Robustly transitive sets and heterodimensional cycles

Ch. Bonatti, L. J. Díaz, E.R. Pujals, and J. Rocha^∗

October 11, 2001

Abstract

It is known that non-hyperbolic robustly transitive sets Λ_φ have all a dominated splitting and contain generically periodic points of different indices. We show that for a C^1-dense open subset of diffeomorphisms φ the indices of periodic points in a robust transitive set Λ_φ form an interval in N. We also proof that the homoclinic classes of two periodic points in Λ_φ are robustly equal. Finally, we describe what kind of homoclinic tangencies can appear in Λ_φ by analyzing the dominated splittings of Λ_φ.

1 Introduction

When a diffeomorphism ϕ is hyperbolic, i.e., it verifies the Axiom A, the Spectral Decomposition Theorem of Smale says that its limit set (set of non-wandering points) is the union of finitely many basic pieces satisfying nice properties: they are invariant, compact, transitive (there is a dense orbit), pairwise disjoint and isolated (each piece is the maximal invariant set in a neighborhood of itself). Moreover, by construction, a basic piece is the homoclinic class of a hyperbolic periodic point, i.e., the closure of the transverse intersections of its invariant manifolds.

Even if the dynamics is non-hyperbolic, the homoclinic classes of hyperbolic periodic points seem to be the natural elementary pieces of the dynamics, satisfying many of the properties of the basic sets of the Smale’s theorem: invariance, compactness, transitivity and density of hyperbolic periodic points. Recent results in [BD_2], [Ar] and [CMP] show that, for C^1-generic diffeomorphisms (i.e., those belonging to a residual subset of Diff^1(M)) two homoclinic classes are either disjoint or equal and they are maximal transitive sets (i.e., every transitive set intersecting a homoclinic class is contained in it). Let us observe that, in general, the homoclinic classes fail to be hyperbolic, isolated and pairwise disjoint.

In [BDP] it is shown that, for C^1-generic diffeomorphisms, a homoclinic class is either contained in the closure of an infinite set of sinks or sources, or satisfies some weak form of hyperbolicity (partial hyperbolicity or, at least, existence of a dominated splitting). The first situation (called the Newhouse phenomenon) can be locally generic (in the residual sense): there are open sets in Diff^r(M) where the diffeomorphisms with infinitely many sinks or sources are (locally) residual for the C^r-topology, see [N] for r ≥ 2 for surface diffeomorphisms, [PV] for r ≥ 2 in higher dimensions, and [BD_1] for r = 1 in dimensions greater or equal than 3. Certainly, the Newhouse phenomenon

∗This work was partially supported by CNPQ, FAPERJ, FINEP, and PRONEX-Dynamical Systems (Brazil), Laboratoire de Topologie of Université de Bourgogne (Dijon, France), and Centro de Matemática of Universidade do Porto (Portugal)

exhibits very wild behavior and it is conjectured that (in some sense) diffeomorphisms satisfying this phenomenon are very rare (for instance, for generic parametrized families of diffeomorphisms, the Lebesgue measure of the parameters corresponding to diffeomorphisms satisfying the Newhouse phenomenon is zero), see [Pa].

We focus here on the opposite behavior, more precisely, on the so-called robustly transitive sets introduced in [DPU] as a non-hyperbolic generalization of the basic sets of the Spectral Decomposition of Smale: a robustly transitive set Λ of a diffeomorphism ϕ is a transitive set which is locally maximal in some neighbourhood U of it and such that, for every C^1-perturbation ψ of the diffeomorphism ϕ, the maximal invariant set of ψ in U is transitive. From the results in [M_2], [DPU] and [BDP] every robustly transitive set Λ admits a dominated splitting, say T_ΛM = E_1 ⊕ · · · ⊕ E_k, and by [BD_2], C^1-generically, it is a homoclinic class. An invariant set may admit more than one dominated splitting. The reason is that, in some cases, one can sum some bundles of a dominated splitting, obtaining a new dominated splitting with less bundles, or, conversely, split some bundle of the splitting in a dominated way. So it is natural to consider the finest dominated splitting of the set Λ (i.e., one of which it is not possible to split any bundle of the splitting to get a new dominated splitting).

In this paper we study the interplay between the dominated splittings (especially the finest one) of a robustly transitive set Λ and its dynamics, answering questions about the indices (dimension of the stable manifold) of the periodic points of Λ, the possible bifurcations (saddle-node and homoclinic tangencies) occurring in this set as well as its dynamical structure.

In order to present our results we need to give some precise definitions.

In what follows, M denotes a compact, closed Riemannian manifold and Diff^1(M) the space of C^1-diffeomorphisms of M endowed with the usual topology.

Let Λ be a compact invariant set of a diffeomorphism ϕ. A ϕ_∗-invariant splitting T_ΛM = E ⊕ F over Λ is dominated if the fibers of E and F have constant dimension and there exists a k such that for every x ∈ Λ one has ||ϕ^k_∗ |_{E(x)}|| · ||ϕ^{−k}_∗ |_{F (ϕ}k_{(x))}|| < 1 2 , that is, ϕ^k_∗ expands the vectors in F uniformly more than the vectors in E. Then we say that F dominates E and write E ≺ F .

An invariant bundle E over Λ is uniformly contracting if there exists a k such that for every x ∈ Λ one has: ||ϕ^k_∗ |_{E(x)}|| < 1 2 . An invariant bundle is uniformly expanding if it is uniformly contracting for ϕ^{−1}_∗ .

Let T_ΛM = E_1 ⊕ E_2 ⊕ · · · ⊕ E_m be a ϕ_∗-invariant splitting over Λ such that the fibers of the bundles E_i have constant dimension. Denote by E^j_i = ⨁_j i E_k. Observe that E^{k−1}_1 ⊕E^m_k is a splitting of T_ΛM for all k ∈ {2, . . . , m}. We say that E_1 ⊕E_2 ⊕· · · ⊕E_m is the finest dominated splitting of Λ if E^{k−1}_1 ⊕ E^m_k is a dominated splitting for each k ∈ {2, . . . , m} and every E_k is indecomposable (i.e., it does not admit any (nontrivial) dominated splitting). See [BDP] for the existence and uniqueness of the finest dominated splitting.

Consider a set V ⊂ M and a diffeomorphism φ: M → M. We denote by Λ_φ(V ) the maximal invariant set of φ in V , i.e., Λ_φ(V ) = ⋂ i∈Zφ^i(V ). Given an open set U of M the set Λ_φ(U) is robustly transitive if Λ_ψ(U) is equal to Λ_ψ(Ū) and is transitive for all ψ in a C^1-neighbourhood of φ. We say that a ψ-invariant closed set K is transitive if there is some x ∈ K having a positive dense orbit in the whole set K.

If a robustly transitive set Λ_ϕ(U) is not (uniformly) hyperbolic then, by a C^1-small perturbation of ϕ, one can create non-hyperbolic periodic points, and thus hyperbolic periodic points with different indices in Λ_ϕ(U) (see [M_2]). Our first two results describe the possible indices of the periodic points of Λ_ϕ(U), in terms of the finest dominated splitting of Λ_ϕ(U):

Theorem A. Let U be an open set of M and M(U) a C^1-open set of Diff^1(M) such that Λ_φ(U) is robustly transitive for every φ ∈ M(U). Then there is a dense open subset N (U) of M(U) such that, for every φ ∈ N (U), the set of indices of the hyperbolic periodic points of Λ_φ(U) is an interval of integers (i.e., if P and Q are hyperbolic periodic points of indices p and q, p ≥ q, of Λ_φ(U), φ ∈ N (U), and j ∈ [q, p], then Λ_φ(U) has a hyperbolic periodic point of index j).

In the next result we use the arguments in [M_2] to relate the uniform contraction or dilatation of the extremal bundles of the finest dominated splitting of a robustly transitive set with the indices of the periodic points of this set.

Theorem B. Consider an open set U of a compact manifold M and an integer q ∈ N^∗ . Let U be a C^1-open set of Diff^1(M) such that for every ϕ ∈ U the maximal invariant set Λ_ϕ(Ū ) satisfies the following properties:

1. the set Λ_ϕ(Ū) is contained in U and admits a dominated splitting E_ϕ ⊕ F_ϕ, E_ϕ ≺ F_ϕ, with dim E_ϕ(x) = q,

2. the set Λ_ϕ(Ū ) has no periodic points of index k < q.

Then the bundle E_ϕ is uniformly contracting for every ϕ ∈ U.

We can summarize the two results above to get a characterization of the set of indices of the periodic points of the set Λ_ϕ(Ū ), as follows.

Let U be an open set of M and φ a diffeomorphism such that Λ_φ(U) is robustly transitive with a finest dominated splitting of the form T_{Λφ(U)}M = E_1 ⊕ · · · ⊕ E_{k(φ)}, E_i ≺ E_{i+1}. Denote by E^s the sum of all the uniformly contracting bundles of this splitting and let E_α be the first non-uniformly contracting bundle, i.e., E^s = E_1 ⊕ · · · ⊕ E_{α−1}. In the same way, denote by E^u the sum of all the uniformly expanding bundles of the splitting and let E_β be the last non-uniformly expanding bundle, i.e., E^u = E_{β+1} ⊕ · · · ⊕ E_{k(φ)}. Let U be a C^1-neighborhood of φ such that for every ψ ∈ U the set Λ_ψ(U) has the same properties as Λ_φ(U) (i.e., robustly transitive and the number k(ψ) of bundles of the finest dominated splitting is equal to k(φ)) and the dimensions of bundles E^s(ψ), E_α(ψ), E_β (ψ) and E^u(ψ), defined in the obvious way, are constant in U and equal to corresponding bundles for ϕ.

Corollary C. With the notation above, there are a C^1-open and dense subset V of U and locally constant functions i, j : V → N^∗ such that

i(ψ) ∈ [dim(E^s), dim(E^s) + dim(E_α)] ∩ N^∗ , j(ψ) ∈ [dim(E^u), dim(E^u) + dim(E_β )] ∩ N^∗ ,

and, for every ψ ∈ V, the set of indices of the hyperbolic periodic points of Λ_ψ(U) is the interval [i(ψ), dim(M) − j(ψ)] ∩ N^∗ .

The first known examples of non-hyperbolic robustly transitive sets had a one-dimensional central direction, see [M_1] and [Sh]. As a consequence, these examples do not present homoclinic tangencies (non-transverse homoclinic intersections between the invariant manifolds of some periodic point). Let us observe that if a periodic point has a homoclinic tangency then, after a perturbation of the diffeomorphism, one create a Hopf bifurcation (a periodic point whose derivative has a pair of conjugate nonreal eigenvalues of modulus one), see [YA] and [R], and hence points whose central direction has dimension at least two. Currently examples of robustly transitive sets having a central direction of dimension two or more are known, see [BD_1], [B] and [BV]. Moreover, in some cases these sets exhibit homoclinic tangencies, see [B] and [BV]. Our next result explains what kind of dominated splitting of a robustly transitive set prevents homoclinic bifurcations.

We say that a robustly transitive set Λ_φ(U) is C^1-far from homoclinic tangencies if there are no homoclinic tangencies in Λ_ψ(U) for any ψ in a C^1-neighbourhood of φ.

Theorem D. Given an open set U of M let P(U) ⊂ Diff^1(M) be an open set of diffeomorphisms φ such that:

1. The set Λ_φ(U) is robustly transitive and the minimum and the maximum of the indices of the hyperbolic periodic points of Λ_φ(U) are constant in P(U). Denote these numbers by i_s and i_c, respectively.

2. The set Λ_φ(U) is C^1-far from homoclinic tangencies.

Then there is an open and dense subset O(U) of P(U) such that, for every φ ∈ O(U), the set Λ_φ(U) has a dominated splitting T_{Λφ(U)} = E^s ⊕ E_1 ⊕ · · · ⊕ E_r ⊕ E^u, such that

• E^s is uniformly contracting and has dimension i_s ≥ 1,

• E^u is uniformly expanding and has dimension dim(M) − i_c ≥ 1,

• r = i_c − i_s and the bundle E_i has dimension one and is not uniformly hyperbolic for every i = 1, . . . , r. Actually, from the proof of this theorem we get somewhat more: given any robustly transitive set Λ_ϕ(U) the dimensions of the non-hyperbolic bundles of its finest dominated splitting determine, for diffeomorphisms in a C^1-neighbourhood of ϕ, the ranks of the homoclinic tangencies (that is, the index of the periodic point exhibiting the tangency) that can occur in Λ_ψ(U). The precise statement of this result is in Section 6, see Theorem F.

Finally, for robustly transitive sets which are far from homoclinic tangencies, we prove that the (relative) homoclinic classes of two periodic points of this set are equal in a C^1-robust way. More precisely, let P_φ be a hyperbolic periodic point of a diffeomorphism φ. We denote by H_{Pφ} the set of transverse intersections of the invariant manifolds of P_φ. Observe that the homoclinic class of P_φ is the closure of H_{Pφ} . Given an open set U, the relative homoclinic class of P_φ in U is the closure of the set H_{Pφ} (U) of transverse homoclinic points of P_φ whose orbits are contained in U.

