How do hyperbolic homoclinic classes collide at heterodimensional cycles?

Lorenzo J. Díaz and Jorge Rocha^∗

November 30, 2004

Abstract

We present a model illustrating heterodimensional cycles (i.e., cycles associated to saddles having different indices) as a mechanism leading to the collision of hyperbolic homoclinic classes (of points of different indices) and thereafter to the persistence of (heterodimensional) cycles. The collisions are associated to secondary (saddle-node) bifurcations appearing in the unfolding of the initial cycle.

1 Introduction

1.1 Context

We study partially hyperbolic dynamics obtained when uniformly hyperbolic diffeomorphisms loss their stability by the creation of heterodimensional cycles, that is, cycles associated to hyperbolic saddles having different indices (dimension of the unstable bundle). We analyze the phenomena of collision of hyperbolic homoclinic classes and persistence of cycles at such bifurcations.

We consider one-parameter families of diffeomorphisms (f_t)_{t∈[−1,1]} starting in a hyperbolic region (Morse-Smale systems) and crossing its boundary at a bifurcation (say t = 0) corresponding to a cycle associated to a pair of saddles having different indices (i.e., a heterodimensional cycle). The goal is to describe the dynamical features of the diffeomorphisms f_t having some persistence or prevalence (in terms of the parameter t) immediately after crossing the boundary of the hyperbolicity. Clearly, the resulting dynamics depends on the type of bifurcation responsible for the breakdown of the hyperbolicity (here a heterodimensional cycle). Typically, one considers codimension one bifurcations: the bifurcating diffeomorphism f_0 belongs to a (local) submanifold Σ which is contained in the boundary of the hyperbolic systems and has codimension one in the space of diffeomorphisms. Moreover, the arc (f_t)_{t∈[−1,1]} transversely intersects the submanifold Σ at f_0.

Newhouse-Palis conjectured in [NP_2] that the generic way of crossing the boundary of a hyperbolic region is via one of the following two types of bifurcations: (i) loss of hyperbolicity of some periodic orbit (saddle-node, period doubling, and Hopf bifurcations), and (ii) loss of transversality of the intersection between the invariant manifolds of hyperbolic periodic points (creation of cycles). This conjecture holds for surface diffeomorphisms (in this case, the cycle is due to a

∗This paper was partially supported by CNPq, Faperj (Brazil), and Projeto Sapiens 36581/99 (Portugal). The first author thanks the warm hospitality of the Departamento de Matemática Pura (Univ. de Porto) during his visits while preparing this paper.

homoclinic or heteroclinic tangency) in the boundary of the Morse-Smale systems, [NP_1]. The first sort of bifurcation is local (the dynamics on a finite orbit) while the second one is semi-global and involves the whole orbit of a non-periodic point (a non-transverse intersection between invariant manifolds). An interesting dynamical feature rises when there is an interplay between these two types of bifurcations. For instance, generic bifurcations via homoclinic tangencies lead to the creation of infinitely many saddle-node, period doubling and Hopf bifurcations immediately after their unfolding, see [YA] and [PT_3, Chapter 3]. For the converse, in general, some semi-global hypotheses on the dynamics are necessary (this is the case, for instance, of the saddle-node cycles, [NPT]). This paper illustrates such an interplay between local (saddle-node) and semi-global (creation of cycles) bifurcations in the context of heterodimensional cycles.

We now focus on the partially hyperbolic (with one-dimensional central direction) case and say a few words about the dynamics after the bifurcation. We first note that in our setting after unfolding the cycle (and for all small t > 0) new transverse homoclinic points of P and Q (we omit the dependence of the saddles on the parameter t) are created. Moreover, there are no homoclinic tangencies and all the cycles created throughout the unfolding are heterodimensional. In fact, in the unfolding process infinitely many heterodimensional cycles are created and the parameters corresponding to cycles accumulate the first bifurcation t = 0. Finally, by the Smale’s homoclinic theorem, there are transitive hyperbolic Cantor sets Λ_P and Λ_Q, containing P and Q and contained in the homoclinic classes of P and Q. In particular, the sets Λ_P and Λ_Q have different indices (dimension of the unstable bundle). In some cases the homoclinic classes of P and Q are both nonhyperbolic and contain properly the sets Λ_P and Λ_Q. But there are examples of arcs (f_t)_{t∈[−1,1]} such that there are parameter intervals corresponding to hyperbolic diffeomorphisms f_t for which these two classes are simultaneously hyperbolic. A goal of this paper is to describe how these diffeomorphisms can bifurcate. So three crucial steps in this context are to determine whether:

(i) the homoclinic classes of P and Q are hyperbolic (so they can be taken equal to Λ_P and Λ_Q);

(ii) the resulting non-wandering set of f_t has elements disjoint from these homoclinic classes; and

(iii) the diffeomorphism f_t exhibits a secondary cycle, associated either to saddles in the homoclinic classes of P and Q or to new saddles, disjoint from the homoclinic classes of P and Q, created throughout the unfolding.

Heuristically, several previous results (see [Dí_1, Dí_2, DRo_1, DRo_3]) suggest that the behavior after the bifurcation is essentially determined by the dynamics of the bifurcating diffeomorphism f_0 in the central direction (we will precise the meaning of this sentence later on). Taking bifurcating diffeomorphisms f_0 with an appropriate central dynamics one gets arcs (f_t)_{t∈[−1,1]} as above such that there are parameter intervals H_n, H_n → 0^+, such that f_t is hyperbolic for all t ∈ H_n. In particular, for every t ∈ H_n the homoclinic classes of P and Q are hyperbolic and disjoint, see [DRo_1]. But, for the same arc (f_t)_{t∈[−1,1]}, there are also other parameter intervals B_n (corresponding to nonhyperbolic diffeomorphisms) for which the homoclinic classes of P and Q coincide, see [DRo_2]. So a natural problem is to understand the transition from hyperbolic to nonhyperbolic dynamics (i.e., the secondary bifurcations of (f_t)_{t∈[−1,1]}). This is one of the goals of this article.

We construct arcs (f_t)_{t∈[−1,1]} as before such that there is a sequence of secondary bifurcations t_n, t_n → 0^+, such that for each t_n the hyperbolic homoclinic classes of P and Q collide via a saddle-node bifurcation. This situation exemplifies the interplay between semi-global (heterodimensional cycles) and local (saddle-node) bifurcations, where the (local) saddle-node bifurcations bring substantial global changes of the dynamics. For instance, we see that these collisions lead to persistence of cycles and intermingled homoclinic classes immediately after each saddle-node.

The phenomenon of persistence of (heterodimensional) cycles here is, in some sense, similar to the one of persistence of tangencies in the setting of homoclinic tangencies, [Ne_1, Ne_2, Mo], and critical saddle-node horseshoes, [DU]: it is also associated to the creation of thick Cantor sets (see Definition 6.1 and the Gap Lemma 7.1, and for an overview [PT_3, Chapter 6.1]). But the underlying dynamical reasons of the creation of these thick Cantor sets are rather different. In the case of homoclinic tangencies, it is related to the critical behavior of the dynamics (proximity to the quadratic family after a renormalization), while in our context the dynamics after the bifurcation is partially hyperbolic and non-critical: the invariant manifolds of the saddles in the cycle do not have folding points and the angles between these manifolds in the intersection points are uniformly bounded away from zero. Thus the mechanism leading to arbitrarily thick hyperbolic Cantor sets in this paper is new. Roughly, the thick Cantor sets are dynamically defined (in the sense in [PT_3, Chapter 4.1]), associated to a system of (infinitely many) iterated functions (whose generators are given by the central dynamics) without criticalities but having discontinuities.

1.2 Homoclinic classes and heterodimensional cycles

1.2.1 Homoclinic classes and their collisions

The homoclinic class of a (hyperbolic) saddle P of a diffeomorphism f, denoted by H(P, f), is the closure of the transverse intersections of the orbits of the stable and unstable manifolds of P . Homoclinic classes are f-invariant, transitive (i.e., there exists a dense orbit), and the subset of the periodic points with the same index of P is dense in H(P, f). An important property of homoclinic classes is their lower semi-continuous dependence on the diffeomorphisms, this property follows from the continuity of the invariant manifolds of hyperbolic saddles and of their transverse intersections on compact parts. Homoclinic classes may fail to be hyperbolic: for example, a homoclinic class may contain saddles of different indices. In fact, this sort of phenomenon typically occurs in the contexts of heterodimensional cycles, see [Dí_1, Dí_2, DRo_2], and (nonhyperbolic) robustly transitive sets and diffeomorphisms, see [BD, BDPR].

Homoclinic classes are natural elementary pieces of dynamics (as in the Axiom A and tame cases, see [Sm, Ab]) playing a key role in the structure of the dynamics. Recently, [Ar, CMP] proved that, for diffeomorphisms f in a residual set of the space of C^1-diffeomorphisms, Diff^1(M), any two homoclinic classes of f are either disjoint or coincide. Thus, by the C^1 closing lemma [Pu], the homoclinic classes generically define a partition of (a dense part of) the non-wandering set.

Motivated by these results, one aims to understand how homoclinic classes may change from the metric point of view, that is, to understand the discontinuities of the map (P_f , f) → H(P_f , f), where P_f is a hyperbolic saddle depending continuously on f. By a (metric) bifurcation of a homoclinic class H(P_f , f) we mean a discontinuity of the previous map. A well studied way in which homoclinic classes bifurcate is via the creation of cycles. We study (simultaneous) bifurcations of a pair of homoclinic classes via their collision and see how this sort of bifurcation can appear related to the unfolding of heterodimensional cycles.

Given a one-parameter family of diffeomorphisms (f_t)_{t∈[a,c]}, by a collision of a pair of homoclinic classes, say H(P, f_t) and H(Q, f_t), at t = b, we mean that H(P, f_t)∩H(Q, f_t) = ∅ for every t ∈ [a, b), and H(P, f_t) ∩ H(Q, f_t) ≠ ∅ for t = b. In the case studied here, the classes are both nontrivial and hyperbolic before the collision, and they are different for the collision parameter t = b. For t = b, the intersection of the classes is the orbit of a saddle-node, which is the responsible of the loss of hyperbolicity of the classes. This collision leads to the (simultaneous) explosions of the colliding homoclinic classes as well as to a string of bifurcations (persistence of heterodimensional cycles).

The simplest case of collision of homoclinic classes occurs when two isolated saddles of different indices collide via a saddle-node bifurcation. A much more interesting dynamics rises when the saddle-nodes are non-isolated. In dimension two, the main examples are the Derived from Anosov (DA) bifurcations, [Sm], where a repeller and a non-trivial hyperbolic attractor (the homoclinic class of a saddle) collide, and the saddle-node horseshoes, [Ze, Ta, Cr], where a horseshoe (the homoclinic class of a saddle) and a sink collide. The DA bifurcations are isolated. Saddle-node horseshoe bifurcations may be isolated (as in [CK]) or lead to a string of bifurcations (including Hénonlike attractors, persistence of tangencies, and variation of entropy, as in [DRoV, Co, DU, DRi]), depending on semi-global aspects of the dynamics. For a survey on this subject see [DRiV].

