not uniquely ergodic then the
function LE : C(X, SL(2, R)) — R is discontinuous.

Proof. Assume, without loss of generality, that the support of u is X. Take another
invariant measure v. Take a continuous function & : X — R such that [hdu # 0
but [ hdv = 0. Consider the diagonal cocycle

h(x) 0
e
A(x) = ( 0 e—h(X)) :

We have LE(A) = |fh du|. Moreover, for every ¢ > 0 and ng > 0 there is ann > ny
such that the open set
< 8}

is not empty and thus its pu-measure is positive. This shows that A is not uniformly
hyperbolic. a

{xeX:

n—1
Z h(T'x)
=0

1
n
J

For T an irrational rotation of the circle, some examples of continuous non-uniform
hyperbolic cocycles with positive exponent were given by Herman; see [7, §4]. As a
consequence, we obtain the following result.
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PROPOSITION 5.2. For every irrational rotation T of the n-torus T", the function
LE: C(T",SL(2,R)) - R

is discontinuous.

Remark. Clearly, it suffices to consider the case n = 1.

This proposition generalizes a previous result of Furman [5], which says that there is
some irrational rotation such that LE is discontinuous.

For a general aperiodic uniquely ergodic transformation 7 it is an open question whether
such examples exist; see [5].
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