Theorem E. Let U be an open set of M and S(U) ⊂ Diff^1(M) an open set of diffeomorphisms φ such that the set Λ_φ(U) is robustly transitive and there are no homoclinic tangencies (in the whole manifold) associated to periodic points of Λ_φ(U).

Consider any pair of hyperbolic periodic points P_φ and Q_φ of Λ_φ(U) with indices p and q whose continuations are defined for every ψ in S(U). Then there is an open and dense subset D(U) of S(U) such that H_{Pψ} (U) = H_{Qψ} (U)

for every ψ in D(U).

Unfortunately, in the theorem above we cannot ensure that the relative homoclinic classes of P_ψ and Q_ψ are equal to Λ_ψ(U), although by the results in [BD_2] this is true for a residual subset of S(U).

Let us now say a few words about the proofs of our results. One of the main tools is the notion of heterodimensional cycle. Given a diffeomorphism ϕ with two hyperbolic periodic points P_ϕ and Q_ϕ with different indices, say index(P_ϕ) > index(Q_ϕ), we say that ϕ has a heterodimensional cycle associated to P_ϕ and Q_ϕ, denoted by Γ(ϕ, P_ϕ, Q_ϕ), if W^s(P_ϕ) and W^u(Q_ϕ) have a (nontrivial) transverse intersection and W^u(P_ϕ) and W^s(Q_ϕ) have a quasi-transverse intersection along the orbit of some point x, i.e., T_xW^u(P_ϕ) + T_xW^s(Q_ϕ) is a direct sum. Observe that in this case dim(M) − dim(T_xW^u(P_ϕ) + T_xW^s(Q_ϕ)) is equal to index(P_ϕ)− index(Q_ϕ), this number being the codimension of the cycle.

The proof of Theorem A has two main ingredients. The first is Theorem 3.1, which implies that, by unfolding a heterodimensional cycle associated to points of indices q and p as above, one gets hyperbolic periodic points of some index in between q and p (a priori, we do not know the index of such a point). The second ingredient of the proof is the Connecting Lemma of Hayashi (see Theorem 2.1 and [H]) which allows us to create (after a C^1-perturbation) heterodimensional cycles associated to any pair of periodic points of a robustly transitive set.

Two other important tools are the constructions in [M_2] and in [BDP], specially the periodic linear systems with transitions of [BDP]. In this paper we need to introduce transitions between points of different indices in the same homoclinic class, generalizing the construction in [BDP], in which only transitions between points with the same index were considered.

Finally, to prove Theorem E, the main ingredient, besides the Connecting Lemma, is the proposition below concerning the structure of the homoclinic classes of hyperbolic points having a heterodimensional cycle.

We say that a hyperbolic periodic point R_ϕ is C^1-far from tangencies if there is a C^1-neighbourhood W of ϕ in Diff^1(M) such that every ψ ∈ W has no homoclinic tangencies associated to R_ψ. A heterodimensional cycle Γ(ϕ, P_ϕ, Q_ϕ) is C^1-far from homoclinic tangencies if the points P_ϕ and Q_ϕ in the cycle are C^1-far from homoclinic tangencies.

Finally, we say that two points x and y are transitively related for ϕ if there exists a transitive set of ϕ containing x and y. The points x and y are transitively related in an open set U if there exists a transitive set of ϕ contained in U that contains x and y.

Proposition 1.1. Let U be an open set, φ a diffeomorphism and P_φ and Q_φ a pair of hyperbolic periodic points of φ of indices p and q = p − 1, respectively. Consider a neighbourhood W ⊂ Diff^1(M) of φ of diffeomorphisms ψ such that,

• the continuations of P_ψ and Q_ψ are defined and C^1-far from tangencies,

• the points P_ψ and Q_ψ are transitively related in U.

Then there is a C^1-open subset W_φ of W whose closure contains φ such that the relative homoclinic classes of P_ψ and Q_ψ in U are equal for every ψ ∈ W_φ.

[DR, Theorem A] guarantees that given any heterodimensional cycle Γ(ϕ, P_ϕ, Q_ϕ) of codimension one far from homoclinic tangencies, there is a C^1-open set, whose closure contains ϕ, of diffeomorphisms φ such that P_φ and Q_φ are transitively related. Thus, for any diffeomorphism ϕ with a heterodimensional cycle which is far from homoclinic tangencies, there are diffeomorphisms φ arbitrarily close to ϕ satisfying the hypotheses of the proposition. The proof of Proposition 1.1 follows from the results in [DR] and the Connecting Lemma of Hayashi.

This paper is organized as follows. In Section 2 we get some results concerning heterodimensional cycles, robustly transitive sets and homoclinic classes using the Hayashi’s Connecting Lemma. In Section 3 we prove Theorem A. For that we need to study the creation of periodic points in the unfolding of heterodimensional cycles (of any codimension). In Section 4 we prove Theorem B, for that we recall some folklore results concerning dominated splittings and remember and reformulate some results in [M_2]. In Sections 5 and 6 we study the interplay between the finest dominated splitting of a robustly transitive set and the creation of homoclinic tangencies inside this set. Finally, in Section 7 we prove the results concerning (relative) homoclinic classes.

2 Transitively related points

We begin the proofs of our results by recalling the Hayashi’s Connecting Lemma and deducing some consequences from it.

2.1 Connecting lemma and transitively related points

Theorem 2.1. (Hayashi’s Connecting Lemma, [H]) Let P_φ and Q_φ be a pair of hyperbolic periodic points of a C^1-diffeomorphism φ such that there are sequences of points x_n and of natural numbers k_n such that the sequences x_n and φ^{kn} (x_n) accumulate on W^s_{loc}(Q_φ) and on W^u_{loc}(P_φ), respectively.

Then there is a diffeomorphism ψ arbitrarily C^1-close to φ such that W^s(Q_ψ) and W^u(P_ψ ) have a nonempty intersection.

Remark 2.2. Every pair of hyperbolic periodic points P_φ and Q_φ which are transitively related satisfy the hypotheses of the Connecting Lemma (Theorem 2.1).

Proof of the remark: Consider a transitive set Λ containing P_φ and Q_φ and a point x of Λ whose positive orbit is dense in Λ. Then there are sequences of natural numbers m_n and r_n, m_n, r_n → ∞ as n → ∞, such that φ^{mn} (x) → P_φ and φ^{rn} (x) → Q_φ. Then it is immediate to get new sequences m^′_n and r^′_n, with m^′_n, r^′_n → ∞, such that φ^{m′n} (x) and φ^{r′n} (x) converge to some point of W^u_{loc}(P_φ) and of W^s_{loc}(Q_φ), respectively. Taking subsequences, if necessary, we can assume that r^′_n = m^′_n + k_n for some k_n > 0. Now it suffices to take x_n = φ^{m′n} (x) and consider the sequences x_n and k_n. □

2.2 Homoclinic relative classes and robustly transitive sets

By [BD_2, Theorem B] there is a residual subset of Diff^1(M) consisting of diffeomorphisms such that the homoclinic classes of any pair of transitively related hyperbolic periodic points are equal. The proof of this result is based on the Hayashi’s Connecting Lemma. Using the relative version of the connecting lemma we get a relative version of [BD_2, Theorem B] whose prove we omit here.

Theorem 2.3. (Relative version of [BD_2, Theorem B]). Given an open set U of M there is a residual subset G(U) of Diff^1(M) such that for every φ ∈ G(U) a pair of hyperbolic periodic points P_φ and Q_φ of φ, are transitively related in U if and only if the relative homoclinic class in U of P_φ and Q_φ are equal, i.e., H_{Pφ} (U) = H_{Qφ} (U).

Let A(U) be an open set of Diff^1(M) such that Λ_φ(U) is robustly transitive for all φ. By the Pugh closing lemma (see [Pu]) and a Kupka-Smale argument, there is a residual subset R(U) of A(U) of diffeomorphisms φ such that the hyperbolic periodic points form a dense subset of Λ_φ(U). Taking T (U) = G(U) ∩ R(U), where G(U) and R(U) are as above we get the following:

Proposition 2.4. Let U and A(U) be open sets of M and of Diff^1(M), respectively, such that Λ_φ(U) is robustly transitive for all φ ∈ A(U). Then there is a residual subset T_A(U) of A(U) such that H_{Pφ} (U) = Λ_φ(U)

for every φ ∈ T_A(U) and every hyperbolic periodic point P_φ of Λ_φ(U).

2.3 Heterodimensional cycles

We will use the following lemma which is a consequence of the Connecting Lemma and an argument of transversality:

Lemma 2.5. Let P_φ and Q_φ be a pair of hyperbolic periodic points of a diffeomorphism φ of indices p and q, p ≥ q. Suppose that P_ψ and Q_ψ are transitively related for every ψ in a neighbourhood V of φ. Then there is a dense subset W of V such that every ϕ in W has a heterodimensional cycle Γ(ϕ, P_ϕ, Q_ϕ) of codimension (p − q).

Proof: Consider any ψ ∈ V, since P_ψ and Q_ψ are transitively related, by Remark 2.2, we can apply Theorem 2.1 to get ξ arbitrarily close to ψ (hence ξ is in V) such that W^s(P_ξ) ∩ W^u(Q_ξ) ≠ ∅. Since dim(W^s(P_ξ)) + dim(W^u(Q_ξ)) = p + (dim(M) − q) ≥ dim(M),

we can assume that this intersection is transverse.

Since ξ belongs to V the points P_ξ and Q_ξ are transitively related. Thus, again by Remark 2.2, we can apply Theorem 2.1 to get ϕ arbitrarily close to ξ (ϕ in V) such that W^s(P_ϕ) and W^u(Q_ϕ) have (non empty) transverse intersection and W^u(P_ϕ) ∩ W^s(Q_ϕ) ≠ ∅. After a new perturbation, if necessary, we can assume that the last intersection is quasi-transverse, obtaining a heterodimensional cycle Γ(ϕ, P_ϕ, Q_ϕ) of codimension (p − q), ending the proof of the lemma. □

Let us state two remarks of the proof above that we will use in Section 7.

Remark 2.6. Let P_φ and Q_φ be a pair of hyperbolic periodic points of a diffeomorphism φ of indices p and q, p ≥ q. Suppose that P_ψ and Q_ψ are transitively related for every ψ in a neighbourhood V of φ. Then there is a dense and open subset D of V such that W^s(P_ψ) and W^u(Q_ψ) have a nontrivial transverse intersection for every ψ in D.

If in Theorem 2.3 one assumes that the points P_φ and Q_φ have the same index, one has the following stronger version of it:

Remark 2.7. Let P_φ and Q_φ be a pair of hyperbolic periodic points of the same index of a diffeomorphism φ and U an open set containing the orbits of P_φ and Q_φ. Suppose that P_ψ and Q_ψ are transitively related for every ψ in a neighbourhood V of φ. Then there is a dense and open subset O of V such that, for every ψ in O, the relative homoclinic classes of P_ψ and Q_ψ in U are equal.

3 Proof of Theorem A: unfolding heterodimensional cycles

3.1 Transitions for heterodimensional cycles

We begin this section stating a somewhat technical result introducing the notion of transition between periodic points of different indices.

Theorem 3.1. Let P and Q be two hyperbolic periodic points of a diffeomorphism φ of indices p and q, p > q, and periods n(P ) and n(Q), respectively. Denote by M_P and M_Q the linear maps

φ^{n(P )}_∗ (P ): T_P M → T_P M and φ^{n(Q)}_∗ (Q): T_Q → T_QM.

Assume that there are dominated splittings

T_P M = E_1(P ) ⊕ E_2(P ) ⊕ E_3(P ) and T_QM = E_1(Q) ⊕ E_2(Q) ⊕ E_3(Q),

with dim(E_1(P )) = dim(E_1(Q)) = q and dim(E_3(P )) = dim(E_3(Q)) = dim(M) − p, which are invariant by M_P and M_Q, respectively. Assume, in addition, that there is a heterodimensional cycle Γ(φ, U, P, Q) in some open subset U of M.

Then, fixed any ε > 0, there are matrices T_0 and T_1 and δ > 0 such that, for every n and m ≥ 0, and every family matrices (I_i), i = 0, . . . , (n + m) + 2, δ-close to identity, there is a diffeomorphism ψ ε-C^1-close to φ having a periodic orbit R of period n(R) such that the linear map M_R = ψ^{n(R)}_∗ is conjugate to

I_{n+m+2} ∘ T_1 ∘ I_{n+m+1} ∘ M_Q ∘ I_{n+m} ∘ · · · ∘ I_{n+2} ∘ M_Q ∘ I_{n+1} ∘ T_0 ∘ I_n ∘ M_P ∘ I_{n−1} ∘ · · · ∘ I_1 ∘ M_P ∘ I_0.