In the collisions in the previous paragraph, one of the classes is trivial (a sink or a repeller). In our construction the two colliding homoclinic classes are hyperbolic (before the collision) and non-trivial (for that we need to consider an ambient manifold of dimension 3 or higher). Collisions of two non-trivial and nonhyperbolic homoclinic classes were studied in [DS], where the collision leads to (using the terminology in [DS]) the collapse of the classes in the sequel of the bifurcation: the two classes explode and each class absorbs the other one, that is, they coincide.

1.2.2 Dynamics at heterodimensional cycles

The index of a hyperbolic transitive set Λ of a diffeomorphism f is the dimension of its unstable bundle. A diffeomorphism f has a heterodimensional cycle if there are (transitive) hyperbolic sets Λ and Σ having different indices such that

W^s(Λ) ∩ W^u(Σ) ≠ ∅ ≠ W^u(Λ) ∩ W^s(Σ).

This sort of cycles only can occur in dimension bigger than or equal to three. We consider the simplest case (in fact, codimension-one case): there are saddles P ∈ Λ and Q ∈ Σ such that

• index(Q) = index(P ) + 1;

• W^u(Q) ∩ W^s(P ) is non-empty and transverse; and

• W^s(Q) ∩ W^u(P ) is non-empty and quasi-transverse (i.e., for every heteroclinic point x ∈ W^s(Q) ∩ W^u(P ) it holds T_xW^s(Q) ⊕ T_xW^u(P ) = T_xW^s(Q) + T_xW^u(P ) and the sum has codimension one in T_xM, where M is the ambient manifold).

In many cases, including bifurcations from Morse-Smale systems, heterodimensional cycles lead to persistent nonhyperbolic dynamics. Given an arc (f_t)_{t∈[−1,1]} unfolding a cycle, say at t = 0 and for positive t, let H(t) = {s ∈ [0, t]: f_t is hyperbolic} and B(t) = {s ∈ [0, t]: H(P, f_s) = H(Q, f_s)}. For t ∈ B(t), we say that the homoclinic classes of P and Q are intermingled. There is an open class of families of (f_t)_{t∈[−1,1]} such that B(t) = (0, t] for all small t, see [Dí_1, Dí_2]. There are also cases where B(t) ≠ (0, t], but B(t) contains intervals and verifies lim inf |B(t)|/t > 0, (| · | denotes the measure), see [DRo_2]. In these cases we say (following [PT_3, Chapter 7]) that the dynamics is robustly and prevalently nonhyperbolic after the bifurcation, respectively.

In some cases both sets H(t) and B(t) contain intervals and satisfy lim inf |B(t)|/t > 0 and lim inf |H(t)|/t > 0 (using the terminology above hyperbolicity and nonhyperbolicity are both prevalent). Moreover, the arc can be constructed with density of hyperbolicity arbitrarily close to 1 at the bifurcation: given any ε > 0, there is an open set of arcs (as above) such that lim inf |H(t)|/t > 1 − ε. Following [PT_3] we say that the phenomena of nonhyperbolic dynamics (intermingled classes) and hyperbolic dynamics are both not totally prevalent after the bifurcation.

The hyperbolic parameters t ∈ H(t) in the construction in [DRo_1] are such that the exploding non-wandering set of f_t is the (disjoint) union of the homoclinic classes of P and Q. Thus a natural question is to describe how these hyperbolic diffeomorphisms bifurcate. Two possibilities are the creation of new heterodimensional cycles and the loss of hyperbolicity of a saddle (for instance, and typically, via a saddle-node bifurcation). We construct examples where the unfolding of the cycle leads to a sequence of collisions of (non-trivial) hyperbolic homoclinic classes via saddle-node bifurcations: There is sequence of parameter intervals (h^−_n , h^+_n ) ⊂ H(t), h^±_n → 0^+, such that each h^−_n is a first (secondary) bifurcation such that there is

1. a collision of the hyperbolic homoclinic classes of P and Q at h^−_n ;

2. persistence of heterodimensional cycles in an interval (c_n, h^−_n ).

By persistence of heterodimensional cycles in a parameter interval (t_0, t_1) we mean that there are two hyperbolic (transitive) sets of different indices Λ_t and Σ_t of f_t (depending continuously on t) such that, for any t ∈ (t_0, t_1), the diffeomorphism f_t has a cycle associated to Λ_t and Σ_t.

Our construction illustrates the importance of secondary bifurcations in the unfolding of cycles. Such bifurcations also play a key role in the homoclinic setting, think for instance of the secondary tangencies associated to thick hyperbolic sets, responsible for the persistence of tangencies and the coexistence of infinitely many sinks, see [Ne_2, Ne_3, PT_3].

1.3 Main result and ingredients of the proof

Let f be a diffeomorphism with a cycle associated to hyperbolic saddles P and Q. A neighbourhood of the cycle is an open set W containing the elements of the cycle: the orbits of the saddles P and Q and the intersections W^s(P ) ∩ W^u(Q) and W^u(P ) ∩ W^s(Q).

Given an arc (f_t)_{t∈[−1,1]} unfolding a cycle at t = 0 (for positive t) and a neighbourhood W of the cycle, the relative nonwandering set of f_t in W is the intersection of the nonwandering set Ω(f_t) of f_t and the maximal invariant set Λ_t(W ) = ∩_Zf^i_t (W ) of f_t in W .

Theorem 1. There are an arc (f_t)_{t∈[−1,1]} unfolding a heterodimensional cycle at t = 0 (for positive t) associated to saddles P and Q, of indices r and r + 1, a neighbourhood W of the cycle, n_0 ∈ N, and a sequence of scaled parameter intervals C_n and H_n, n ≥ n_0,

C_n = [a_n, t̄_n) = λ^n [1 + μ^−, 1 + μ^⋆) and H_n = [t̄_n, b_n] = λ^n [1 + μ^⋆, 1 + μ^+],

for some 0 < λ < 1 and μ^− < μ^⋆ < μ^+, such that:

(1) Hyperbolicity and secondary collision bifurcations: for every t ∈ H_n, the relative nonwandering set of f_t in the neighbourhood W of the cycle is the union of the nontrivial homoclinic classes H(P, f_t) and H(Q, f_t) of P and Q. Moreover,

(1a) prevalent hyperbolicity: for every t ∈ (H_n\{t̄_n}), H(P, f_t) and H(Q, f_t) are disjoint and hyperbolic;

(1b) collisions of homoclinic classes via saddle-node bifurcations: for every t̄_n, H(P, f¯_{tn} ) ∩ H(Q, f¯_{tn} ) is the orbit of a saddle-node. Moreover, every compact invariant set contained in each homoclinic class disjoint from the saddle-node is hyperbolic.

(2) Persistence of cycles: the sets C_n are intervals of persistence of heterodimensional cycles.

More precisely, for every t ∈ C_n, the diffeomorphism f_t has a cycle associated to a hyperbolic set of index r (contained in the homoclinic class of P ) and a hyperbolic set of index r + 1.

A key ingredient in our construction is the one-dimensional limit dynamics associated to (partially hyperbolic) heterodimensional cycles introduced in [DRo_3]. We will detail this construction (also used in a particular case in [DS]) in Section 3.2. This limit dynamics plays a role similar to the quadratic family in the context of homoclinic tangencies (see, for instance, [PT_3, Chapter 6]) or to the limit dynamics associated to saddle-node cycles (see [NPT, DRoV]), for describing the dynamics after the bifurcation. This limit dynamics is non-critical, has discontinuities, and is given by a one-parameter family of systems of iterated functions generated by:

(i) two affine maps, corresponding to the linearization of the dynamics in the weak unstable direction of Q and the weak stable direction of P ,

(ii) a transition map given by the iterates from a (scaled) fundamental domain of Q to a (scaled) fundamental domain of P ,

(iii) a translation corresponding to the rescaling of the parameter t unfolding the cycle.

The series of works [PT_1, PT_2, Mo, PY, MPV] show that the frequency of hyperbolicity of the dynamics after unfolding a homoclinic tangency is mainly determined by the fractal dimension of the hyperbolic set in the cycle (limit capacity and Hausdorff dimension). For heterodimensional cycles, the role of fractal dimensions is quite enigmatic and until now unexplored. In fact, the dynamics after the bifurcation is essentially determined by the limit dynamics above. Here we describe the creation of thick one dimensional Cantor sets (as in [Ne_2, Ne_3] the sets are dynamically defined but here they are defined by non-critical maps) associated to collisions of hyperbolic homoclinic classes and study how they lead to persistence of heterodimensional cycles.

Let us say a few words about our construction. Denote by (φ_μ)_{μ∈[−δ,δ]} the (non-critical) limit family. As in the case of saddle-node cycles, there are sequences t^±_n of parameters, t^±_n → 0, and reparametrizations ϱ_n : [−δ, δ] → [t^−_n , t^+_n ] with nice distortion properties such that the dynamics of f_{ϱn(μ)} is the product of φ_μ (the central part) by a hyperbolic saddle dynamics. Every system φ_μ has two hyperbolic sets Λ^′_μ and Σ^′_μ (depending continuously on μ) with non-empty intersection. Such an intersection is assured by a condition on the product of their thickness (see the Gap Lemma 7.1). The sets Λ^′_μ and Σ^′_μ are the projections along the stable and unstable directions of two hyperbolic sets Λ_{ϱn(μ)} and Σ_{ϱn(μ)} of f_{ϱn(μ)} having different indices. In this way, the intersections between Λ^′_μ and Σ^′_μ correspond to (heterodimensional) cycles associated to Λ_{ϱn(μ)} and Σ_{ϱn(μ)}.

Some comments about our constructions arise naturally. First, by [Ar, CMP], the collision of homoclinic classes is a non-generic phenomenon (at least in the C^1-topology) and we do not know the flexibility of our construction, roughly a product dynamics where we fix a one-dimensional dynamics and construct a cycle whose central limit dynamics is the fixed one. For instance, we do not know whether our result holds for arcs of diffeomorphisms in a neighbourhood of the arcs constructed in this paper. We point out that the product structure of the example allows us to estimate the thickness of Cantor sets created in the unfolding of the cycle, concluding the persistence of cycles thereafter. But, in general, estimates of the thickness in dimension bigger than two are highly complicated and depend on the regularity of the stable and unstable foliations, see [PV]. Probably, the ideas sketched in [MPV] for studying homoclinic tangencies in higher dimensions could be an ingredient for extending our results to non-product dynamics.