Moreover, n(R) = t_1 + t_2 + n · n(P ) + m · n(Q), where t_1 and t_2 are constants depending only on the choice of T_0 and T_1.

The maps T_0 and T_1 are called transitions (from P to Q and from Q to P , respectively). These maps are a generalization of the transitions introduced in [BDP] for hyperbolic periodic points which are homoclinically related.

Theorem 3.1 is the main step in the proof of Theorem A. Taking appropriate n and m and assuming that index(P ) > index(Q) + 1, using the theorem one gets that the index of R is in

PSfrag replacements

Figure 1: A heterodimensional cycle

between the indices of P and Q, see Corollary 3.6. This construction will also allow us to get points R corresponding to saddle-node bifurcations.

Proof: For simplicity let us assume that P and Q are fixed points. Notice that E_1(Q) is the stable direction of Q, E_1(P ) is the strong stable direction of P , E_3(Q) is the strong unstable direction of Q and E_3(P ) is the unstable direction of P .

We now perform a C^1-perturbation of the diffeomorphism φ to get appropriate linearizing coordinates of the cycle. The properties of this linearization are summarized in the next lemma:

Lemma 3.2. Let φ be a diffeomorphism satisfying the hypotheses of Theorem 3.1. Then there is ϕ arbitrarily C^1-close to φ having a heterodimensional cycle Γ(ϕ, U, P, Q) such that:

1. There are smooth linearizing charts

U_P , U_Q ≃ [−1, 1]^q × [−1, 1]^{p−q} × [−1, 1]^{dim(M)−p}

defined on neighbourhoods of P and Q where ϕ is a linear map such that, for every x ∈ U_P ∩ ϕ^{−1}(U_P ) or x ∈ U_Q ∩ ϕ^{−1}(U_Q), one has:

(a) In these charts P and Q correspond to the point {0}^{dim(M)} and ϕ_∗(P ) = φ_∗(P ) and ϕ_∗(Q) = φ_∗(Q), (b) The foliation by q-planes parallel to [−1, 1]^q × {0}^{p−q} × {0}^{dim(M)−p} (called strong stable foliation, F^s) is locally invariant and corresponds to the smaller (in modulus) eigenvalues of the linear maps induced by ϕ in U_P and U_Q.

(c) The foliation by (p − q)-planes parallel to {0}^q × [−1, 1]^{p−q} × {0}^{dim(M)−p} (called central foliation, F^c) is locally invariant.

(d) The foliation by (n − p)-planes parallel to {0}^q × {0}^{p−q} × [−1, 1]^{dim(M)−p} (called strong unstable foliation, F^u) is locally invariant and corresponds to the bigger (in modulus) eigenvalues of the linear maps induced by ϕ in U_P and U_Q.

2. There are points X_0 ∈ (W^u(Q) ⋔ W^s(P )) ∩ U_Q and Y_0 = ϕ^{k0} (X_0) ∈ U_P , k_0 > 0, such that, in these coordinates, X_0 ∈ {0}^q × [−1, 1]^{p−q} × {0}^{dim(M)−p} (the local center-unstable manifold of Q, denoted by W^{cu}_{loc}(Q)) and Y_0 ∈ {0}^q × [−1, 1]^{p−q} × {0}^{dim(M)−p} (the local center-stable manifold of P , denoted by W^{cs}_{loc}(P )).

3. There are points X_1 ∈ (W^s(Q) ∩ W^u(P )) ∩ U_P and Y_1 = ϕ^{k1} (X_1) ∈ U_Q, k_1 > 0, such that, in these coordinates, X_1 ∈ {0}^q × {0}^{p−q} × [−1, 1]^{dim(M)−p} (the local unstable manifold of P , W^u_{loc}(P )) and Y_1 ∈ [−1, 1]^q × {0}^{p−q} × {0}^{dim(M)−p} (the local stable manifold W^s_{loc}(Q) of Q).

4. There are small cubes C_0 ⊂ U_Q and C_1 ⊂ U_P centered at X_0 and X_1, respectively, such that

(a) ϕ^{k0} (C_0) ⊂ U_P and ϕ^{k1} (C_1) ⊂ U_Q, (b) the restrictions T_0 = ϕ^{k0} |_{C0} and T_1 = ϕ^{k1} |_{C1} are affine maps which preserve the strong stable, central and strong unstable foliations above.

Proof: To get a point of the heteroclinic intersection W^u(Q) ⋔ W^s(P ) in the central direction just observe that, generically, there are points X of such an intersection which are not in the strong unstable manifold of Q nor in the strong stable manifold of P . Thus, after an arbitrarily small perturbation of φ, we can assume that this is our case. Considering a point X with this property and using the domination, we have that the backward orbit of X approaches to the center-unstable manifold of Q. Similarly, the forward iterates of X approach to the center-stable manifold of P . Now by two local small C^1-perturbations one gets the announced points X_0 and Y_0 = ϕ^{k0} (X_0). Observe that we can perform these two perturbations without breaking the cycle (i.e., preserving the non-transverse intersection between W^s(Q) and W^u(P )). Observe now that the points X_1 and Y_1 = ϕ^{k1} (X_1) in the lemma are directly given by the intersection W^s(Q) ∩ W^u(P ).

After a new perturbation, we can assume that ϕ is linear in small neighbourhoods of P and of Q and that ϕ^{k0} and ϕ^{k1} are both affine in small neighbourhoods of X_0 and X_1. The only difficulty is to see that these affine maps can be chosen preserving the foliations (strong stable, central and strong unstable). This fact follows along the lines of the proof of [BDP, Lemma 4.13] using the domination. Let us explain all that in details.

In our linearizing charts there are foliations F^{cs} (resp., F^{cu}) tangent to the sum E_1 ⊕ E_2 of the stable and central directions (resp., the sum E_2 ⊕ E_3 of the central and unstable directions). By genericity, we can assume that the images by ϕ^{k0} of the foliations F^s, F^u, F^c, F^{cs} and F^{cu} are in general position. Now, one checks that the forward iterates of the images by ϕ^{k0} of the leaves of F^{cu} become close to the center-unstable leaves in U_P . Replacing the initial k_0 by k_0 + ℓ, for some big positive ℓ, and doing a small perturbation, one gets an invariant center-unstable foliation.

To get the invariance of the strong stable foliation we consider negative iterates of the foliations in the neighbourhood of Y_0. By the previous construction, the center-unstable foliation is preserved by negative iterations. So the negative iterates of the strong stable foliation are transverse to the center-unstable one. As above, the backwards iterates of the strong stable leaves approach to the leaves of the strong stable foliation in U_Q. So we can replace X_0 by some (large) negative iterate of it, say −ℓ^′, and perform a small perturbation (preserving the center unstable foliation) in such a way the transition map ϕ^{k0+ℓ+ℓ′} from a neighbourhood of X_0 to a neighbourhood of Y_0 preserves the strong stable and center-unstable foliations.

To get the invariance of the strong unstable and center foliations (keeping the invariance of the strong stable one) one repeats all the arguments above inside the center-unstable foliation. We omit the details of this construction. This gives the transition T_0.

The transition T_1 is obtained using the same arguments, so we do not go into the details. The proof of the lemma is now complete. □

Definition 3.1. Consider a dim(M)-cube C = I^s × I^c × I^u, where I^s is a q-cube, I^c a (p − q)-cube and I^u a (dim(M) − p)-cube, where there are defined coordinates (x^s, x^c, x^u) as above.

A subset Δ of C is s-complete if, for every Z = (z^s, z^c, z^u) ∈ Δ, the horizontal q-cube I^s × {(z^c, z^u)} is contained in Δ. Similarly, a subset Δ of C is u-complete if, for every point Z ∈ Δ, the vertical (dim(M) − p)-cube {z^s, z^c} × I^u is contained in Δ.

By shrinking, if necessary, the size of the neighbourhood U_Q in the strong unstable direction and taking an appropriate cube C_1 around X_1, we can assume that the image by T_1 of any u-complete disk Δ of C_1 (contained in a leaf of the strong unstable foliation) is a u-complete disk of U_Q.

For simplicity let us denote by A and B the restrictions of ϕ to U_Q and U_P , respectively.

Lemma 3.3. There is ℓ_0 ≥ 0 such that:

1. Consider any Z ∈ W^u_{loc}(Q) and any s-complete disk Δ^s of C_0 (contained in a leaf of the strong stable foliation) containing Z. Then the connected component of A^{−n}(Δ^s) ∩ U_Q containing A^{−n}(Z) is a s-complete disk in U_Q for all n ≥ ℓ_0.

2. Consider any u-complete disk Δ^u of C_0 (in a leaf of the strong unstable foliation). Then the intersection between Δ^u and T^{−1}_0 (W^s_{loc}(P )) is a unique point W . Let Δ^u_m be the connected component of (B^m ∘T_0(Δ^u))∩U_P containing B^m ∘T_0(W ). Then Δ^u_m ∩C_1 is a complete u-disk (in C_1) for every m ≥ ℓ_0.

Proof: For instance to see the first item just observe that A^{−1} expands the s-direction and recall the A-invariance of the foliations. The second item follows using that B expands in the u-direction and the B-invariance of the foliations. □

We are now ready to end the proof of Theorem 3.1. Given ε > 0 there is an ε/2-perturbation ϕ of φ satisfying Lemmas 3.2 and 3.3. We will now obtain the final diffeomorphism considering a perturbation of ϕ obtained by composing the transition T_1 with a small translation T_v in the direction of a vector v parallel to the central direction (in U_Q). Let us now explain the details of this construction.

In our coordinates, X_0 = (0^s, x^c_0, 0^u). Consider now the su-disk Δ = ( [−1, 1]^q × {x^c_0} × [−1, 1]^{dim(M)−p} ) ∩ C_0. With the terminology above, the disk Δ is u and s-complete in C_0.

Given n and m bigger than ℓ_0, ℓ_0 as in Lemma 3.3, let Δ^{−m} and Δ^n_0 be the connected components of A^{−m}(Δ)∩U_Q containing A^{−m}(X_0) and of (B^n ∘T_0(Δ))∩U_P containing B^n(T_0(X_0)), respectively. Let Δ^n_1 = Δ^n_0 ∩ C_1. Write Δ^n = T_1(Δ^n_1 ). By Lemma 3.3 and the observation before, Δ^{−m} and Δ^n are a s-complete and u-complete disks in U_Q and C_1, respectively.

PSfrag replacements

Figure 2: A periodic orbit

Observe that there is a unique vector v parallel to the central direction such that the intersection between T_v(Δ^n) and Δ^{−m} is not empty. Moreover, since these sets are both su-disks of U_Q, such an intersection is a sub-rectangle R intersecting completely Δ^{−m} in the u-direction and Δ^n in the s-direction. Here by a complete intersection in the u-direction we mean that, for every Z ∈ R, the leaf F^u(Z) of the strong unstable foliation containing Z is such that the connected components of F^u(Z) ∩ R and of Δ^{−m} ∩ F^u(Z) containing Z are equal. The definition of complete intersection in the s-direction is totally analogous (considering strong stable leaves).

Now a classical argument of hyperbolicity implies that the map T = T_v ∘ T_1 ∘ B^n ∘ T_0 ∘ A^m has a fixed point W in Δ^{−m}. Observe that the derivative of T at W is T̃_1 ∘ B^n ∘ T̃_0 ∘ A^m (where T̃_i is the linear part of the affine map T_i).

So it remains to see that the size of the translation T_v can be taken smaller than ε/2. For that first observe that the disks Δ^{−m} and Δ^n can be taken passing arbitrarily close to the heteroclinic intersection Y_1, for that it is enough to take n and m large enough. Thus there is n_0 such that the distance between Δ^{−m} and Δ^n is less than ε/2 for every n and m greater n_0. Fixed such an n_0 and replacing T_0 by T_0 ∘ A^{n0} and T_1 by T_1 ∘ B^{n0} , we get that for every positive n and m there is a translation T_v, v = v(n, m), such that the modulus of v is less than ε/2.

The diffeomorphism ψ in the statement of the theorem is obtained from ϕ by composing T_1 with T_v. By construction, ψ has a periodic point R of period n_R = t_0 + t_1 + n + m, where t_0 = k_0 + n_0 and t_1 = k_1 + n_1, such that ψ^{nR}_∗ (R) = T̃_1 ∘ B^n ∘ T̃_0 ∘ A^m.

Observe that t_0 and t_1 depend exclusively on the transitions T_0 and T_1. The theorem now follows from the definition of A and B and the lemma below, that allows us to perform any small perturbation of the derivative of a diffeomorphism along the orbit of a periodic point in a dynamical way.

Lemma 3.4. ([F], [M_2]) Consider a C^1-diffeomorphism φ and a φ-invariant finite set Σ. Let A be an ε-perturbation of φ_∗ along Σ (i.e., the linear maps A(x) and φ_∗(x) are ε-close for all x ∈ Σ). Then for every neighbourhood U of Σ there is a diffeomorphism ϕ C^1-ε-close to φ such that

• φ(x) = ϕ(x) if x ∈ Σ or if x ∉ U,

• ϕ_∗(x) = A(x) for all x ∈ Σ.