Finally, related to our results, in the context of vector fields of three manifolds, in [BMP] is constructed a vector field with two non-trivial homoclinic classes whose intersection is the closure of the unstable manifold of a hyperbolic singularity. See also [MP], where it is proved that a singular hyperbolic set (see [MPP] for the precise definition) containing a unique singularity is either transitive or the union of two homoclinic classes with non-empty intersection.

This paper is organized as follows. In Section 2, we describe a model arc unfolding a heterodimensional cycle. In Section 3, we introduce a one-parameter system of iterated (one-dimensional) functions describing the central dynamics in the sequel of the bifurcation (limit dynamics). After introducing the basic terminology, we give a sketch of the proof of the theorem in Section 3.3. In Section 4, we determine the central dynamics by considering saddle-node arcs. In Section 5, we construct two isolated hyperbolic sets (of different indices) and describe their collision via a saddle-node bifurcation. In Section 6, we construct two one-dimensional dynamically defined hyperbolic Cantor sets (contracting and expanding), associated to the system of iterated functions, the expanding one with large thickness. Finally, we see that these Cantor sets correspond to two hyperbolic sets of diffeomorphisms of the initial arc (see Sections 6.1 and 6.3) and prove, in Section 7, that these hyperbolic sets have heterodimensional cycles.

2 The model one-parameter family

For notational simplicity, we will carry our constructions in dimension 3, the extension to higher dimensions is straightforward. We consider a one-parameter family of (local) diffeomorphisms (f_t)_{t∈[−τ,τ ]} defined on the cube R = [−1, 1] × [−1, 5] × [1, 1] of R^3. Using local coordinates, this construction can be carried to any manifold of dimension three.

The definition of the arc is done in three steps: (a) semi-local partially hyperbolic dynamics, (b) existence and unfolding of the cycle, and (c) global hypotheses: existence of a filtration and invariant foliations. The filtration will enable us to control the dynamics of the diffeomorphisms f_t after the bifurcation and the invariant foliations will allow us to reduce the study of the dynamics to a one-dimensional family of iterated functions.

The heterodimensional cycle is related to hyperbolic fixed saddles Q = (0, 0, 0) and P = (0, 4, 0) of indices 2 and 1, respectively, and the semi-local dynamics satisfies the following properties.

(a) Partially hyperbolic product dynamics. In the cube R = [−1, 1] × [−1, 5] × [−1, 1],for every t ∈ [−τ, τ] it holds f_t = f, where

f(x, y, z) = (λ_s x, F (y), λ_u z), 0 < λ_s < 1 < λ_u,

where F is a strictly increasing function to be fixed in Section 4 such that:

local affinity: F (y) = β y, if y ∈ [−1, β^{−1}], and F (y) = λ (y −4)+4, if y ∈ [3, 5], where 0 < λ < 1 and β = λ^{−1}, domination: λ_s < F^′(y) < λ_u, for every y ∈ [−1, 5].

The last condition implies that λ_s < λ < β < λ_u and that the restriction of f to R has a partially hyperbolic splitting E^s ⊕ E^c ⊕ E^u with three non-trivial bundles given by the coordinate directions. Observe also that, by definition of the diffeomorphism f,

{0} × [−1, 4) × [−1, 1] ⊂ W^u(Q) and [−1, 1] × {0} × {0} ⊂ W^s(Q), {0} × {4} × [−1, 1] ⊂ W^u(P ) and [−1, 1] × (0, 5] × {0} ⊂ W^s(P ).

Thus the invariant manifolds W^s(P ) and W^u(Q) meet transversely along the curve γ = {0} × (0, 4) × {0}, named connection.

PSfrag replacements

Figure 1: The model cycle and its unfolding

(b) Existence and unfolding of the heterodimensional cycle. Take the points A = (0, 4, −^1_2 ) ∈ W^u(P ) and B = (−^1_2 , 0, 0) ∈ W^s(Q). We assume that there is k_0 ∈ N such that f^{k0} (A) = B and f^j(A) /∈ R for all 0 < j < k_0. Thus W^u(P ) ∩ W^s(Q) ≠ ∅ (i.e., there is a heterodimensional cycle associated to P and Q). Take a small compact neighbourhood U_A of A such that U_A, . . . , f^{k0} (U_A) are pairwise disjoint, U_A, f^{k0} (U_A) ⊂ R, and f^j(U_A) ∩ R = ∅, for all 0 < j < k_0. We assume that the dynamics of f^{k0} from U_A to f^{k0} (U_A) is of the form

affine return: f^{k0} (x, y, z) = (x +^1_2 , y − 4, z +^1_2 ), for every (x, y, z) ∈ U_A.

This implies that, for some δ > 0, {(−1/2, 0)} × (−δ, δ) ⊂ W^u(P ), thus W^u(P ) and W^s(Q) meet quasi-transversely throughout the orbit of the heteroclinic point A (i.e., T_AW^u(P ) + T_AW^s(Q) = T_AW^u(P ) ⊕ T_AW^s(Q) = XZ and this sum has dimension two). Hence, since W^s(P ) ⋔ W^u(Q) ≠ ∅, f has a (codimension one) heterodimensional cycle associated to P and Q.

We now define the arc arc (f_t)_{t∈[−τ,τ ]}, small τ > 0, unfolding the cycle above at t = 0. For all (x, y, z) ∈ R, f_t(x, y, z) = f(x, y, z) and the restriction of f^{k0}_t to U_A is the composition of f^{k0} and a t-translation parallel to the Y direction:

f^{k0}_t (x, y, z) = f^{k0} (x, y, z) + (0, t, 0) = (x + 1 2 , y − 4 + t, z + 1 2 ). (1)

By construction, for each t > 0 and s ∈ (−δ, δ), one has that (−1/2, t, s) ∈ W^u(P, f_t). As [−1, 1] × (0, 5) × {0} ⊂ W^s(P, f_t) one has that (^1_2 , t, 0) = f^{k0}_t (0, 4, −^1_2 ) = f^{k0}_t (A) is a transverse homoclinic point of P . Similarly, the orbit of B consists of transverse homoclinic point of Q. Thus, for t > 0 the homoclinic classes of P and Q are both non-trivial.

(c) Global dynamics: filtrations and invariant foliations We now assume some global properties of the bifurcating diffeomorphism f that allow us to control the dynamics of f in the ambient manifold. First, we say that a pair (M_1, M_2) is a filtration of f if M_1 and M_2 are compact manifolds with boundary of the same dimension as M such that f(M_i) ⊂ int(M_i), i = 1, 2.

(c_1) Relative Morse-Smale dynamics. The set W = R ∪ (∪_{j∈{1,...,k0−1}}f^j(U_A)) is a filtrating neighborhood of the cycle: there is a filtration (M_1, M_2) of f such that W = M_2 \ int(M_1). This implies that if x ∈ W and f(x) /∈ W then f^n(x) /∈ W , for every n ∈ N. Similarly, if x ∈ W and f^{−1}(x) /∈ W then f^{−n}(x) /∈ W , for all n ∈ N. It follows that, for every small |t|, the set W is also a filtrating neighbourhood of f_t. Hence, for all small |t|,

Ω(f_t) ∩ W = Ω(f_t|_W ) ⊂ ⋂ n∈Z f^n_t (W ), H(P, f_t) ∪ H(Q, f_t) ⊂ ⋂ n∈Z f^n_t (W ).

The semi-local dynamics of f_t implies that, for t < 0, the restriction of f_t to W is Morse-Smale (in particular, the homoclinic classes of P and Q are both trivial). Thus at t = 0 there is a Ω-explosion: for positive t, the classes of H(P, f_t) and H(Q, f_t) are both non-trivial.

(c_2) Invariant foliations. Given X = (x_0, y_0, z_0) ∈ R, define its strong stable, strong unstable and central leaves, denoted by F^s(X), F^u(X), and F^c(X), by

F^s(X) = {(x, y, z) ∈ R : y = y_0, z = z_0}, F^u(X) = {(x, y, z) ∈ R : x = x_0, y = y_0}, F^c(X) = {(x, y, z) ∈ R : x = x_0, z = z_0}.

This defines three foliations (strong stable, strong unstable, and central) on R. For each t, we extend them, via f_t, to the whole set W . By construction, these foliations (denoted by F^σ_t , σ = s, u, c) are f_t-invariant in the following sense: if X ∈ R and f_t(X) ∈ R then f_t(F^s(X)) ⊂ F^s_t (f_t(X)), f_t(F^u(X)) ⊃ F^u(f_t(X)) and f_t(F^c(X)) ∩ F^c(f_t(X)) is a neighbourhood of f_t(X) in F^c(f_t(X)); if X ∈ R, f_t(X) ∉ R and f^{k0}_t (X) ∈ R (i.e., X ∈ U_A)) then f_t(F^σ_t (X)) ⊂ F^σ_t (f_t(X)), σ = s, u, c.

Let Λ_t = ∩_{i∈Z}f^i_t (W ). The dynamics of f_t in Λ_t has two hyperbolic directions (parallel to the axis X and Z). Observe that if X ∈ R then Df_t(X) is uniformly contracting in the X-direction and uniformly expanding in the Z-direction, and if X ∈ U_A then Df^{k0}_t (X) is the identity. These remarks and the partial hyperbolicity of f_t in R imply that the set Λ_t is partially hyperbolic: the X and Z-directions are hyperbolic (contracting and expanding) and dominate the (central) Y-direction. This means that the dynamics of f_t is essentially determined by its central dynamics. The study of such central dynamics is done in the next section.

3 Normalized central dynamics, selection of parameters, and outline of the construction

In this section we introduce the key ideas in the proof of the theorem and sketch its proof. We first present the main terminology in our constructions: itineraries (Section 3.1) and normalized central dynamics (Section 3.2). Using these tools we outline the proof in Section 3.3.