The proof of Theorem 3.1 is now complete. □

We end this subsection by stating a lemma that follows from the proof of [BDP, Lemma 4.13]:

Lemma 3.5. Let M_P and M_Q be linear maps as in the statement of Theorem 3.1. Suppose that M_P and M_Q preserve the dominated splittings T_P M = E^1_P ⊕ · · · ⊕ E^k_P and T_QM = E^1_Q ⊕ · · · ⊕ E^k_Q, where dim(E^i_P ) = dim(E^i_Q) for every i. Then one can choose the matrices T_0 and T_1 in Theorem 3.1 such that T_0(E^i_P ) = E^i_Q and T_1(E^i_Q) = E^i_P , for every i ∈ {1, . . . , k}.

3.2 Periodic points in the unfolding of heterodimensional cycles Using Lemma 3.4 we get the following two corollaries of Theorem 3.1. First we use the notation Γ(φ, U, P, Q) to localize a cycle, that is, if we are only concerned with the intersection between the invariant manifolds of P and Q whose orbit is contained in U.

Corollary 3.6. Consider a heterodimensional cycle Γ(φ, U, P, Q) associated to the hyperbolic periodic points P and Q of indices p and q, where p > q, having positive real eigenvalues of multiplicity one. Then, for every integer ℓ ∈ [q, p], there is a diffeomorphism ϕ arbitrarily close to φ with a hyperbolic periodic point of index ℓ in Λ_ϕ(U).

Proof: This corollary is trivial when ℓ = p or q. So let us fix some ℓ ∈]q, p[. Define the matrices M_P and M_Q as in the statement of Theorem 3.1 and denote by λ^1_P , · · · , λ^{dim(M)}_P the eigenvalues of M_P , where 0 < λ^1_P < · · · < λ^{dim(M)}_P , and by λ^1_Q, · · · , λ^{dim(M)}_Q the eigenvalues of M_Q, where 0 < λ^1_Q < · · · < λ^{dim(M)}_Q .

For each i ∈ {1, . . . , dim(M)} let E^i(P ) and E^i(Q) the eigenspaces corresponding to λ^i_P and λ^i_Q, respectively. We now consider the invariant splittings (of M_P and M_Q) given by

E_1(P ) = E^1(P ) ⊕ · · · E^{ℓ−1}(P ), E_2(P ) = E^ℓ(P ), E_3(P ) = E^{ℓ+1}(P ) ⊕ · · · E^{dim(M)}(P ), E_1(Q) = E^1(Q) ⊕ · · · E^{ℓ−1}(Q), E_2(Q) = E^ℓ(Q), E_3(Q) = E^{ℓ+1}(Q) ⊕ · · · E^{dim(M)}(Q).

Observe that, by the hypotheses on the eigenvalues of P and Q, the splittings E_1(R), E_2(R) and E_3(R), R = P, Q, are dominated (for M_P and M_Q), thus they satisfy the hypotheses of Theorem 3.1.

Since q < ℓ < p we have that λ^ℓ_P < 1 < λ^ℓ_Q. Thus there are constants C and C^′, 0 < C < 1 < C^′, and arbitrarily big natural numbers n_0 and m_0 such that

(λ^{ℓ−1}_P )^{n0} (λ^{ℓ−1}_Q )^{m0} < C < (λ^ℓ_P )^{n0} (λ^ℓ_Q)^{m0} < C^′ < (λ^{ℓ+1}_P )^{n0} (λ^{ℓ+1}_Q )^{m0} .

Applying Theorem 3.1 to the matrices M_P and M_Q, n = n_0, m = m_0, and the matrices I_0, . . . , I_{n+m+2} equal to the identity, we get transitions T_0 and T_1 and a diffeomorphism ϕ close to φ having a periodic point R ∈ Λ_ϕ(U) of period n(R) ≃ n_0 + m_0 such that ϕ^{n(R)}_∗ is conjugate to

M_R = T_1 ∘ M^{m0}_Q ∘ T_0 ∘ M^{n0}_P .

By Lemma 3.5 we can suppose that T_0 and T_1 preserve the splittings E_1 ⊕ E_2 ⊕ E_3. Hence the ℓ^{th}-eigenvalue λ^ℓ_R of M_R is such that C k_1 < |λ^ℓ_R| < k_2 C^′, where k_1 is the product of the norms of T^{−1}_0 and T^{−1}_1 and k_2 is the product of the norms of T_0 and T_1. Observe that a priori we can not guarantee that this eigenvalue is positive (we do not know if the transitions preserve the orientation). Thus, taking n_0 and m_0 big enough, we can assume that | log(λ^ℓ_R)|/(n_0 + m_0) is arbitrarily close to zero.

Applying now Lemma 3.4 to the derivative of ϕ along the orbit of R, we can assume that the eigenvalues λ^1_R, . . . , λ^{dim(M)}_R of ϕ^{n(R)}_∗ (R) satisfy 0 < |λ^1_R| < · · · < |λ^{ℓ−1}_R | < 1 = |λ^ℓ_R| < |λ^{ℓ+1}_R | < · · · < |λ^{dim(M)}_R |. (1) After a final perturbation, we have that R has index ℓ, ending the proof of the corollary. □

Finally, a minor modification of the proof of Corollary 3.6 gives the following:

Corollary 3.7. Consider a heterodimensional cycle Γ(φ, U, P, Q) satisfying the hypothesis of Theorem 3.1. Moreover suppose that there is a dominated splitting F_1 ⊕ · · · ⊕ F_i ⊕ · · · ⊕ F_k over Λ_φ(U) such that the moduli of the Jacobians of φ restricted to F_i along the orbits of Q and P are strictly bigger and less than one, respectively.

Then there is a diffeomorphism ϕ arbitrarily C^1-close to φ with a hyperbolic periodic point R ∈ Λ_ϕ(U) such that the modulus of the Jacobian of ϕ^{n(R)} over F_i at R is equal to one.

Proof: Consider the dominated splittings

E_1 = F_1 ⊕ · · · ⊕ F_{i−1}, E_2 = F_i E_3 = F_{i+1} ⊕ · · · ⊕ F_k.

Just observe that by Lemma 3.5 we can choose the transitions T_i preserving the dominated splitting E_1 ⊕ E_2 ⊕ E_3. The result follows arguing as in Corollary 3.6. □

3.3 End of the proof of Theorem A We need the following lemma,

Lemma 3.8. ([BDP, Lemma 5.4]) Let V be an open set of M and R_φ a hyperbolic periodic point of a diffeomorphism φ such that its relative homoclinic class in V , H_{Rφ} (V ), is non trivial. Then there is a diffeomorphism ϕ arbitrarily C^1-close to φ such that H_{Rϕ} (V ) contains a hyperbolic periodic point of the same index of R_ϕ whose eigenvalues are all real, positive and of multiplicity one.

Under the hypothesis of Theorem A, this lemma allows us to assume that, after perturbing the original diffeomorphism and replacing the initial points P_φ and Q_φ by other points of Λ_φ(U) of the same index, we can assume that the points P_φ and Q_φ of Λ_φ(U) have real positive eigenvalues of multiplicity one. To see why this is so just observe that, by Theorem 2.3, after a C^1-perturbation of φ we can assume that H_{Pφ} (U) = H_{Qφ} (U) ⊂ Λ_φ(U), thus these two relative homoclinic classes are non-trivial. Hence we can now apply Lemma 3.8 to such homoclinic classes to get the periodic points (of indices p and q) in Λ_φ(U) with real positive eigenvalues of multiplicity one. So we lose no generality assuming that the points P_φ and Q_φ in Theorem A have real positive eigenvalues of multiplicity one. Using Lemma 2.5 and Corollary 3.6 one gets:

Lemma 3.9. Given p > q and ℓ ∈]q, p] let φ ∈ M(U) be a diffeomorphism with two hyperbolic periodic points P_φ and Q_φ in Λ_φ(U) of indices p and q having positive real eigenvalues of multiplicity one. Then there is ϕ ∈ M(U) arbitrarily C^1-close to φ having a hyperbolic periodic point of index ℓ in Λ_ϕ(U).

Proof: By hypothesis, the continuations P_ϕ and Q_ϕ of P_φ and Q_φ are transitively related for every ϕ in a neighbourhood of φ in M(U) (just observe that set Λ_ϕ(U) is robustly transitive and P_ϕ and Q_ϕ belong to Λ_ϕ(U)). Hence we can apply Lemma 2.5 to P_φ and Q_φ to create a heterodimensional cycle Γ(ψ, U, P_ψ , Q_ψ) for some ψ arbitrarily close to φ. Corollary 3.6 now gives ϕ close to ψ (thus close to φ) with a periodic point of index ℓ in Λ_ϕ(U), ending the proof of the lemma. □

Given φ ∈ M(U) consider a neighbourhood U_φ of φ in M(U) such that every ψ ∈ U_φ has hyperbolic periodic points of indices q and p. Let H_j be the set of diffeomorphisms ψ ∈ U_φ having some hyperbolic periodic point of index j in Λ_φ(U). Applying Lemma 3.9 finitely many times, one gets that the sets H_j, j ∈ [q, p], are dense in U_φ.

Theorem A now follows by observing that, for every j, the set H_j is open. Now it is enough to consider the set ∩^p_qH_j, which is a dense open subset of U_φ. This ends the proof of Theorem A.

4 Hyperbolicity of the extremal bundles

In this section we prove Theorem B. For that, as in the hypotheses of this theorem, consider an open set U of a compact manifold M and q ∈ N^∗ and let U be a C^1-open set of Diff^1(M) such that for every diffeomorphism ϕ ∈ U the set Λ_ϕ(Ū ) has a dominated splitting E_ϕ ⊕ F_ϕ with dim(E_ϕ(x)) = q for all x ∈ Λ_ϕ(Ū). Suppose that every ϕ ∈ U has no periodic points of index r < q. Then we prove that the bundle E_ϕ is uniformly contracting for every ϕ ∈ U.

The proof of this result follows using the arguments in [M_2] after some small technical modifications. So here we will just sketch this proof, emphasizing the main modifications that we need to introduce.

The results in [M_2] are formulated in terms of families of periodic sequences of linear maps. It is considered the family obtained by taking all the diffeomorphism ϕ in an open set of Diff^1(M) and the restrictions of the derivatives of these diffeomorphisms to their periodic orbits. He consider perturbations of this system of linear maps without caring if such perturbations come from perturbations of the initial diffeomorphism. However, a Lemma of Franks’ (see Lemma 3.4 above) allows one to perform dynamically the perturbation of the derivative: given a diffeomorphism φ and a periodic point x of φ, to each perturbation A of the derivative φ_∗ throughout the orbit of x corresponds a diffeomorphism ψ C^1-close to φ which preserves the φ-orbit of x and such that A(z) = ψ_∗(z) for all z in the φ-orbit of x.

We begin by recalling some results about dominated splittings, see next section. In Section 4.2 we recall the terminology about families of periodic linear systems and some results in [M_2]. Finally, in Section 4.3 we prove Theorem B.

4.1 Remarks on dominated splittings

In this subsection we state precisely some folklore results on dominated splittings. Before that let us observe that if Λ_φ(U) is a robustly transitive, then, by definition, it is a φ-invariant compact subset of U which is the maximal φ-invariant set of Ū. This implies that, for any neighbourhood V of Λ_φ(U) and every diffeomorphism ϕ close to φ, the set Λ_ϕ(U) coincides with Λ_ϕ(Ū) and is contained in V . Thus Λ_ϕ(U) depends lower-semi-continuously on ϕ. We say that Λ_ϕ(U) is the continuation of Λ_φ(U) for ϕ.

Lemma 4.1. Let φ be a diffeomorphism and U an open subset of M such that Λ_φ(U) coincides with Λ_φ(Ū ) and admits a dominated splitting T_{Λφ(U)}M = E⊕F , E ≺ F . Then, for every diffeomorphism ψ close enough to φ, there is a unique dominated splitting E_ψ ⊕ F_ψ, E_ψ ≺ F_ψ , defined over Λ_ψ(U) such that dim(E_ψ) = dim(E).

The splitting E_ψ ⊕ F_ψ above is the continuation of E ⊕ F . Moreover, the continuations E_ψ and F_ψ depend continuously on ψ. This lemma also holds for dominated splitting with an arbitrary number of bundles.

Proof: Let us just sketch the proof of the lemma. By the definition of domination, there is a strictly φ_∗-invariant continuous cone field C^+ defined over Λ_φ(U) such that the bundle F is obtained as the intersection of the forward φ_∗-iterates of the cones of C^+. Similarly, there is a strictly (φ^{−1}_∗ )- invariant continuous cone field C^− defined over Λ_φ(U) such that the intersections of the backward iterates of C^− define E. These cone fields can be extended continuously to invariant cone fields C^+_0 and C^−_0 defined on a compact neighbourhood V of Λ_φ(U).

Observe that every ψ close to φ let invariant the cone fields C^+_0 and C^−_0 and recall that Λ_ψ(U) ⊂ V . We now define the bundles E_ψ and F_ψ as the intersection of the (backward and forward, respectively) iterates by ψ_∗ of the cones of C^−_0 and C^+_0 , respectively. By construction, the splitting E_ψ ⊕ F_ψ is dominated and satisfies dim E_ψ = dim E.

For the continuous dependence of the bundles E_ψ and F_ψ on the diffeomorphism ψ we refer the reader to [BDP, Lemma 1.4], for instance. This ends the sketch of the proof. □

Lemma 4.2. ([BDP, Lemma 1.4]). Let ϕ be a diffeomorphism and Σ a ϕ-invariant set having a dominated splitting E ⊕ F . Then this splitting can be extended (in a dominated way) to the closure of Σ.

Remark 4.3. Let φ be a diffeomorphism, K a transitive φ-invariant compact set, T_K M = E_1 ⊕ E_2 ⊕ · · · ⊕ E_m the finest dominated splitting of φ over K, and Σ ⊂ K a φ-invariant dense subset of K. Then the finest dominated splitting of φ over Σ is given by the restriction to Σ of the bundles E_i.

Proof of the remark: We argue by contradiction, suppose that there is a dominated splitting over Σ which refines the splitting given by the restrictions to Σ of the bundles E_i. Then, by Lemma 4.2, such a splitting can be extended to the whole K, contradicting that the splitting E_1 ⊕ · · · ⊕ E_m is the finest one. □

Let us state a final result whose proof we omit.

Remark 4.4. Let φ be a diffeomorphism and E a φ_∗-invariant bundle defined on a φ-invariant compact set K_1. Consider any φ-invariant dense subset K_2 of K_1. Then we have the following:

• The bundle E is uniformly hyperbolic over K_1 if and only if its restriction to K_2 is uniformly hyperbolic.

• The diffeomorphism φ contracts (resp. expands) uniformly the volume in E over K_1 if and only if it contracts uniformly (resp. expands) the volume in E over K_2.

4.2 Families of periodic sequences of linear maps and dominated splittings

We begin this section by recalling some definitions in [M_2].

Definition 4.1.

1. A periodic sequence of a linear maps is a periodic map ξ : Z → GL(N, R), n → ξ_n, such that the sequence of norms ‖ξ_n‖ and ‖ξ^{−1}_n ‖ are uniformly bounded (independently of n). We denote this family by {ξ_n}.

2. A periodic sequence of linear maps {ξ_n} of period n is called contracting if the product ξ_{n−1} ∘ · · · ∘ ξ_0 is an uniform contraction, i.e., all its eigenvalues have modulus strictly less than 1.

3. A family Ξ = {ξ^{(α)}}_{α∈A} of periodic sequences of linear maps is robustly contracting^1 if there is ε > 0 such that any family Θ = {θ^{(α)}}_{α∈A} having the same period function n(α) and ε-close to Ξ (i.e., ‖θ^α_n − ξ^α_n ‖ < ε for all α ∈ A and n ∈ Z) is contracting.

The example of family of periodic sequence of linear maps that will be play a key role in the proof of Theorem B is obtained as follows. Let ϕ ∈ U, U as in Theorem B, and δ > 0 such that every diffeomorphism ψ which is 2δ-C^1-close to ϕ belongs to U. Now let A_ϕ be the set of pairs α = (x, ψ) such that ψ is δ-close to ϕ and the ψ-orbit of x is contained in U and periodic. Consider now some trivialization of the bundles E_ψ (as in Theorem B) over the set of periodic points (by choosing an orthonormal basis of E_ψ(x)) and for each α = (x, ψ) ∈ A_ϕ define ξ^α by the restrictions of the differential ψ_∗ to {E_ψ(ψ^i(x))}_{i∈Z}. We now have that Ξ_ϕ = {ξ^α}_{α∈Aϕ} is a family of periodic sequences of linear maps.

Lemma 4.5. The family Ξ_ϕ defined above is robustly contracting.

Proof: The proof if by contradiction. Otherwise, there are (x, ψ) ∈ A_ϕ and a linear map ν corresponding to a perturbation of the restriction of the differential of ψ to E_ψ along the periodic ψ-orbit of x, having an eigenvalue of modulus bigger or equal than one, i.e., ν(ψ^{n(x)−1}(x)) ∘ · · · ∘ ν(x): E_ψ(x) → E_ψ(x) has an eigenvalue λ such that |λ| ≥ 1, where n(x) is the ψ-period of x.

Using Lemma 3.4 we get a diffeomorphism ζ close to ψ, thus in U, such that x is a periodic point of Λ_ζ (Ū) and ζ^{n(x)}_∗ (x) = ζ_∗(ζ^{n(x)−1}) ∘ · · · ζ_∗(x) = ν(ψ^{n(x)−1}(x)) ∘ · · · ∘ ν(x). 1This notion is called uniformly contracting in [M2], but we rename it to avoid ambiguity with the now usually accepted notion of uniform hyperbolicity or uniform contraction.

Thus the restriction of ζ^{n(x)}_∗ (x) to E_ζ (x) has at most (q − 1) eigenvalues of modulus (strictly) less than one. On the other hand, by the domination E_ψ ≺ F_ψ, the eigenvalues of the restriction of ζ^{n(x)}_∗ (x) to F_ζ (x) are all strictly bigger than one in modulus. This implies that there is a periodic point x in Λ_ζ (Ū) of index (strictly) less than q, contradicting the definition of U. This contradiction ends the proof of the lemma. □

We now borrow the following lemma from [M_2].

Lemma 4.6. ([M_2, Lemma II.7]). Let {ξ^{(α)} , α ∈ A} be a robustly contracting family of periodic sequences of isomorphisms of R^N . Then there exist K > 0, 0 < λ < 1 and m ∈ N^∗ such that:

a) if α ∈ A and ξ^α has minimum period n ≥ m, then k−1∏ j=0 ‖ ‖ ‖ m−1∏ i=0 ξ^{(α)}_{i+mj} ‖ ‖ ‖ ≤ Kλ^k, where k is the integer part of n/m;

b) for all α ∈ A

lim sup n→+∞ 1 n n−1∑ j=0 log (‖ ‖ ‖ m−1∏ i=0 ξ^{(α)}_{i+mj} ‖ ‖ ‖ ) < 0.

Applying Lemma 4.6 to the family Ξ_ϕ defined above we get the next proposition which is a reformulation of [M_2, Proposition II.1]:

Proposition 4.7. Let ϕ ∈ U (U as in Theorem B). Then there are a neighborhood V of ϕ and constants K > 0, m ∈ N^∗ and 0 < λ < 1 such that for every g ∈ V and every periodic point x of ψ whose orbit is contained in U one has:

a) If x has minimum period n ≥ m then k−1∏ i=0 ‖ ‖(ψ_m)_∗(ψ_{mi}(x))|_{Eψ (ψmi (x))} ‖ ‖ ≤ Kλ_k,

where k is the entire part of n/m.

b) Moreover,

lim sup r→+∞ 1 r r−1∑ i=0 log (‖ ‖(ψ^m)∗(ψ^{mi}(x))|_{Eψ (ψ}mi_{(x))} ‖ ‖ ) < 0.

Theorem B will be a consequence of Proposition 4.7 and the Mañé’s Ergodic Closing Lemma that we now recall, for completeness:

Theorem 4.8. (Ergodic Closing Lemma, [M_2, Theorem A]). Consider a diffeomorphism ϕ defined on a compact manifold. Then there is a ϕ-invariant set Σ(ϕ) (named set of well closable pointsof ϕ) such that:

1. The set Σ(ϕ) has total measure (i.e. μ(Σ(ϕ)) = 1 for every ϕ-invariant probability measure μ). 2. For every x ∈ Σ(ϕ) and ε > 0 there is a diffeomorphism ψ, which is ε-close to ϕ in the C^1-topology, such that x is periodic for ψ and the distance dist(ϕ^i(x), ψ^i(x)) < ε for all i ∈ [0, n(x, ψ)], where n(x, ψ) is the period of x for ψ.

4.3 End of the proof of Theorem B The proof of the theorem now follows almost exactly as the proof of [M_2, Theorem B], see pages 520-524. Let us recall the main steps of this proof and point out the changes we need to introduce. Proof: Let ϕ ∈ U. By compactness of the set Λ_ϕ(Ū), as in [M_2] to get the uniform contraction of the bundle E_ϕ it is enough to see that

lim inf n→+∞ ||ϕ^n_∗ |_{Eϕ(x)}‖ = 0. We argue by contradiction. If ϕ_∗ is not uniformly contracting on E_ϕ over Λ_ϕ(Ū ) then there are a constant κ > 0, point x ∈ Λ_ϕ(Ū) and n_0 ∈ N such that ‖ϕ^n_∗ |_{Eϕ(x)}‖ > κ > 0 for every n > n_0. We now choose a sequence j_n, j_n → +∞, such that the sequence of probabilities μ_n defined by

μ_n = 1 j_n j_n−1∑

i=0 δ(ϕ^{mi}(x)) converges (in the weak topology) to a probability μ, where δ(z) is the Dirac measure at the point z and m is as in Proposition 4.7.

Let φ^ϕ = log ||ϕ^m_∗ |_{Eϕ} ||. By Lemma 4.1 the bundle E_ϕ is continuous on Λ_ϕ(Ū), so φ^ϕ is continuous on Λ_ϕ(Ū). By the choice of x, one has ∫ φ^ϕ dμ_n ≥ 0 for every large enough n, so ∫ φ^ϕ dμ ≥ 0. Using the Birkhoff’s Theorem and the Ergodic Closing Lemma we get a point p ∈ Λ_ϕ(Ū) ∩ Σ(ϕ) such that lim n→+∞ 1 j_n j_n−1∑

i=0 log ‖ϕ^m_∗ |_{Eϕ(ϕ}mi_{(p))}‖ ≥ 0. By item (b) of Proposition 4.7, the point p is not periodic. Now, by Theorem 4.8, there is ψ arbitrarily C^1-close to ϕ (so ψ ∈ V ⊂ U, V as in Proposition 4.7) such that p is a periodic point of ψ of period n(p) and the distance dist(ϕ^i(p), ψ^i(p)) is less than an arbitrarily small ε > 0 for every i ∈ [0, n(p)]. Observe that since p is not periodic for ϕ, the period n(p) goes to infinity as ε goes to zero, i.e., ψ tends to ϕ.

Since the fibers E_ψ(y) vary continuously with (y, ψ), recall Lemma 4.1, the function φ^ψ(y) = log ||ψ^m_∗ |_{Eψ(y)}|| is continuous. Now for λ as in Proposition 4.7 take λ_0 and n_0 ∈ N^∗ such that λ < λ_0 < 1 and for every n ≥ n_0 one has 1 n n−1∑ i=0 φ^ϕ(ϕ^{mi}(p)) ≥ 1 2 log(λ_0).

We can also assume that Kλ^n < λ^n_0 for every n ≥ n_0. So if ψ is close enough to ϕ then |φ^ψ (ψ^i(p)) − φ^ϕ(ϕ^i(p))| < | 1 2 log(λ_0)|

for every i ∈ [0, n(p)]. Moreover, the entire part k of n(p)/m is greater than n_0. Thus 1 k k−1∑ i=0 φ^ψ(ψ^{mi}(p)) ≥ log(λ_0) > 1 k log(Kλ^k),

contradicting item (a) of Proposition 4.7. This contradiction ends the proof of Theorem B. □

5 Proof of Theorem D

5.1 Perturbation of the derivative at periodic points In this section we recall some results from [BDP]. These results are formulated in terms of families of periodic linear systems, that is, considering the differential of the diffeomorphism as an abstract linear cocycle over the set Λ_φ(U) and perturbations of this cocycle, without caring if such perturbations come from perturbations of the diffeomorphism. However, as in Section 4, Lemma 3.4 allows us to perform dynamically the final abstract cocycle. Let us explain these results in a detailed way.

Given a diffeomorphism φ and a hyperbolic periodic point P_φ of φ of index p denote by Σ_{Pφ} the subset of H(P_φ, U) of hyperbolic periodic points R of index p homoclinically related to P_φ, i.e., W^s(R) ⋔ W^u(P_φ) ≠ ∅ and W^u(R) ⋔ W^s(P_φ) ≠ ∅. Observe that in our setting we can assume that Σ_{Pφ} is not trivial (different to the orbit of P_φ).