3.1 Itineraries

Take fundamental domains D^+ = [β^{−1}, 1] and D^− = [3, 4−λ] of F and assume that F^N (D^+) = D^− for some N ∈ N. Consider the reference cubes Δ^± = [−1, 1] × D^± × [−1, 1], small t > 0, and X ∈ Λ_t ∩ Δ^+. There are two possibilities concerning its positive iterates: either there is n > 1 such that f^n_t (X) ∈ Δ^+ or not. In the first case, the smallest n > 1 with f^n_t (X) ∈ Δ^+ is the forward return time of X, denoted by r^+(X). In the second case, X ∈ W^s(P ) ∪ W^s(Q). Similarly, for negative iterates of X, either there is n > 1 with f^{−n}_t (X) ∈ Δ^+ or not. In the first case, the backward return time of X, r^−(X), is defined as above. In the second case, X ∈ W^u(P ) ∪ W^u(Q). These facts follow from the existence of the filtration and the geometry of the cycle. For a proof see [DRo_1, Lemma 4.1]. As, by the definition of the f_t, the invariant manifolds of P and Q meet transversely or quasi-transversely, according to the case, the previous results may be read as follows:

Lemma 3.1. Given any point X ∈ Λ_t ∩ Δ^+ there are the following possibilities:

• X has infinitely many forward or backward returns to Δ^+,

• X is a transverse homoclinic point of P or Q,

• X ∈ W^u(P ) ∩ W^s(Q) (heteroclinic cycle point) and W^u(P, f_t) and W^s(Q, f_t) meet quasitransversely at X, and

• X ∈ W^s(P ) ∩ W^u(Q) (heteroclinic connection point) and W^s(P, f_t) and W^u(Q, f_t) meet transversely at X.

Given X = (x, y, z) let X_i = (x_i, y_i, z_i) = f^i_t (X). Assume that X has a first forward return r^+(X) = q̄ + k_0 + p̄ + N to Δ^+, where k_0 is as in the definition of the cycle, F^N (D^+) = D^−, and

X_N ∈ Δ^−, X_N , . . . , X_{p̄−1+N} , X_{p̄+N} ∈ R and X_{p̄+N} ∈ U_A, X_{k0+p̄+N} ∈ f^{k0}_t (U_A) ⊂ R, X_{i+k0+p̄+N} ∈ (R \ Δ^+) for all i = 0, 1, . . . , q̄ − 1, and X_{q̄+k0+p̄+N} ∈ Δ^+.

PSfrag replacements

Figure 2: Itineraries

3.2 Choice of parameters, normalized dynamics, and iterated functions For special parameters, we can estimate p̄ and q̄, controlling the returns in the central direction. Lemma 3.2. Consider the sequences of parameters t_n = λ^n and of scaled parameter intervals B_n = [t_n (1 − δ), t_n (1 + δ)], small δ > 0. Then for every point X ∈ Δ^+ having a positive return to Δ^+ it holds p̄, q̄ ≥ (n − 1). Moreover, if t = t_n(1 + μ), μ > 0, p̄, q̄ ≥ n.

Proof: Fix t = t_n (1 + μ), μ ∈ (−δ, δ), and X = (x, y, z). By definition of f_t and since F is affine in [3, 5], y_{p̄+N} = λ^{p̄} (y_N − 4) + 4. Since X returns to Δ^+, the unfolding condition (1) implies that 0 < y_{k0+p̄+N} = λ^{p̄} (y_N − 4) + 4 + (t − 4) = λ^{p̄} (y_N − 4) + t.

Finally, as y_N ∈ D^− = [3, 4 − λ], −1 ≤ (y_N − 4) ≤ −λ, it follows

−t = −t_n (1 + μ) = −λ^n (1 + μ) < λ^{p̄} (y_N − 4) ≤ −λ^{p̄} λ = −λ^{p̄+1}, λ^n (1 + μ) > λ^{p̄+1}. So, if μ is small, p̄ ≥ (n − 1). Moreover, if μ > 0 one has p̄ ≥ n.

Finally, the estimate for q̄ follows similarly noting that y_{k0+p̄+N} < t. □ Fix t = t_n (1 + μ) ∈ λ^n (1 − δ, 1 + δ). Using Lemma 3.2, we write r^+(X) = q(X) + n + k_0 + p(X) + n + N, q(X), p(X) ≥ −1, and we say that X has a return r^+(X) of type (q(X), p(X)). Since β^n = t^{−1}_n and λ^n = t_n, the y-coordinate of X_r+_{(X)} is y_r+_{(X)} = β^{q(X)+n} [(t_n (1 + μ) − 4) + (λ^{n+p(X)} (F^N (y) − 4) + 4)] = = β^{q(X)+n} [t_n (1 + μ) + (λ^{n+p(X)} (F^N (y) − 4))] = = β^{q(X)} [1 + μ + λ^{p(X)} (F^N (y) − 4)]. (2) Equation (2) leads to the following one-parameter family of maps of the interval describing the central dynamics of returns to Δ^+:

Φ^{q,p}_μ : D^{q,p}_μ → D^+, Φ^{q,p}_μ (y) = β^q [1 + μ + λ^p (F^N (y) − 4)], μ ∈ [−δ, δ], p, q ≥ −1, (3) where D^{q,p}_μ is the maximal subset of D^+ consisting of points y with Φ^{q,p}_μ (y) ∈ D^+ (see Figure 3). We call this family the normalized central dynamics of f_t. Next remark justifies this name and implies that Φ^{q,p}_μ gives the y-coordinate of any (q, p)-return of f_t, t = t_n(1 + μ), for any n.

Remark 3.3. (Central dynamics). Let t = λ^n (1 + μ) ∈ B_n.

• By the monotonicity of F , D^{q,p}_μ is either empty or a closed interval.

• Suppose that X = (x_0, y_0, z_0) ∈ Δ^+ has a (q, p)-return. Then y_0 ∈ D^{q,p}_μ and the y-coordinate of f^{q+n+k0+p+n+N} t (X) is Φ^{q,p}_μ (y_0). Conversely, given any y_0 ∈ D^{q,p}_μ , there is at least one point of the form X = (x, y_0, z) ∈ Δ^+ with a (q, p)-return.

• (consecutive returns) Suppose that X_0 = (x_0, y_0, z_0) ∈ Δ^+ has a (q_0, p_0)-return X^1 and X^1 has a (q_1, p_1)-return X^2. Then X^2 is the second return of X_0 whose y-coordinate is Φ^{q1,p1}_μ ∘ Φ^{q0,p0}_μ (y_0).

The dynamics of the maps Φ^{q,p}_μ depend only on F^N , λ, and μ. In the next section, we will choose F^N and λ accordingly. We first consider returns of type (0, 0), given by F^N (y) − 3 + μ.

PSfrag replacements

Figure 3: The maps Φ^{q,p}_μ

3.3 Outline of the constructions. Sketch of the proof

In this section, we present the main steps of our constructions and sketch the proof of the theorem.

Selection of the central dynamics: the map F . To define F , we consider the auxiliary saddle-node arc g_α g_α(y) = y − ε(y − 1/2)^2 + α (1 − y),

with a saddle-node at the point 1/2 for the parameter α = 0 (here ε > 0 is small). The saddlenode is unfolded for negative α: for α > 0, the map g_α has two hyperbolic fixed points close to 1/2, collapsing to 1/2 for α = 0 and disappearing thereafter. We select an interval L containing the saddle-node 1/2 in the reference fundamental domain D^+ = [β^{−1}, 1]. To each parameter α (close to 0), we associate a map F_α defining a possible central dynamics of f: in the cube R, f(x, y, z) = (λ_s x, F_α(y), λ_u z). The key property of F_α, see condition (F3) in Section 4.1, is

F^N_α : L → D^− = [3, 4 − λ], F^N_α (y) = g_α(y) + 3. (4)

We select α_0 and let F = F_{α0} . We will explain latter on this choice, which is done for guaranteeing the creation of one dimensional Cantor sets with large thickness after the unfolding the saddle-node (see the last paragraph in this section). This is a key step for obtaining the persistence of cycles.

Dynamics of the returns. Fixed α_0, so selected the central dynamics F and defined the arc, we consider the new saddle-node arc h_μ(y) = g_{α0} (y) + μ. Then, for each parameter of the form t = t_n (1+μ) (any n), the map h_μ defines the central y-coordinate for the points in [−1, 1]×L×[−1, 1] having a return of type (0, 0): by equations (2) and (4) and Remark 3.3 it holds:

y_r+_{(X)} = β^{0+n} [(t_n (1 + μ) − 4) + (λ^{n+0} (F^N (y) − 4) + 4)] = = 1 + μ + (F^N (y) − 4) = μ + F^N (y) − 3 = g_α(y) + μ = h_μ(y).

Secondary (rescaled) saddle-node bifurcations. The arc (h_μ) has a saddle-node for the parameter μ^⋆ (close to 0) at some point s_μ⋆ (close to 1/2). This saddle-node is also unfolded for negative μ. The construction of the arc (f_t) and the comments above imply that, for every t^⋆_n = t_n (1 + μ^⋆), the diffeomorphism f_t⋆_n has a saddle-node at some point S_t⋆_n in Δ^+ whose ycoordinate is s_μ⋆ . For every t^⋆_n the saddle-node is essentially the same, the only difference being that the periods p_n of the saddle-nodes S_t⋆_n increase as n, but the local central dynamics of the f^{pn}_t⋆_n at the S_t⋆_n are always the same (and given by h_μ⋆ ).

Hyperbolicity before the unfolding of the saddle-node. By Remark 3.3, for t = t_n (1 + μ) small μ, the system (Φ^{p,q}_μ ) determines the central dynamics of the returns to the reference cube Δ^+. We prove that there is μ^+, μ^+ > μ^⋆, such that the system (Φ^{p,q}_μ ) is hyperbolic for all μ ∈ (μ^⋆, μ^+]. For the precise meaning of this assertion see Section 5.1.

For μ > μ^⋆, the map h_μ = Φ^{0,0}_μ has two fixed points s^−_μ (repelling) and s^+_μ (contracting) collapsing to the saddle-node s_μ⋆ at μ^⋆. As above, for t = t_n(1 + μ), these points correspond to saddles S^−_t and S^+_t of f_t, of indices 2 and 1, whose y-coordinate are s^−_μ and s^+_μ .

Using Remark 3.3, the product structure of the dynamics, and noting that the diffeomorphisms f_t uniformly contract in the X-direction and uniformly expand in the Z-direction, we translate the hyperbolicity of (Φ^{p,q}_μ ) to f_t for every t = t_n (1 + μ) with μ ∈ (μ^⋆, μ^+] (any n). The next step is to prove, using the system (Φ^{p,q}_μ ), that for such parameters one has that

H(P, f_t) = H(S^+_t , f_t) and H(Q, f_t) = H(S^−_t , f_t),

these classes are both hyperbolic, and their union is the relative non-wandering set in the filtrating neighbourhood W . Finally, we see that these hyperbolic classes collide for t^⋆_n.

Persistence of cycles at the collisions. To get the intervals of persistence of cycles (after the unfolding of the saddle-nodes) we need to choose carefully the parameter α_0 in the definition of the map F . In fact, in the previous steps the choice of α_0 is essentially irrelevant.

For μ < μ^⋆ and close to μ^⋆, the system (Φ^{p,q}_μ ) defines (using an inducing map method) a family of (uniformly) expanding maps from the subset [β^{−1} + ε(μ), 1] of D^+ to the whole D^+, where ε(μ) is small. The choice of α_0 is such that ε(μ) ≃ ℓ(α_0), where ℓ(α_0) is very small.