As above, given x ∈ Σ_{Pφ} denote by M_x the matrix M_x = φ^{n(x)}_∗ (x): T_xM → T_xM, where n(x) is the period of x. The first important property formalized in [BDP] is that the matrices M_x corresponding to different points of Σ_{Pφ} (the derivatives of φ^{n(x)} at these points x) can be essentially multiplied how many times as one wants, and the resulting product corresponds to a matrix of the system at some different point. More precisely,

Lemma 5.1. Let φ be a diffeomorphism and P_φ a hyperbolic periodic point of φ. Consider any pair of periodic points of x and y of φ in Σ_{Pφ} and ε > 0. Suppose that M_x and M_y let invariant dominated splittings

T_xM = E^1_x ⊕ · · · ⊕ E^k_x , E_i(x) ≺ E_{i+1}(x), and T_yM = E^1_y ⊕ · · · ⊕ E^k_y , E_i(y) ≺ E_{i+1}(y),

such that dim(E^i_x) = dim(E^i_y) for every i. Then there is δ ∈ ]0, ε[ satisfying the following property:

Given any pair of δ-perturbations M̃_x and M̃_y of M_x and M_y, respectively, M̃_x : T_xM → T_xM and M̃_y : T_yM → T_yM, there are linear maps

T_1 : T_xM → T_yM and T_2 : T_yM → T_xM

preserving the dominated splittings above (i.e., T_1(E^i_x) = E^i_y and T_2(E^i_y) = E^i_x for every i) such that, for any n ≥ 0 and m ≥ 0, there are a periodic point z ∈ Σ_{Pφ} and an ε-perturbation of φ_∗ along the orbit of z, A^i : T_φi_{(z)}M → T_φi+1_{(z)}M, i = 0, . . . , n(z) − 1, such that M̃_z = A^{n(z)−1} ∘ · · · ∘ A^0 : T_zM → T_zM

is conjugate to the product T_2 ∘ M^m_y ∘ T_1 ∘ M^n_x .

Remark 5.2. In fact, in [BDP] it is shown that Lemma 5.1 holds for any finite number of orbits x_1, . . . , x_k of Σ_{Pφ} . This allows us to get linear maps T_i : T_{xi} M → T_{xi+1} M preserving a dominated splitting such that, for every n_1, . . . , n_k, there are a point z ∈ Σ_{Pφ} and perturbations A^i of the derivative of φ_∗ at φ^i(z) such that M̃_z = A^{n(z)−1} ∘ · · · ∘ A^0 is conjugate to T_k ∘ M^{nk}_{xk} ∘ · · · ∘ T_2 ∘ M^{n2}_{x2} ∘ T_1 ∘ M^{n1}_{x1} .

The maps T_i correspond to the so called transitions, recall also Theorem 3.1. The fact that the transitions can be taken preserving a dominated splitting has been proved in [BDP, Lemma 4.13]. This property is the basis of the proof of the following result:

Lemma 5.3. Let E_1 ⊕ · · · ⊕ E_m, E_i ≺ E_{i+1}, be the finest dominated splitting of T M over Σ_{Pφ} of φ_∗. Then, for every ε > 0, there are a dense subset Σ_ε of Σ_{Pφ} and an ε-perturbation A_ε of φ_∗ preserving the splitting E_1 ⊕ · · · ⊕ E_m such that, for every R ∈ Σ_ε, the restriction of the linear maps M_{Aε} (R) = A_ε(φ^{n(R)−1}(x)) ∘ · · · ∘ A_ε(φ(x)) ∘ A_ε(x) to E_i(R) is a homothety.

Moreover, if there are i ∈ {1, . . . , m} and Q ∈ Σ_{Pφ} such that the modulus of the Jacobian of the restriction of φ^{n(Q)}_∗ to E_i(Q) is one then R can be taken such that the restriction of M_{Aε} (R) to E_i(R) is identity.

This lemma is a consequence of [BDP, Propositions 2.4 and 2.5]. To see that these propositions can be applied in our context, one just needs to observe that the restriction of φ_∗ to each bundle E_i (over Σ_{Pφ} ) defines a periodic linear system with transitions. For that it is enough to recall that the transitions of φ_∗ can be chosen preserving the bundles E_j of the dominated splitting (see [BDP, Section 4]).

Given a hyperbolic linear map A of an Euclidean space (i.e., without eigenvalues of modulus equal to 1) the index of A is the number of eigenvalues of A of modulus less than 1, counted with multiplicity.

Lemma 5.4. ([BDP, Lemma 4.16]) Given ε > 0 there exist x ∈ Σ_{Pφ} and an ε-perturbation of φ_∗ along the orbit of x such that the corresponding matrix M_x has index p, p = index(P_φ), and all the eigenvalues of M_x are real, positive and with multiplicity 1.

5.2 Tangencies and codimension one heterodimensional cycles

The existence of non-real eigenvalues in the central direction of the saddles in a (codimension one) heterodimensional cycle produces homoclinic tangencies. That is formalized in the following result we export from [DR].

Let A be a linear map of an n-dimensional Euclidean space E, we say that a non-real eigenvalue λ ∈ (C \ R) of A has rank ℓ if there are (ℓ − 1) eigenvalues (counted with multiplicity) of A of modulus strictly less than |λ| and (n − ℓ − 1) eigenvalues of modulus strictly bigger than |λ|. A periodic point P of a diffeomorphism φ has a non-real eigenvalue of rank ℓ if its derivative φ^{n(P )}_∗ (P ) has a a non-real eigenvalue of rank ℓ.

Lemma 5.5. Let Γ(ϕ, U, R^1_ϕ, R^2_ϕ) be a codimension one heterodimensional cycle associated to hyperbolic periodic points of indices (r + 1) and r. Suppose that R^1_ϕ (resp. R^2_ϕ) has a non-real eigenvalue of rank r (resp. r + 1). Then there is ψ arbitrarily close to ϕ with a homoclinic tangency associated to R^2_ψ (resp. R^1_ψ) in Λ_ψ(U).

Proof: Just observe that if R^1_ϕ has a non-real eigenvalue of rank r then the unstable manifold of R^2_ϕ spiralizes around W^u(R^1_ϕ). Now unfolding the cycle Γ(ϕ, U, R^1_ϕ, R^2_ϕ) one gets a homoclinic tangency associated to the continuation of R^2_ϕ. See [DR, Section 8.1] for details. □

5.3 Proof of Theorem D

Consider φ ∈ P(U) and its finest dominated splitting E_1(φ) ⊕ · · · ⊕ E_{m(φ)}(φ) over Λ_φ(U). By Lemma 4.1, the continuation of this splitting over Λ_ϕ(U) is uniquely defined for every ϕ close to φ. Denote such a continuation by E_1(ϕ) ⊕ · · · ⊕ E_{m(φ)}(ϕ). By Lemma 4.1, the the number m(φ) of bundles of the finest dominated splitting of Λ_φ(U) is lower semi-continuous, thus locally constant in an open and dense subset P_1(U) of P(U). Moreover, the dimensions of the bundles of the finest dominated splitting are also locally constant in P_1(U). So there is an open and dense subset O(U) of P(U) where m(φ) and the dimensions of the bundles of the finest dominated splitting are continuous functions. This set O(U) is the open and dense subset of P(U) announced in Theorem D.

Observe that it is enough to prove the theorem for a connected component of O(U). So from now on we restrict our attention to a fixed connected component O_0 of O(U).

Given φ ∈ O_0 consider the finest dominated splitting of Λ_φ(U), say T_{Λφ(U)}M = E_1(φ)⊕E_2(φ)⊕ · · · ⊕ E_{m(φ)}(φ), as the dimensions and the number of bundles of the splitting do not depend on φ ∈ O_0 from now on we will omit such a (in)dependence.

Let us now introduce some notations. For simplicity write p = i_c and q = i_s (the maximum and minimum indices of the hyperbolic periodic points of Λ_φ(U)). Given i and j in {1, . . . , m}, with i < j, let E^j_i = E_i ⊕ E_{i+1} ⊕ · · · ⊕ E_j. Denote by d_i and d^j_i the dimensions of E_i and E^j_i , respectively, thus d^j_i = ∑_j k=i d_k. We define i_q and i_p by the relations d^{iq −1}_1 < q ≤ d^{iq}_1 and d^{ip−1}_1 < p ≤ d^{ip}_1 .

To prove Theorem D it is enough to see the following:

(A) d^{iq}_1 = q and d^m_{ip+1} = dim(M) − p,

(B) d_j = 1 and the bundle E_j is not uniformly hyperbolic for all j ∈ {i_q + 1, . . . , i_p},

(C) E^{iq}_1 and E^m_{ip+1} are uniformly contracting and expanding, respectively.

In Lemmas 5.6, 5.7 and 5.8 we will prove these items.

Lemma 5.6. (Proof of (A)). d^{iq}_1 = q and d^m_{ip+1} = dim(M) − p.

Proof: Let us prove the first part of the lemma. The proof is by contradiction, assume that d^{iq}_1 > q, then, by definition of d^{iq}_1 , one has

d^{iq −1}_1 < q < q + 1 ≤ d^{iq}_1 = d^{iq −1}_1 + d_{iq} ,

thus

d_{iq} ≥ 2. (2)

By Proposition 2.4 and the definition of O_0, there is a diffeomorphism φ ∈ O_0 with a hyperbolic periodic point Q_φ of index q such that Σ_{Qφ} is dense in Λ_φ(U). By Remark 4.3, the finest dominated splitting of φ over Σ_{Qφ} is the restriction to Σ_{Qφ} of the bundles E_i.

By equation (2), E_{iq} is undecomposable and has dimension d_{iq} equal or bigger than 2. Applying Lemma 5.3 to the set Σ_{Qφ} and the bundle E_{iq} , we get R_φ ∈ Σ_{Qφ} of period n(R_φ) and a perturbation A of φ_∗ throughout the φ-orbit of R_φ such that

M_A(R_φ)) = A(φ^{n(Rφ )−1}(R_φ)) ∘ · · · ∘ A(φ(R_φ)) ∘ A(R_φ)

is a homothety in E_{iq} (R_φ). We observe that the perturbation A of φ_∗ can be obtained (and we do so) such that its restrictions to the bundles E_k(R_φ), k ≠ i_q, coincide with φ_∗. Thus, since all points of Σ_{Qφ} have index q, one has that, for every T_φ ∈ Σ_{Qφ} , the bundles E_j (T_φ), j > i_q, correspond to expanding eigenvalues of φ^{n(Tφ)}_∗ . Hence the number of contracting eigenvalues of M_A(R_φ) is at most d^{iq}_1 .

First, if the ratio of this homothety (the restriction of M_A(R_φ) to E_{iq} (R_φ)) is bigger or equal than one, using Lemma 3.4, one gets ϕ close to φ (ϕ ∈ O_0) with a hyperbolic periodic point R_ϕ ∈ Λ_ϕ(U) having at most d^{iq −1}_1 contracting eigenvalues. By hypothesis, d^{iq −1}_1 < q, thus the index of R_ϕ is strictly inferior than q, contradicting the definition of q (minimality of the index of the points of Λ_ϕ(U), ϕ ∈ P(U)).

So we can assume that the ratio of the homothety M_A(R_φ)|_{Eiq (Rφ )} is less than one. As the

restriction of φ^{n(Rφ)}_∗ to each E_i(R_φ), i > i_q, has expanding eigenvalues, the index of R_ϕ is exactly d^{iq}_1 . Now, the definition of p implies that d^{iq}_1 ≤ p.

Write ℓ = d^{iq}_1 ≤ p. Since all the eigenvalues of the restriction of ϕ^{n(Rφ )}_∗ = M_A(R_φ) to E_{iq} (R_ϕ) are equal and dim(E_{iq} (R_ϕ)) ≥ 2, using again Lemma 3.4, one gets a diffeomorphisms υ close to ϕ such that R_υ has index ℓ and υ^{n(Rυ )}_∗ (R_υ) has a contracting non-real eigenvalue of rank (ℓ − 1).

By Theorem A, since q ≤ ℓ − 1, there is a diffeomorphism ζ close to υ with a periodic point S_ζ ∈ Λ_ζ (U) of index (ℓ − 1). Using Lemma 2.5, we obtain η close to ζ with a codimension one heterodimensional cycle in U associated to R_η and S_η, say Γ(η, U, R_η , S_η). Since η can be taken arbitrarily close to υ we can assume that R_η has index ℓ and a non-real eigenvalue of rank ℓ − 1 and that S_η has index (ℓ − 1). Finally, by Lemma 5.5 there is a diffeomorphism ξ ∈ O_0 arbitrarily close to η with a homoclinic tangency in Λ_ξ(U) associated to the point S_ξ of index (ℓ − 1), contradicting the definition of P(U). This ends the proof of the first assertion in the lemma.

Using the same arguments one gets that d^m_{ip+1} = (dim(M) − p), so we omit this proof. □

Lemma 5.7. (Proof of (B)). The bundle E_i is one dimensional and non-uniformly hyperbolic for all i ∈ {i_q + 1, . . . , i_p}.

Proof: Given k ∈ {i_q + 1, · · · , i_p} let ℓ = d^k_1 = dim(E^k_1 ). Observe that by, Lemma 5.6, q < ℓ ≤ p.

The bundle E_k is not uniformly hyperbolic: We argue by contradiction. Otherwise, since E_k is undecomposable, it would be either uniformly contracting or expanding. In the first case, using the domination of the splitting, one has that every periodic point of Λ_φ(U) has index bigger or equal than ℓ > q, contradicting the definition of q. In the second case, again by the domination of the splitting, every periodic point of Λ_φ(U) has index strictly less than ℓ ≤ p, contradicting the definition of p.

The bundle E_k is one-dimensional: The proof is by contradiction, assuming that dim(E_k) = d_k ≥ 2. By Theorem A and Proposition 2.4, there is φ ∈ O_0 having a hyperbolic periodic point R_φ ∈ Λ_φ(U) of index ℓ such that Σ_{Rφ} is dense in Λ_φ(U). By Lemma 5.3, there are a perturbation A of φ_∗ and a point S_φ ∈ Σ_{Rφ} such that the restriction of M_A(S_φ) to E_k(S_φ) is a homothety. Moreover, as above we can take A such that its restrictions to the bundles E_i(S_φ), i ≠ k, coincide with the one of φ_∗.

Suppose, for instance, that the ratio of such a homothety is bigger than one. From S_φ ∈ Σ_{Rφ} and the definition of Σ_{Rφ} , the restrictions of φ^{n(Sφ )}_∗ to the bundles E_i(S_φ), i > k, have only expanding eigenvalues. Thus the matrix M_A(S_φ) has exactly r = d^{k−1}_1 contracting eigenvalues, where

q ≤ d^{iq}_1 ≤ d^{k−1}_1 = r ≤ d^{ip−1}_1 < d^{ip}_1 = p and r < r + d_k ≤ r + 2 ≤ p.

Using Lemma 3.4, we get ϕ ∈ O_0 with a hyperbolic periodic point S_ϕ ∈ Λ_ϕ(U) of index r such that the restriction of ϕ_∗ to E_k(S_ϕ) is equal to A. After a new perturbation, if necessary, we can assume that ϕ^{n(Sϕ)}_∗ (S_ϕ) has a expanding non-real eigenvalue of rank (r + 1).

As in the proof of Lemma 5.6, by Theorem A and Lemma 2.5, there is ψ ∈ O_0 close to ϕ with a periodic point T_ψ ∈ Λ_ψ(U) of index (r + 1) < p and a heterodimensional cycle Γ(ψ, U, T_ψ , S_ψ), where S_ψ has index r and a (expanding) non-real eigenvalue of rank (r +1). Finally, by Lemma 5.5, there is ξ ∈ O_0 close to ψ with a homoclinic tangency associated to T_ξ, contradicting the definition of O_0. This ends the proof of the lemma in this case. If the homothety given by the restriction of M_A(S_φ) to E_k has ratio less than one the proof follows similarly. □ Lemma 5.8. (Proof of (C)). The bundles E^{iq}_1 and E^m_{ip+1} are uniformly volume contracting and volume expanding, respectively.

Proof: This lemma follows from Theorem B. To see, for instance, that E = E^{iq}_1 is uniformly contracting just observe that the set O_0 and the dominated splitting E^{iq}_1 ⊕E^m_{iq +1} satisfy the hypotheses of Theorem B, recall that, by Lemma 5.6, q = d^{iq}_1 = dim(E^{iq}_1 ).

The uniform expansion of E^m_{ip+1} follows analogously. This completes the proof of the lemma and of the theorem. □

6 Homoclinic tangencies

We now analyze the dimensions of the bundles of finest dominated splitting of a robust transitive set to deduce the different types of homoclinic bifurcations that that this set may exhibit.

We consider an open set U of M and an open set of diffeomorphisms N (U) such that, for every φ ∈ N (U), the set Λ_φ(U) is robustly transitive and

• the maximum and the minimum of the indices of the periodic points of Λ_φ(U) are constant, equal to p and q, respectively,

• the dimensions of the bundles of the finest dominated splitting of Λ_φ(U) do not depend on φ ∈ N (U). Let us observe that in this section we do not assume that there are no homoclinic tangencies in Λ_φ(U), as in the previous section.

We use the notation introduced in Section 5.3 for the dimensions of the bundles of the finest dominated splitting. Recall that, with this notation and by definition, q ≤ d^{iq}_1 and p ≤ d^{ip}_1 .

We say that a robustly transitive set Λ_φ(U) has a homoclinic tangency of rank r if there is a periodic point R_φ ∈ Λ_φ(U) of index r having a homoclinic tangency and such a point of tangency belongs to Λ_φ(U).

Theorem F. Let U, N (U), p and q as above. Consider any φ ∈ N (U).

• If d^{iq}_1 > q then there is ϕ arbitrarily close to φ such that Λ_ϕ(U) has a homoclinic tangency of rank (d^{iq}_1 − 1).

• If d^{ip}_1 > p then there is ϕ arbitrarily close to φ such that Λ_ϕ(U) has a homoclinic tangency of rank (d^{ip−1}_1 + 1).

• If d_j ≥ 2 for some j ∈ {i_q + 1, . . . , i_p} then, for every k ∈ [d^{j−1}_1 + 1, d^j_1), there is ϕ arbitrarily close to φ such that Λ_ϕ(U) has a homoclinic tangency of rank k.

This theorem is a generalization of the result [DPU, Corollary G] for three dimensional robustly transitive sets, which says that the existence of an undecomposable bundle of dimension strictly bigger than one leads to the creation of homoclinic tangencies in a (non-hyperbolic) robustly transitive set.

The proof of Theorem F follows from a small modification of the the proofs of Lemmas 5.6 and 5.7 and involves heterodimensional cycles.

Denote by T_k(U), k = 1, . . . , dim(M) − 1, the subset of N (U) of diffeomorphisms ϕ such that Λ_ϕ(U) has a homoclinic tangency of rank k. Theorem F now follows from the next two lemmas.

Lemma 6.1. Under the hypothesis of Theorem F, we have the following

• If d^{iq}_1 > q then T_diq_{1 −1}(U) is dense in N (U).

• If d^{ip}_1 > p then T_dip−1_{1 +1}(U) is dense in N (U).

Proof: First, observe that, by definition, if d^{iq}_1 > q (resp. d^{ip}_1 > p) then d_{iq} > 1 (resp. d_{ip} > 1).

To prove the first part of the lemma it is enough to see that if φ ∈ N (U) and d^{iq}_1 > q then there is υ arbitrarily close to φ such that Λ_υ(U) has a homoclinic tangency of rank (d^{iq}_1 − 1). Let us recall that in the proof of Lemma 5.6, under the assumption that ℓ = d^{iq}_1 > q, we got υ close to φ having a hyperbolic periodic point R_υ ∈ Λ_ν (U) of index ℓ with a non-real eigenvalue of rank (ℓ − 1).

Since q ≤ ℓ − 1 < p, by Theorem A and Lemma 2.5, after a C^1-perturbation of υ, we can assume that υ has a periodic point S_υ of index (ℓ − 1) and a (codimension one) heterodimensional cycle Γ(υ, U, R_υ , S_υ) (R_υ of index ℓ with a non-real eigenvalue of rank (ℓ − 1)). By Lemma 5.5 there is ξ close to υ with a homoclinic tangency associated to S_ξ. This ends the first part of the lemma.

The second part of the lemma follows similarly. □

Lemma 6.2. Under the hypotheses of Theorem F, suppose that d_j ≥ 2, j ∈ {i_q + 1, . . . , i_p − 1}. Then, for every k ∈ [d^{j−1}_1 + 1, d^j_1), the set T_k(U) is dense in N (U).

Proof: As in the previous lemma, given any φ ∈ N (U) with d_j ≥ 2 and k ∈ [d^{j−1}_1 + 1, d^j_1) we will obtain ϕ arbitrarily close to φ such that Λ_φ(U) has a homoclinic tangency or rank k. By Theorem A and since q ≤ d^{j−1}_1 < d^j_1 ≤ d^{ip−1}_1 < p, after perturbing φ, we can assume that φ has a pair of hyperbolic periodic points S_φ, T_φ ∈ Λ_φ(U) of indices d^j_1 and d^{j−1}_1 , respectively.

By Lemma 2.5, there is ψ close to φ with a heterodimensional cycle Γ(ψ, U, S_ψ , T_ψ). Observe that the modulus of the restriction of the Jacobian of ψ^{n(Tψ )}_∗ to E_j(T_ψ) is bigger than one and the modulus of the restriction of the Jacobian of ψ^{n(Sψ )}_∗ to E_j (S_ψ) is less than one. By Corollary 3.7, unfolding this cycle, we get ϕ close to φ with a hyperbolic periodic point R_ϕ ∈ Λ_ϕ(U) with index r, r ∈ [d^{j−1}_1 , d^j_1], such that the modulus of the Jacobian of ϕ^{n(Rϕ)}_∗ to E_j(R_ϕ) is exactly one.

By Proposition 2.4, after a perturbation of ϕ, we can assume that Σ_{Rϕ} (ϕ) is dense in Λ_ϕ(U). Since E_j(R_ϕ) is undecomposable and has dimension equal or bigger than 2, arguing exactly as in the proof of Lemma 5.7, but now applying the final part of Lemma 5.3, we get ξ (arbitrarily close to ϕ) with a periodic point A_ξ ∈ Λ_ξ(U) such that the restriction of ξ^{n(Aξ )}_∗ to E_j (A_ξ) is the identity.

Take now any k ∈ [d^{j−1}_1 + 1, d^j_1), after a perturbation of ξ we can assume that the index of A_ξ is k − 1, and that ξ^{n(Aξ )}_∗ (A_ξ) has an expanding non-real eigenvalue of rank k. Again, by Theorem A, we can assume there is a periodic point B_ξ ∈ Λ_ξ(U) of index k, where k > q. Finally, by Lemma 2.5, there is η close to ξ with a codimension one cycle Γ(η, U, B_η , A_η ), A_η of index (k − 1) and with an expanding non-real eigenvalue of rank k and B_η of index k. Now the lemma follows from Lemma 5.5. □

7 Proof of Theorem E

As we have mentioned in the introduction, Theorem E follows from Proposition 1.1. So before proving the proposition let us deduce the theorem from it.

Recall that U and S(U) are open sets of M and Diff^1(M) such that for every diffeomorphism φ ∈ S(U) the set Λ_φ(U) is robustly transitive and has no homoclinic tangencies (in the whole manifold). By Theorem D, there is an open and dense subset I(U) of S(U), such that if φ belongs to I(U) and Λ_φ(U) contains periodic points on indices q and p, q < p, then Λ_φ(U) contains points of every index in between q and p. So it is enough to prove the theorem for the subset I(U) of S(U). Consider the maps i^+, i^− : I(U) → N^∗ that associate to each φ ∈ I(U) the maximum and the minimum of the indices of the hyperbolic periodic points of Λ_φ(U), respectively. These two functions are semi-continuous, so they are continuous in an open and dense subset I_0(U) of I(U). Now it is enough to fix a connected component I_0 of I(U) where i^+ and i^− are both constant and to prove the theorem for this set. Suppose that i^+(φ) = p and i^−(φ) = q for all φ ∈ I_0, q ≤ p.

Let us assume that q < p (the case q = p follows from Remark 2.7, so we omit it). Let Q_φ and P_φ be points of indices q and p of Λ_φ(U). For notational simplicity let us assume that their continuations are defined in the whole I_0. Since P_φ and Q_φ are transitively related in I_0, by Remark 2.6, there is an open and dense subset I_1 of I_0 such that W^s(P_ϕ) and W^u(Q_ϕ) have nonempty transverse intersection for all ϕ ∈ I_1. So it is enough to prove the theorem for I_1.

For each j ≥ 0 with q + j ≤ p, let A(j) be the subset of I_1 of diffeomorphisms ψ such that Λ_ψ(U) contains hyperbolic periodic points R^0_ψ, R^1_ψ, . . . , R^j_ψ such that

• index(R^i_ψ) = q + i,

• H_R0_φ (U) = H_R1_φ (U) = · · · = H_Rj_φ (U) for every φ in a neighbourhood of ψ

To end the proof of Theorem E it is enough to see the following.

Lemma 7.1. The set A(j) is open and dense in I_1 for every j ∈ (0, r], r = p − q.

Before proving this lemma let us end the proof of the theorem.

Observe that by Lemma 7.1, A(r) is open and dense in I_1 and for every ψ in A(r) there are hyperbolic periodic points R^0_ψ and R^r_ψ of Λ_ψ(U) of indices q and q + r = p such that

H_Rr_ψ (U) = H_R0_ψ (U).

As above, for notational simplicity, let us assume that the continuations of R^0_ψ and R^r_ψ are defined in the whole A(r). The points Q_ψ and R^0_ψ have index q and are transitively related in A(r). Thus, by Remark 2.7, there is an open and dense subset D_1 of A(r) of diffeomorphisms ζ such that the relative homoclinic classes of Q_ψ and R^0_ψ in U are equal. Similarly, there is an open and dense subset D_2 of A(r) of diffeomorphisms ζ such that the relative homoclinic classes of P_ψ and R^r_ψ in U are equal. Thus, for all ζ ∈ D_1 ∩ D_2, one has that

H_{Pζ} (U) = H_Rr_ζ (U) = H_R0_ζ (U) = H_{Qζ} (U).