We consider an invariant Cantor set Σ_μ of these functions in [β^{−1}+ϵ(μ), 1] (roughly, the maximal invariant set). Since ϵ(μ) is very small (here the choice of α_0 is crucial), we get that the set Σ_μ has large thickness (roughly of order of 1/ℓ(α_0), see Proposition 6.6). Essentially, the thickness of a Cantor set is the quotient length(bridge)/length(gap), where in each step of the construction of the Cantor set a gap is a removed open interval and its two bridges are the adjacent resulting connected components, see Definition 6.1. Roughly, here the gaps of Σ_μ are the pre-images of [β^{−1}, β^{−1} +ϵ(μ)] and the corresponding bridges pre-images of [β^{−1} + ϵ(μ), 1], using bounded distortion properties, we see that these quotients are of order of (1 − β^{−1} − ϵ(μ))/ϵ(μ). As ε(μ) is very small, this ratio (and thus the thickness of the Cantor set) is very big. Finally, Remark 3.3 implies that Σ_μ is the projection in the central direction of a hyperbolic set Γ_t, t = t_n (1 + μ), of index two.

We also consider a (hyperbolic) part Υ_t of the homoclinic class of P having thickness uniformly bounded from zero for all t, see Section 6.1.

The Gap Lemma (Lemma 7.1) asserts that two Cantor sets whose convex hulls are non-disjoint and whose product of their thickness is larger than one have non-empty intersection. The previous construction (taking ℓ(α_0) small) implies that Cantor sets defined as projections of Γ_t and Υ_t verify the hypotheses of the Gap Lemma. The product structure gives now the announced persistence of heterodimensional cycles (associated to the sets Γ_t and Υ_t).

4 Definition of the map F . Saddle-node arcs

In this section we define the map F giving the central dynamics of the diffeomorphisms f_t. 4.1 A saddle-node family For small positive ε (further restrictions on the size of ε will appear throughout the text) consider the saddle-node arc (g_α), small |α|, g_α(y) = y − ε(y − 1/2)^2 + α (1 − y).

The arc g_α unfolds, at α = 0, a saddle-node at 1/2 as follows. For α > 0, the map g_α has two hyperbolic points. These points collapse to the saddle-node at α = 0 and disappear for negative α.

For α and ε small, let d_α be the critical point of g^′_α, d_α = 1/2+(1−α)/(2 ε) > 1. Since the maps g_α are increasing in (−∞, 1], g_0(1/2) = 1/2 > β^{−1}, and g_0(β^{−1}) < β^{−1} (small ε), for every α close to 0 there is a unique c_α ∈ (β^{−1}, 1/2) with g_α(c_α) = β^{−1}. For each α, write D^+ = [β^{−1}, c_α] ∪ [c_α, 1]. PSfrag replacements

Figure 4: The saddle-node arc g_α

We take λ = β^{−1} = ε/4 and, for small α, choose a C^2-map F_α : [−1, 5] → R verifying conditions (F1)–(F5) below:

(F1) F_α is strictly increasing and F^N_α (D^+) = D^− = [3, 4 − λ], (F2) F_α(y) = β y in [−1, β^{−1}], F_α(y) = λ (y − 4) + 4 in [3, 5], (F3) the restriction of F^N_α to the interval [c_α, 1] is equal to g_α + 3, (F4) (F^N_α )^′(y) > 1 for all y ∈ [β^{−1}, c_α), and (F5) λ (F^N_α )^′(β^{−1}) = β (F^N_α )^′(1).

We will take the map F giving the central dynamics, see Section 2, equal to some F_α, for a convenient α chosen in Proposition 6.6.

For the existence of F_α, note first that (F1) and (F3) are compatible. On the one hand, by definition, g_α(1) = 1 − ε/4 = 1 − λ, so F^N_α (1) = 4 − λ = g_α(1) + 3. On the other hand, and that g_α(c_α) + 3 = β^{−1} + 3 > 3. So there is space for extending F^N_α to the subinterval [β^{−1}, c_α] of D^+ in such a way F^N_α ([β^{−1}, c_α]) = [3, 3 + β^{−1}].

By continuity, it suffices to check (F4) for α = 0. Since F^N_0 ([β^{−1}, c_0]) = [3, 3 + β^{−1}], it is enough to see that c_0 − β^{−1} < β^{−1}, that is, c_0 < 2 β^{−1}. Since g_0 is strictly increasing in [0, 1], c_0 > 0, and 2 β^{−1} < 1, this condition is equivalent to g_0(c_0) = β^{−1} < g_0(2 β^{−1}). (5) Since β^{−1} = ε/4, g_0(2 β^{−1}) = g_0(ε/2) = ε/2 − ε (ε/2 − 1/2)^2 = ε(1/2 − 1/4 (ε − 1)^2).

Thus, g_0(2 β^{−1}) > β^{−1} is equivalent to ε(1/2 − 1/4(ε − 1)^2) > ε/4, or 1/4 > 1/4(ε − 1)^2, or 1 > (ε − 1)^2, which is automatically verified for small positive ε.

Finally, to check condition (F5), observe that by (F3), (F^N_α )^′(1) = g^′_α(1), so (F5) is equivalent to (F^N_α )^′(β^{−1}) = 16 (1 − ε − α)/ε^2, which is clearly compatible with the previous conditions.

4.2 Estimates on the derivative of the transition map For α close to 0, consider the fundamental domains of g_α and the constants J_α = [c_α, g^{−1}_α (c_α)] and I_α = [g_α(1), 1] = [1 − λ, 1], d_m(α) = min{g^′_α(y), y ∈ [c_α, 1]} and d_M (α) = max{g^′_α(y), y ∈ [c_α, 1]}.

Note that for α < 0, given any w ∈ (g^{−1}_α (c_α), 1] there is a first n_α(w) ∈ N such that g^{nα(ω)}_α (w) ∈ J_α. Proposition 4.1. Fix ε ∈ (0,^1_{10} ). There is α_ε > 0 such that (g^{nα(w)} α )^′(w) > 1/2, for all α ∈ [−α_ε, 0) and every w ∈ (g^{−1}_α (c_α), 1].

The main step in the proof of Proposition 4.1 is the next estimate of the derivative of g^{nα(w)}_α : Lemma 4.2. There is α_ϵ > 0 such that, for any α ∈ [−α_ε, 0) and any w ∈ I_α = [g_α(1), 1], it holds

(g^{nα(w)} α )^′(w) ≥ d_m(α) (d_M (α))^2

|J_α| |I_α| > 1 2 . Proof of the lemma: To prove the second inequality it is enough to check it for α = 0. The general case follows from the continuous dependence of d_m(α), d_M (α), |J_α|, and |I_α| on the parameter α. Since g^′_0 is decreasing in (−∞, d_0), I_0 and J_0 are contained in (−∞, d_0), and c_0 > β^{−1}, d_m(0) = g^′_0(1) = (1 − ε), d_M (0) = g^′_0(c_0) < g^′_0(β^{−1}) = g^′_0(ε/4) = 1 − 2 ε (ε/4 − 1/2) = (1 + ε − ε^2/2) < (1 + ε).

By definition, |I_0| = ε/4. It remains to estimate |J_0|. By equation (5), g_0(ε/2) = g_0(2 β^{−1}) > β^{−1}, thus, since g_0 is increasing in (−∞, d_0), ε/2 > g^{−1}_0 (β^{−1}) = c_0. There are two cases, either ε/2 > g^{−1}_0 (c_0) or ε/2 ∈ [c_0, g^{−1}_0 (c_0)]. In the first case, since g^′_0 is decreasing in (−∞, d_0), ε/2, c_0, g^{−1}_0 (c_0) < 1/2, and g^′_0(1/2) = 1,

|J_0| ≥ ε/2 − g_0(ε/2) = ε/2 − ε/2 + ε (ε/2 − 1/2)^2 = (ε/4) (1 − ε)^2.

In the second case, write [c_0, g^{−1}_0 (c_0)] = g^{−1}([β^{−1}, c_0]) and observe that

|J_0| = c_0 − β^{−1} g^′_0(ξ)

, for some ξ ∈ [β^{−1}, c_0].

Thus, since (by hypothesis) g^{−1}_0 (β^{−1}) < ε/2 < g^{−1}_0 (c_0) and the derivative of g_0 is decreasing,

|J_0| ≥ ε/2 − g_0(ε/2) g^′_0(β^{−1}) > (ε/4) (1 − ε)^2 1 + ε . In both cases one has that |J_0| ≥ ε (1 − ε)^2 4 (1 + ε) . Putting all the previous inequalities together and noting that ε < 1/10, we get the second inequality:

|J_0| |I_0| d_m(0) (d_M (0))^2 ≥ ε (1 − ε)^2 4 (1 + ε) (ε/4)

(1 − ε) (1 + ε)^2 ≥ (1 − ε)^3 (1 + ε)^3 > 1 2 . We now prove the first inequality in the lemma. Given α < 0, let N_α be the smallest natural number such that g^{Nα}_α (I_α) ∩ J_α ≠ ∅. By the choice of N_α, since g^′_α is decreasing, and J_α and g^{Nα}_α (I_α) are at the left of the point where the derivative of g_α is 1 (if α is small),

|J_α| ≥ |g^{Nα}_α (I_α)| ≥ |g^{−1}_α (J_α)| ≥

|J_α| d_M (α) . Therefore, taking z_α ∈ I_α such that (g^{Nα}_α )^′(z_α) = |g^{Nα}_α (I_α)|/|I_α|, one has

(g^{Nα}_α )^′(z_α) ≥

|J_α| |I_α| d_M (α)

. (6)

Define b_α ∈ I_α by g^{Nα}_α (b_α) = g^{−1}_α (c_α). For a given w ∈ I_α there are three possibilities:

• w ∈ [g_α(1), z_α]. Note that n_α(w) = N_α or n_α(w) = N_α + 1. Observe that if n_α(w) = N_α + 1 then 0 < g^′_α(g^{Nα}_α (w)) < 1. Thus using the monotonicity of g^′_α, one gets

(g^{nα(w)} α )^′(w) ≥ (g^{Nα}_α )^′(w) ≥ (g^{Nα}_α )^′(z_α) ≥

|J_α| |I_α| d_M (α) . • w ∈ [b_α, 1]. In this case, n_α(w) = N_α + 1. Since g_α(w) < z_α, from the monotonicity of g^′_α, (g^{Nα}_α )^′(g_α(w)) ≥ (g^{Nα}_α )^′(z_α). Thus from equation (6) and g^′_α(w) ≥ d_m(α),

(g^{Nα+1} α )^′(w) = (g^{Nα}_α )^′(g_α(w)) g^′_α(w) ≥ (g^{Nα}_α )^′(z_α) g^′_α(w) ≥

|J_α| |I_α| d_M (α) d_m(α).