Since D_1 ∩ D_2 is open and dense in A(r), thus in I_1, this ends the proof of the theorem.

Proof of the lemma: The proof of Lemma 7.1 is by induction. To see that A(1) is open and dense in I_1 it suffices to see that given any ϕ ∈ I_1 there is an open subset A_ϕ of I_1 such that

• ϕ belongs to the closure of A_ϕ,

• for every ψ ∈ A_ϕ there is a hyperbolic periodic point R^1_ψ ∈ Λ_ψ(U) of index (q + 1) such that H_{Qψ} (U) = H_R1_ψ (U) (here we take R^0_ψ = Q_ψ).

Since ϕ is in I_1 there is a periodic point R^1_ϕ ∈ Λ_ϕ(U) of index (q + 1). Observe that Q_ϕ and R^1_ϕ are transitively related and index(Q_ψ) + 1 = index(R^1_ψ). Thus, by Lemma 2.5, after a perturbation of ϕ, we can assume that ϕ has a (codimension one) cycle Γ(ϕ, U, R^1_ϕ, Q_ϕ). By hypothesis, this cycle is far from homoclinic tangencies. Thus, by Proposition 1.1, there is an open set B_ϕ, whose closure contains ϕ, such that H_{Qζ} (U) = H_R1_ζ (U) for all ζ ∈ B_ϕ. The first inductive step follows taking A_ϕ = B_ϕ ∩ I_1.

Suppose now defined inductively the open and dense subsets A(1), A(2), . . . , A(j −1), q +j ≤ p, of I_1 satisfying the properties above. Then the set A^′(j − 1) = A(1) ∩ · · · ∩ A(j − 1) is open and dense in I_1. Now it is enough to get an open and dense subset A(j) of A^′(j − 1) with the announced properties. For that we argue exactly as in the step j = 1.

Consider any ϕ ∈ A^′(j − 1). Since ϕ ∈ I_1 the set Λ_ϕ(U) contains a hyperbolic periodic point R^j_ϕ of index (q + j). As in the first step of the induction, using Lemma 2.5, we can assume (after a perturbation of ϕ) that ϕ has a (codimension one) cycle Γ(ϕ, U, R^j_ϕ, R^{j−1}_ϕ ), where R^{j−1}_ϕ is the point of index (q + j − 1) in the inductive step (j − 1). By hypothesis, this cycle is far from homoclinic tangencies. Thus, by Proposition 1.1, there is an open set B_ϕ ⊂ A^′(j − 1) containing ϕ in its closure such that H_Rj−1_ζ (U) = H_Rj_ζ (U)

for all ζ ∈ B_ϕ. Since B_ϕ ⊂ A^′(j − 1), we have

H_R0_ζ (U) = H_R1_ζ (U) = H_Rj−1_ζ (U) = H_Rj_ζ (U)

for all ζ ∈ B_ϕ, ending the proof of the lemma. □

7.1 Proof of Proposition 1.1

Suppose now that (as in the hypotheses of Proposition 1.1) the indices of P_φ and Q_φ are p and q with p = (q + 1). By [BDP, Lemma 5.4], we can assume that the robustly transitive set Λ_φ(U) contains a pair of hyperbolic periodic points of indices q and p + 1 having only real eigenvalues with multiplicity one and different modulos. For notational simplicity, let us assume that Q_φ and P_φ verify these hypotheses. In particular, these points verify the hypotheses of Corollary 3.6. By (1) in the proof of the corollary, after a small perturbation, we can assume that φ has a saddlenode periodic point (a point with an eigenvalue equal to one) with q contracting eigenvalues and (dim(M) − q − 1) expanding eigenvalues. After a new perturbation, by unfolding the saddle-node, we can assume that φ has a pair of periodic points A_φ and B_φ of indices p and q, respectively, such that there is a curve γ whose extremes are A_φ and B_φ and whose interior is contained in W^s(A_φ) ⋔ W^u(B_φ). By Remark 2.7, we can assume that there is an open set V containing φ in its closure such that H_{Pψ} (U) = H_{Aψ} (U) and H_{Qψ} (U) = H_{Bψ} (U) for all ψ in V.

By Remark 2.6, there is a sequence of diffeomorphisms φ_k, φ_k → φ in the C^1-topology, such that φ_k has a codimension one heterodimensional cycle Γ(φ_k, U, A_{φk} , B_{φk} ). By construction, these cycles are connected ones, i.e., W^s(A_{φk} ) ⋔ W^u(B_{φk} ) has a periodic connected component whose extremes are contained in the orbits of A_{φk} and B_{φk} (here the connected component is the continuation of the curve γ above).

PSfrag replacements

Figure 3: Homoclinic points

The proposition now follows directly from [DR]. For completeness let us state these results.

Lemma 7.2. Let ζ be a C^1-diffeomorphism with a codimension one connected heterodimensional cycle Γ(ζ, U, A_ζ , B_ζ ) as above. Then given any C^1-neighbourhood A of ζ there is a C^1-open subset U(ζ) of A such that H_{Aψ} (U) = H_{Bψ} (U) for every ψ ∈ U(ζ).

By the lemma, for each φ_k as above there is an open set U(φ_k) ⊂ V containing φ_k in its closure, such that, for every ψ ∈ U(φ_k), one has H_{Aψ} (U) = H_{Bψ} (U). Since ψ ∈ V, we have that H_{Aψ} (U) = H_{Pψ} (U) and H_{Qψ} (U) = H_{Bψ} (U). Proposition 1.1 now follows taking W_φ = ⋃ k U(φ_k). Proof of the lemma: Observe that the cycle Γ(ζ, U, A_ζ , B_ζ ) is connected and far from homoclinic tangencies. In [DR], see the comments after Theorem A, it is proved that given any neighbourhood U of ζ there is an open subset U_0 of U such that every ψ ∈ U_0 has a transitive set Λ_ψ containing A_ψ and B_ψ such that Λ_ψ ⊂ H(B_ψ). The main step to prove this result is the fact we will state below.

Let us first observe that, by construction, there is a multiplicity one contracting eigenvalue λ_c ∈ R of the derivative of ζ at A_ζ such that 1 > |λ_c| > |λ| for every contracting eigenvalue λ of A_ζ different from λ_c (see condition (CE) in [DR, Section 3.1]). Thus for every ψ close to ζ the (codimension one) strong stable foliation F^s_ψ of W^s(A_ψ) is defined. Similarly, we have that the (codimension one) strong unstable foliation F^u_ψ of W^u(A_ψ) is defined. Now the lemma will follow form the following fact.

Fact: Let A be as in Lemma 7.2.

• Let u = (dim(M) − p) be the dimension of the unstable bundle of A_ζ . There is an open subset A_0 of A of diffeomorphisms ψ such that W^s(B_ψ) meets transversely every (u + 1)-disk Σ transverse to F^s_ψ.

• Let s be the dimension of the stable bundle of A_ζ . There is an open subset A_0 of A of diffeomorphisms ψ such that W^u(A_ψ) meets transversely every (s + 1)-disk Σ transverse to F^u_ψ .

This fact is a non-technical reformulation of [DR, Proposition 3.6 (b)]. Let us observe that (due to the context) in [DR] this proposition is stated for parametrized families of diffeomorphisms unfolding a connected cycle corresponding to a first bifurcation. But, as mentioned in [DR, Section 6], it holds in a much more general setting (including the case under consideration).

To see, for instance, that H_{Aψ} (U) is contained in H_{Bψ} (U) we use the first part of the fact. Take any x in H_{Aψ} (U). By the cycle configuration W^u(A_ψ ) is contained in the closure of W^u(B_ψ), thus there is a sequence x_n → x with x_n ∈ W^s(A_ψ) ⋔ W^u(B_ψ) for all n. Associate to each x_n we have a (u + 1)-disk Σ_n of diameter less than 1/n which is contained in W^u(B_ψ) and transverse to W^s(A_ψ ) at x_n (see figure). The fact implies that for each n there is z_n ∈ W^s(B_ψ) ⋔ Σ_n. By construction z_n ∈ H_{Aψ} (in fact one can take z_n ∈ H_{Bψ} (U)) and lim z_n = lim x_n = x.

The inclusion H_{Bφ} (U) ⊂ H_{Bφ} (U) follows similarly using the second part of the fact. This ends the sketch of the proof of the lemma. □

References

[Ar] M.-C. Arnaud, Creation de connexions en topologie C^1, Ergod. Th. & Dynam. Syst., 21, 339-381, (2001).

[AS] R. Abraham and S. Smale, Nongenericity of Ω-stability, Global Analysis I, Proc. Symp.

Pure Math. A.M.S., 14, 5-8, (1968).

[B] Ch. Bonatti, A local mechanism for robust transitivity, Lecture at the Seminar of Dynamical Systems, IMPA, August (1996).

[BD_1] Ch. Bonatti and L.J. Díaz, Persistence of transitive diffeomorphims, Ann. Math., 143, 367-396, (1995).

[BD_2] Ch. Bonatti and L.J. Díaz, Connexions hétéroclines et généricité d’une infinité de puits ou de sources, Ann. Scient. Éc. Norm. Sup., 4^e série, t32, 135-150, (1999).

[BDP] Ch. Bonatti, L.J. Díaz, and E.R. Pujals, A C^1-generic dichotomy for diffeomorphisms:

Weak forms of hyperbolicicity or or infinitely many sinks or sources, preprint PUC-Rio (1999).

[BV] Ch. Bonatti and M.Viana, SRB for partially hyperbolic attractors: the contracting case, Israel Journal of Math., 115, 157-193, (2000).

[CMP] C. Carballo, C. Morales, and M.J. Pacífico, Homoclinic classes for C^1-generic vector fields, preprint PUC-Rio (2000).

[D] L.J. Díaz, Robust nonhyperbolic dynamics and heterodimensional cycles, Erg. Th. and Dynam. Sys., 15, 291-315, (1995).

[DR] L.J. Díaz and J. Rocha, Partially hyperbolic and transitive dynamics generated by heteroclinic cycles, Ergodic Th. and Dyn. Syst., 25, 25-76, (2001).

[DPU] L.J. Díaz, E.R. Pujals, and R. Ures, Partial hyperbolicity and robust transitivity, Acta Mathematica, 183, 1-43, (1999).

[F] J. Franks, Necessary conditions for stability of diffeomorphisms, Trans. A.M.S., 158, 301- 308, (1971).

[H] S. Hayashi, Connecting invariant manifolds and the solution of the C^1-stability and Ωstability conjectures for flows, Ann. of Math., 145, 81-137, (1997).

[M_1] R. Mañé, Contributions to the stability conjecture, Topology, 17, 386-396, (1978).

[M_2] R. Mañé, An ergodic closing lemma, Ann. of Math., 116, 503-540, (1982).

[N] S.Newhouse, Diffeomorphisms with infinitely many sinks, Topology, 13, 9-18, (1974).

[R] N. Romero, Persistence of homoclinic tangencies in higher dimensions, Erg. Th. Dyn.

Syst., 15, 735-759, (1995).

[Pa] J. Palis, A global view of dynamics and a conjecture on the denseness and finitude of attractors, Astérisque, 261, 335-347, (2000).

[PV] J. Palis and M. Viana, High dimension diffeomorphisms displaying infinitely many sinks, Ann. of Math., 140, 207-250, (1994).

[Pu] C. Pugh, The closing lemma, Amer. Jour. of Math., 89, 956-1009, (1967).

[Sh] M. Shub,Topological transitive diffeomorphism on T^4, Lect. Notes in Math., 206, 39 (1971).

[Si] R.C. Simon, A 3-dimensional Abraham-Smale example, Proc. A.M.S., 34(2), 629-630, (1972).

[Sm] S. Smale, Differentiable dynamical systems, Bull. A.M.S., 73, 747-817, (1967).

[YA] J. Yorke and K. Alligood,Cascades of period doubling bifurcations: a prerequisite for horseshoes, Bull. Amer. Math. Soc. (New Series), 9, 319-332, (1983).

Christian Bonatti (bonatti @u-bourgogne.fr) Laboratoire de Topologie, UMR 5584 du CNRS BP 47 870 21078 Dijon Cedex France

Lorenzo J. Díaz (lodiaz@ saci.mat.puc-rio.br) Dep. Matemática PUC-RJ Marquês de S. Vicente 225 22453-900 Rio de Janeiro RJ Brazil

Enrique R. Pujals (enrique@tristan.lpim.ufrj.br) Instituto de Matemática UFRJ Ilha do Fundão CP 68530 21945-970 Rio de Janeiro RJ Brazil

Jorge Rocha (jrocha@fc.up.pt) Centro de Matemática Praça Gomes Teixeira 4050 Porto Portugal