• w ∈ [z_α, b_α] (if z_α < b_α). In this case n_α(w) = N_α. Arguing as in the previous cases,

(g^{Nα}_α )^′(w) ≥ (g^{Nα}_α )^′(1) =

(g^{Nα +1} α )^′(1) (g_α)^′(g^{Nα}_α (1)) ≥ 1 d_M (α)

(g^{Nα+1} α )^′(1) ≥ 1 d_M (α)

|J_α| |I_α| d_M (α) d_m(α).

The proof of the inequality (and of the lemma) now follows noting that d_m(α) < 1 < d_M (α). □ Proof of the proposition: Let s_α be the (unique) point with g^′_α(s_α) = 1. Take any w ∈ (g^{−1}_α (c_α), g_α(1)]. First, if w ≤ s_α the result is obvious: all the derivatives throughout the orbit of w are bigger or equal than 1. If w ≥ s_α take k ≥ 0 with g^{−k}_α (w) = w̄ ∈ I_α. The result follows from the case w ∈ I_α (Lemma 4.2) noting that

(g^{nα(w)} α )^′(w) = (g^{nα(w)+k} α )^′(w̄) (g^{−k}_α )^′(w), n_α(w) + k = n_α(w̄), and (g^{−k}_α )^′(w) ≥ 1.

This completes the proof of Proposition 4.1. □

5 Hyperbolic dynamics

In this section, we prove the parts of the theorem concerning hyperbolic dynamics and collisions of homoclinic classes. In Section 5.1, we state a hyperbolicity result for the family (Φ^{p,q}_μ ), for parameters μ ∈ (μ^⋆, μ^+], where μ^⋆ is the saddle-node parameter of the family (h_μ) in Section 3.3. In Section 5.2, using Remark 3.3 and the product structure, we will translate the hyperbolicity of the system (Φ^{p,q}_μ ) to the diffeomorphisms f_t, t ∈ t_n (1 + μ^⋆, 1 + μ^+]. Finally, in Section 5.3, we state the collision of homoclinic classes, related to the saddle-node bifurcations μ^⋆ of h_μ = Φ^{0,0}_μ . Since we will follow closely [DRo_1, Section 4] we will omit most of the details of the proofs.

5.1 Hyperbolicity of the normalized family Fix small μ^⋆ < 0 and let α^⋆ = α(μ^⋆) > 0 be the saddle-node parameter of the family g_α + μ^⋆. Define now the auxiliary saddle-node arc

h_μ = h^{α⋆}_μ = g_α⋆ + μ

having a saddle-node close to 1/2 for the parameter μ^⋆. For small μ > μ^⋆, the map h_μ has (exactly) a pair of (hyperbolic) fixed points in D^+, s^−_μ and s^+_μ , s^−_μ < s^+_μ , where s^+_μ is contracting and s^−_μ is expanding. These points collapse to the saddle-node s_μ⋆ . For small μ ≥ μ̄, consider the partition of D^+ given by the intervals

L_u(μ) = [β^{−1}, s^−_μ ], L_c(μ) = (s^−_μ , s^+_μ ), and L_s(μ) = [s^+_μ , 1].

As in Section 4.1, let h_μ⋆ (c_μ⋆ ) = β^{−1}. Take the system of functions Φ^{q,p}_μ , defined on D^+, induced by F = F_α⋆ associated to h_μ⋆ , i.e., the restriction of F^N to [c_μ⋆ , 1] is h_μ⋆ + 3, see condition (F3) in Section 4. Equation (3) now implies that, for all y ∈ [c_μ⋆ , 1] and μ close to μ^⋆, one has

Φ^{0,0}_μ = β^0(1 + μ + λ^0(F^N − 4)) = (1 + μ + (g_α⋆ + 3) − 4) = g_α⋆ + μ = h_μ.

Thus, for μ > μ^⋆, s^±_μ are (hyperbolic) fixed points of Φ^{0,0}_μ in [c_μ⋆ , 1].

We need to state two definitions. We say that y is a ω-limit point of {Φ^{p,q}_μ } if there are a point x_0 and sequences of non-negative numbers (p_n) and (q_n) such that x_n → y, where x_{n+1} = Φ^{pn,qn}_μ (x_n). The (forward) limit set of {Φ^{p,q}_μ }, L^+(Φ^{p,q}_μ ), is the closure of all the ω-limit points of {Φ^{p,q}_μ }.

Next lemmas mean that there is μ^+, 0 > μ^+ > μ^⋆, such that, for every μ ∈ H = [μ^⋆, μ^+], the forward limit set L^+(Φ^{q,p}_μ ) is contained in L_s(μ) ∪ L_u(μ). Moreover, if μ ∈ (μ^⋆, μ^+] this set is hyperbolic (the part contained in L_s(μ) is contracting and the part in L_u(μ) is expanding). By Remark 3.3, these properties have a direct translation (in terms of hyperbolicity) to the arc of diffeomorphisms (f_t)_t (defined in terms of F above) for t ∈ [t_n (1 + μ^⋆), t_n(1 + μ^+)]. Lemma 5.1. There is μ^+, 0 > μ^+ > μ^⋆, such that, for every μ ∈ H = [μ^⋆, μ^+], it holds:

• Φ^{0,p}_μ (L_s(μ)) ⊂ L_s(μ) for all p ≥ 0. If μ ≠ μ^⋆, these applications are uniformly contracting. • All the returns of points of L_s(μ) to D^+ are of the form (0, p) with p ≥ 0, i.e., there are no returns of type (q, p) with q > 0.

Proof: To prove the first item, recall that, by definition of F , F^N (D^+) = D^−, so F^N (1) = (4−λ). The definition of Φ^{p,q}_μ , see (3), now implies that Φ^{0,0}_μ ([s^+_μ , 1]) = [s^+_μ , 1 − λ + μ] ⊂ [s^+_μ , 1] and that Φ^{0,p+1}_μ ([s^+_μ , 1]) is at the right of Φ^{0,p}_μ ([s^+_μ , 1]) for all p ≥ 0. As β^{−1} = λ = ε/4, small ε, it holds (1 − λ) + μ > β^{−1}, for every small |μ|. (7) Observe that F^N (y) ∈ [3, 4 − λ], thus (F^N (y) − 4) ∈ (−1, −λ), for all if y ∈ D^+. Hence Φ^{0,p}_μ (y) ∈ (1 + μ − λ^p, 1 + μ − λ^{p+1}) ⊂ (β^{−1}, 1) ⊂ D^+. (8) Thus, Φ^{0,p}_μ ([s^+_μ , 1]) ⊂ [s^+_μ , 1) for all p ≥ 0, proving the inclusions. The hyperbolicity follows from the definition of the maps Φ^{0,p}_μ and 0 < h^′_μ < 1 in (s^+_μ , 1], μ ∈ (μ^⋆, μ^+].

The second part of the lemma follows directly from Φ^{0,p}_μ (L_s(μ)) ⊂ (β^{−1}, 1) (equation (8)), hence Φ^{q,p}_μ (y) = β^q Φ^{0,p}_μ (y) > β β^{−1} = 1 if y ∈ L_s(μ) and q ≥ 1. □ The proof of the next lemma follows arguing as in the previous one, so it will be omitted.

Lemma 5.2. For every μ ∈ H, μ ≠ μ^⋆, it holds

• Φ^{0,0}_μ (L_c(μ)) = L_c(μ) and the restriction of Φ^{0,0}_μ to L_c(μ) is strictly increasing. • Φ^{0,p}_μ (L_c(μ)) ⊂ L_s(μ) for all p ≥ 1.

• All the returns of points of L_c(μ) to D^+ are of the form (0, p) with p ≥ 0. Moreover, the returns of L_c(μ) to L_c(μ) are of the form (0, 0).

Lemma 5.3. For every μ ∈ H it holds

• Φ^{0,p}_μ (L_u(μ)) ⊂ L_s(μ) for every p ≥ 1.

• All the returns of points of L_u(μ) to D^+ are of the form (0, p) or (q, 0), with p, q ≥ 0. • If μ ≠ μ^⋆, the restriction of Φ^{q,0}_μ to L_u(μ) is uniformly expanding for all q ≥ 0.

Proof: For the first claim just note that, if p ≥ 1, then Φ^{0,p}_μ (L_u(μ)) is at the right of Φ^{0,0}_μ (L_s(μ)) ⊂ L_s(μ). The second assertion follows from the first one and the proof of Lemma 5.1. The expansion of Φ^{0,0}_μ in D^{0,0}_μ ∩ L_u(μ) (D^{0,0}_μ is the interval of definition of Φ^{0,0}_μ ) follows noting that D^{0,0}_μ ∩ L_u(μ) = [c_μ, s^−_μ ] and using the expansivity of g_{α(μ̄)} in [c_μ, s^−_μ ], where (as above) c_μ is defined by h_μ(c_μ) = β^{−1}. The expansivity of Φ^{q,0}_μ in D^{q,0}_μ ⊂ [β^{−1}, c_μ) follows from its definition and condition (F4). □

5.2 Prevalent hyperbolicity for the arc (f_t)

In this section we translate the hyperbolicity of the system (Φ^{p,q}_μ ), μ ∈ (μ^⋆, μ^+], to the diffeomorphisms f_t for t ∈ (t_n (1 + μ^⋆), t_n (1 + μ^+)]. Remark 3.3 allows us to perform this translation.

To each point X_0 = (x_0, y_0, z_0) ∈ Δ^+ ∩ Λ_t (Λ_t is the maximal invariant set of f_t in W ) we associate a sequence i(X_0) = (i_k(X_0))_{k∈E(X0)} of symbols s, c and u, as follows. We let i_0(X_0) = j if y_0 ∈ L_j (μ). Let X_1 = (x_1, y_1, z_1) and X_{−1} = (x_{−1}, y_{−1}, z_{−1}) be the first forward and backward returns of X_0 to Δ^+ by f_t (if they are defined); let i_{±1}(X_0) = j if y_{±1} ∈ L_j(μ). If possible, we inductively define first forward and backward returns X_{±(n+1)} of X_{±n} and let i_{n+1}(X_0) = i_1(X_n) = i_n(X_1) and i_{−(n+1)}(X_0) = i_{−1}(X_{−n}) = i_{−n}(X_{−1}). The set E(X_0) ⊂ Z is the maximal interval where these indices are defined. The sequence i(X_0) = (i_k(X_0))_{k∈E(X0)} is the itinerary of X.

Using the cycle configuration, it is easy to see that every X ∈ Λ_t, X ≠ P, Q, has some (backward or forward) iterate in Δ^+. So we can associate to each X ∈ Λ_t \ {P, Q} the sequence i(Y ), where Y is some iterate of X in Δ^+. This sequence is well defined, up to a shift, for points whose returns do not have central coordinates equal to β^{−1} or 1 (in fact, for the parameters that we select, we will see that this situation corresponds to wandering points). Define now the sets:

Ω_s(t) = {X ∈ Ω(f_t): E(X) ≠ ∅ and i_k(X) = s for all k ∈ E(X)} ∪ {P }, Ω_u(t) = {X ∈ Ω(f_t): E(X) ≠ ∅ and i_k(X) = u for all k ∈ E(X)} ∪ {Q}, Ω_c(t) = {X ∈ Ω(f_t): E(X) ≠ ∅ and i_k(X) = c for all k ∈ E(X)}.

For each n, write H_n = {t = t_n (1 + μ), μ ∈ H}, H = [μ^⋆, μ^+] as in Lemma 5.1, and fix t = t_n(1 + μ) ∈ H_n. Take X = (x, y, z) ∈ Δ^+ with a first return X_1 = (x_1, y_1, z_1) to Δ^+ of type (q, p). By Remark 3.3, y_1 = Φ^{q,p}_μ (y). This fact and Lemmas 5.1, 5.2 and 5.3 imply that the itinerary of a non-wandering point of Λ_t is constant (equal to s, c or u). Moreover:

• If i_k(X) = s for all k ∈ E(X) then all the returns are of type (0, p), p ≥ 0. Thus, if μ ≠ μ^⋆, the returns are uniformly contracting in the Y-direction.

• If i_k(X) = u for all k ∈ E(X) then all the returns are of type (q, 0), q ≥ 0. Thus, if μ ≠ μ^⋆, the returns are uniformly expanding in the Y-direction.

• If i_k(X) = c for all k ∈ E(X) then all the returns are of type (0, 0).

Actually, the last possibility does not hold for a non-wandering point: just note that Φ^{0,0}_μ restricted to L_c(μ) is a monotone map without fixed points. Similar arguments imply that a point having a return with central coordinate equal to β^{−1} or 1 is wandering. These facts are the ingredients of the proof of the next lemma (for details see [DRo_1, Section 4]) which implies (1a) in Theorem 1.

Lemma 5.4. ([DRo_1, Steps B-G]) For every t ∈ H_n,

• Ω(f_t) ∩ W = Ω_s(t) ∪ Ω_u(t). In particular, Ω_c(t) = ∅.

• Ω_s(t) = H(P, f_t) and Ω_u(t) = H(Q, f_t).

• If t ≠ λ^n (1 + μ^⋆), the homoclinic classes of P and Q are hyperbolic.

• There are no cycles associated to the homoclinic classes of P and Q.

5.3 Sequence of saddle-node bifurcations

For t = λ^n (1+μ), μ ∈ (μ^⋆, μ^+], let S^±_t be the periodic point of f_t in Δ^+ whose central coordinate is s^±_μ . The points S^+_t and S^−_t are hyperbolic (of indices 1 and 2, respectively) with period n+k_0+n+N. By, Lemma 5.4, S^+_t ∈ H(P, f_t) and S^−_t ∈ H(Q, f_t). For t^⋆_n = t_n (1 + μ^⋆), one has a saddle-node S^+_t⋆_n = S^−_t⋆_n = S_t⋆_n whose central coordinate is s_μ⋆ . Next lemma implies (1b) in Theorem 1:

Lemma 5.5. The intersection H(P, f_t⋆_n ) ∩ H(Q, f_t⋆_n ) is the orbit of the saddle-node S_t⋆_n . Moreover, every compact f_t⋆_n -invariant subset of H(P, f_t⋆_n ) ∪ H(Q, f_t⋆_n ) disjoint from S_t⋆_n is hyperbolic.

This lemma follows as Lemma 5.4 using Remark 3.3 and Lemmas 5.1, 5.2, and 5.3. First, note that L_c(μ^⋆) = ∅. For p ≥ 0, the map Φ^{0,p}_μ⋆ is uniformly contracting in any compact subset of L_s(μ^⋆) that does not contain s_μ⋆ . For q ≥ 0, the map Φ^{q,0}_μ⋆ is uniformly expanding in any compact subset of L_u(μ^⋆) disjoint from s_μ⋆ . These properties can be translated to f_t⋆_n . Finally, the fact that H(P, f_t⋆_n ) ∩ H(Q, f_t⋆_n ) is the orbit of S_t⋆_n follows from s_μ⋆ = L_s(μ^⋆) ∩ L_u(μ^⋆), Lemmas 5.1, 5.2, and 5.3, and that s_μ⋆ is a saddle-node of Φ^{0,0}_μ⋆ .

6 Dynamically defined Cantor sets

In this section we construct dynamically defined Cantor sets for the family (Φ^{p,q}_μ ) having arbitrarily big thickness. In this step, the selection of the parameter α in the definition of F (so in the definition of (Φ^{p,q}_μ )) is crucial. Therefore, for the sake of clearness, we write explicitly the two parameters μ and α involved in our constructions. In this way, we consider a two parameter family of maps Φ^{q,p}_{μ,α} defined as Φ^{q,p}_μ just taking the central map F equal to F_α. Similarly, we consider the two-parameter family of diffeomorphisms f_{t,α}.

In what follows, we systematically use dynamically defined Cantor sets and their thickness. For further information on this topic we refer to [PT_3, Chapter 4].

Definition 6.1. A presentation of a Cantor set Υ ⊂ R is an enumeration G = {G_n} of the bounded gaps of Υ (i.e., the bounded connected components of R \ Υ). The thickness of the presentation G, τ(Υ, G), is defined as follows. For each n and each point g in the boundary of a gap G_n, let B_g be the connected component of I \ (G_1 ∪ · · · ∪ G_n) containing g (here I is the convex hull of Υ). The interval B_g is the left or right bridge of G_n, according to its relative position. Then

τ(Υ, G) = inf_{n∈N,g∈∂Gn} τ(Υ, G, g), τ(Υ, G, g) = |B_g|/|G_n|.

Finally, the thickness of Υ is τ(Υ) = sup τ(Υ, G), where the supremum is taken over all the presentations of Υ. Thus, for any presentation G of Υ, τ(Υ, G) is a lower bound of τ(Υ).

We define the central localization of an f_{t,α}-invariant set Λ in the neighbourhood W by

Λ^c = {y_0 ∈ D^+ : there is X ∈ Λ of the form (x, y_0, z)}. (9)

In this section, for appropriate t and α, we build two (transitive) hyperbolic sets Λ_{t,α} and Ω_{t,α} of f_{t,α}, Λ_{t,α} of index one contained in the homoclinic class of P and Ω_{t,α} of index two, such that the product of the thickness of their central localizations is bigger than one. This fact (and Lemma 7.1) is the key for getting a t-parameter interval with persistence of cycles, (part (2) of the theorem).

6.1 Construction of the hyperbolic set Λ_{t,α} of index one

Lemma 6.2. There are parameters μ_0 and α_0 > 0 and strictly positive constants d^c and τ^c such that, for every t ∈ B_n = [t_n (1 − μ_0), t_n (1 + μ_0)], t_n = λ^n, and α ∈ [−α_0, α_0], there exists a (transitive) hyperbolic set Λ_{t,α} of f_{t,α} of index one, contained in the homoclinic class of P , such that the diameter and the thickness of (Λ_{t,α})^c are lower bounded by d^c and τ^c, respectively.

Proof: The proof of this lemma has two parts. We first construct a dynamically defined Cantor set for the system Φ^{0,p}_{μ,α}, for (μ, α) close to (0, 0). We next see, using Remark 3.3 that such a set is the central localization of a hyperbolic set of f_{tn (1+μ),α} in the homoclinic class of P .

We claim that there is p_1 such that, for all p ≥ p_1, (i) Φ^{0,p}_{μ,α} is contracting, (ii) D^{0,p}_{μ,α} = D^+, and (iii) Φ^{0,p}_{μ,α}(D^+) is in the interior of D^+. To get the contraction property (i), just take p_1 big enough in order that the factor λ^{p1} compensates any expansion introduced by F^N_α , any small |α|, see the definition of Φ^{0,p}_{μ,α} in (3). Equation (8) implies that Φ^{0,p}_{μ,α}(D^+) ⊂ int(D^+), for p ≥ 1, which (by continuity) implies (ii) and (iii), for small |μ| and |α| and p ≥ 1.

Define K^{p1,p1+1} μ,α as the maximal invariant set in D^+ of Φ^{0,p1}_{μ,α} and Φ^{0,p1+1}_{μ,α} , that is,

K^{p1,p1+1} μ,α = ⋂ j≥0 D^+_{μ,α}(j), where D^+_{μ,α}(0) = D^+ and D^+_{μ,α}(i + 1) =

p_1+1⋃

p=p_1

Φ^{0,p}_{μ,α}(D^+(i)).

By construction, K^{p1,p1+1}_{μ,α} is a hyperbolic dynamically defined Cantor set, which is transitive and has a dense subset of periodic points. Let d^c(0, 0) > 0 and τ^c(0, 0) > 0 be the diameter and the thickness of K^{p1,p1+1}

0,0 . As the thickness and the diameters of K^{p1,p1+1}_{μ,α} depend continuously on Φ^{0,p1}_{μ,α} and Φ^{0,p1+1} μ,α , thus on μ and α, there are small μ_0 and α_0 such that, for all (μ, α) ∈ [−μ_0, μ_0] × [−α_0, α_0], it holds diam(K^{p1,p1+1} μ,α ) > d^c(0, 0)/2 = d^c, and τ(K^{p1,p1+1}_{μ,α} ) > τ^c(0, 0)/2 = τ^c.

To prove the lemma, it suffices to find a set Λ_{t,α} (contained in H(P, f_{t,α})) whose central localization is K^{p1,p1+1} μ,α . Let us explain this in details.

Fix an interval B_n = [t_n (1 − μ_0), t_n (1 + μ_0)]. By Remark 3.3, for each t(μ) = t_n (1 + μ) ∈ B_n, the central coordinate of a return of type (0, p) by f_{t(μ),α} is given by Φ^{0,p}_{μ,α}. Define Λ_{t(μ),α} as the f_{t(μ),α}-invariant set of points with infinitely many consecutive returns to Δ^+ = [−1, 1]×D^+ ×[−1, 1] of types (0, p_1) or (0, p_1 + 1). By construction, the central localization of Λ_{t(μ),α} is K^{p1,p1+1}_{μ,α} . Since the directions parallel to the axis X and Z are contracting and expanding and, by the previous step, the Y-direction is contracting for the restriction of f_{t(μ),α} to Λ_{t(μ),α}, this set is hyperbolic of index one. The claims for the diameter and the thickness now are obvious.

It remains to prove that Λ_{t(μ),α} is a transitive subset of the homoclinic class of P . As a consequence of the contraction in the X-direction and the expansion in the Z-direction and the f_{t,α}-invariance of the planes XZ, the set Λ_{t(μ),α} intersects every plane parallel to the XZ-plane in at most one point. Thus there is a one-to-one correspondence between Λ_{t(μ),α} ∩ Δ^+ and (Λ_{t(μ),α})^c, so the dynamics (via f_{t(μ),α}) of the returns of the points of Λ_{t(μ),α} ∩ Δ^+ to Δ^+ and the dynamics of (Λ_{t(μ),α})^c = K^{p1,p1+1}_{μ,α} by the system Φ^{0,p1}_{μ,α} and Φ^{0,p1+1}_{μ,α} are conjugate. Hence, the periodic points are dense in Λ_{t(μ),α} and this set is transitive.

To see that any periodic point A ∈ Λ_{t(μ),α} is homoclinically related to P note that, by construction, the orbit of the unstable manifold of A meets the rectangle [−1, 1]×D^+ ×{0} ⊂ W^s(P, f_{t(μ),α}). Thus W^u(A, f_{t(μ),α}) ⋔ W^s(P, f_{t(μ),α}) ≠ ∅. To see that W^u(P, f_{t(μ),α}) ⋔ W^s(A, f_{t(μ),α}) ≠ ∅ note that, by construction and considering negative iterations by f_{t(μ),α}, the stable manifold of A contains a disk of the form [−1, 1] × D^+ × {z_0} and that W^u(P, f_{t(μ),α}) intersects any disk of this form (any z_0 ∈ [−1, 1]). This completes the proof of the lemma. □

6.2 Construction of the thick hyperbolic set Ω_{t,α} of index two As in Section 6.1, we first construct a dynamically defined Cantor set Σ_{μ,α} associated to the family Φ^{q,0}_{μ,α}, q ≥ 0, with large thickness (Proposition 6.6). This set corresponds to the central localization of a transitive hyperbolic set of index two (the announced set Ω_{t,α}).

Since Φ^{0,0}_{μ,α} = F^N_α − 3 + μ, see (3), by condition (F1) it holds Φ^{0,0}_{μ,α}(β^{−1}) = μ. So, for small μ < 0, there are c_{μ,α} (the continuation of c_α in Section 4) and ℓ_{μ,α} ∈ D^+, β^{−1} < ℓ_{μ,α} < c_{μ,α}, with Φ^{0,0}_{μ,α}(ℓ_{μ,α}) = 0 and Φ^{0,0}_{μ,α}(c_{μ,α}) = β^{−1}.

Lemma 6.3. (Bounded distortion lemma) There is a constant L, independent of small |α| and |μ|, such that L^{−1} |I| |J| ≤ |(Φ^{0,0}_{μ,α})^k(I)| |(Φ^{0,0}_{μ,α})^k(J)| ≤ L |I| |J| , for every pair of intervals I and J in the same fundamental domain of Φ^{0,0}_{μ,α} in [c_{μ,α}, 1] with (Φ^{0,0})^j_{μ,α}(I ∪ J) ⊂ [c_{μ,α}, 1] for all j = 1, . . . , k − 1.

The proof of this lemma is quite standard and uses that the map Φ^{0,0}_{μ,α} is C^2 and monotone in [c_{μ,α}, 1], which follows from condition (F3) and equation (3). For details see [PT_3, pages 58-59].

Define, for μ < 0, the interval G_0(μ, α) = (β^{−1}, ℓ_{μ,α}). Since |μ| = |(Φ^{0,0}_{μ,α})^′(ξ)| |G_0(μ, α)| for some ξ ∈ [β^{−1}, ℓ_{μ,α}] ⊂ [β^{−1}, 1], there is a constant K (independent of small α and μ) such that |μ| K < |G_0(μ, α)| = (ℓ_{μ,α} − β^{−1}) < K |μ|. (10)

We take small μ < 0 with K |μ| << min{d^c, τ^c}, where d^c and τ^c are as in Lemma 6.2.

6.2.1 The induced map Fix small μ < 0 and let α(μ) be the parameter corresponding to the saddle-node bifurcation of the family (g_α + μ)_α. Take α < α(μ) and note that Φ^{0,0}_{μ,α} = g_α + μ has no fixed points in [c_{μ,α}, 1]. Define I_0(μ, α) = [ℓ_{μ,α}, c_{μ,α}] and H_0(μ, α) = [β^{−1}, c_{μ,α}] = {β^{−1}} ∪ G_0(μ, α) ∪ I_0(μ, α).

Since H_0(μ, α) is a fundamental domain of Φ^{0,0}_{μ,α} and the graph of Φ^{0,0}_{μ,α} is under the diagonal, there is a first k_0 ∈ N such that (Φ^{0,0}_{μ,α})^{k0} (1) ∈ H_0(μ, α). For each k ∈ {1, . . . , k_0}, let L_k(μ, α) = (Φ^{0,0}_{μ,α})^{−k}(L_0(μ, α)) ∩ [β^{−1}, 1], L = G, H, I. (11)

Note that I_{k0} (μ, α) = ∅ if 1 ∈ G_{k0} (μ, α) and Φ^{0,0}_{μ,α}((ℓ_{μ,α}, c_{μ,α})) = (0, β^{−1}). Take the following partition J_i(μ, α) of (ℓ_{μ,α}, c_{μ,α}] by intervals accumulating to ℓ_{μ,α} whose interiors are pairwise disjoint: (ℓ_{μ,α}, c_{μ,α}] = ⋃ i≥1 J_i(μ, α), where J_i(μ, α) = (Φ^{0,0}_{μ,α})^{−1}(β^{−i} ([β^{−1}, 1]). (12)

Using this partition, we define the following induced map (depicted in Figure 5) Ψ_{μ,α} : (ℓ_{μ,α}, c_{μ,α}] → [β^{−1}, 1], x ∈ J_i(μ, α) → Ψ_{μ,α}(x) = β^i (Φ^{0,0}_{μ,α}(x)) = Φ^{i,0}_{μ,α}(x). (13) The map Ψ_{μ,α} is bi-valuated in boundary of J_i(μ, α) and maps the interior of J_i(μ, α) onto (β^{−1}, 1). PSfrag replacements

Figure 5: The induced map Ψ_{μ,α}

Define the map Γ_{μ,α} (which is bi-valuated at infinitely many points) as follows (see Figure 6):

Γ_{μ,α} : I(μ, α) =

k_0⋃

i=0 I_i(μ, α) → [β^{−1}, 1], x ∈ I_i(μ, α) → Γ_{μ,α}(x) = Ψ_{μ,α} ∘ (Φ^{0,0}_{μ,α})^i(x). (14)

Remark 6.4. Let m^+ and m^− > 0 be upper and lower bounds of the derivative of Φ^{0,0}_{μ,α} in [β^{−1}, 1] independent of small μ and α. Then β^i m^− ≤ Ψ^′_{μ,α}(x) ≤ β^i m^+ for all x ∈ J_i(μ, α). Lemma 6.5. The map Γ_{μ,α} verifies the following:

• its lateral derivatives are defined at every point in the interior of I(μ, α); • it is uniformly expanding (i.e., there is ρ > 1 such that every lateral derivative is strictly bigger than ρ); and

PSfrag replacements

Figure 6: The map Γ_{μ,α}

• Γ^′_{μ,α}(x) → +∞ as x → (Φ^{0,0}_{μ,α})^{−i}(ℓ_{μ,α}), i = 0, . . . , k_0.

Proof: The first and the third items follow immediately from the definition of Γ_{μ,α}. For the second assertion, we begin by estimating the derivative of Ψ_{μ,α} in I_0(μ, α). Take any x ∈ I_0(μ, α), x ∈ J_k(μ, α) for some k ≥ 1, by definition,

Ψ_{μ,α}(x) = β^k (Φ^{0,0}_{μ,α}(x)) = β^k (F^N_α (x) + 3 + μ) = β^k (g_α(x) + μ).

Since J_k(μ, α) ⊂ [β^{−1}, c_{μ,α}], condition (F4) implies that Ψ^′_{μ,α}(y) > β.

Suppose now that x ∈ I_j (μ, α), j ≥ 1, then x, (Φ^{0,0}_{μ,α})(x), . . . , (Φ^{0,0}_{μ,α})^{j−1}(x) belong to [c_{μ,α}, 1], thus Φ^{0,0}_{μ,α} coincides with g_α + μ along the first j iterates of x. Therefore,

Γ_{μ,α}(x) = Ψ_{μ,α} ∘ (g_α + μ)^j(x).

We claim that ((g_α + μ)^{j−1})^′((g_α + μ)(x)) > 1/2, which implies the result: Since (g_α + μ)^j(x) ∈ I_0(μ, α), Ψ^′_{μ,α}((g_α + μ)^j (x)) > β, now it is enough to note that β/4 > 1 and g^′_α(x) > 1/2 for all x.

To prove the claim, note that, fixed small μ < 0, (g_α + μ)_α is a saddle-node arc bifurcating at α(μ) = ε (−1 + √ 1 − 4μ) close to 0. Repeating the proof of Proposition 4.1 and noting that, with the notation of the proposition, j − 1 = n_α((g_α + μ)(x)), one gets, for small α < α(μ),

((g_α + μ)^{j−1})^′((g_α + μ)(x)) > 1/2,

ending the proof of the claim and of the lemma. □

We are now ready to construct a dynamically defined Cantor set Σ_{μ,α}, associated to Γ_{μ,α}, with large thickness and small gaps, whose central localization is a hyperbolic set Ω_{μ,α} of index 2. The key step in this construction is Proposition 6.6, which together with Lemma 6.2 and (Gap) Lemma 7.1 are the ingredients of the persistence of cycles in the theorem, see Section 7.

Archetypally, the set Σ_{μ,α} consists of the points in D^+ whose orbits by Γ_{μ,α} do not meet G_0(μ, α). In general, this set fails to be dynamically defined (and thus we do not know how to calculate its thickness). To bypass this difficulty, we consider a dynamically defined subset of it. This is done by constructing a Markov partition for Γ_{μ,α} and defining Σ_{μ,α} as the maximal invariant set associated to such a partition (this corresponds to exhibit a good presentation of Σ_{μ,α}).

Recall that, fixed small μ^⋆ < 0, α(μ^⋆) is the parameter corresponding to the saddle-node bifurcation of the family (g_α + μ^⋆)_α. Thus the arc (g_{α(μ}⋆_) + μ)_μ unfolds a saddle-node at μ^⋆. Proposition 6.6. There are constants τ_0, τ_1 > 0, and 0 < η ≤ 1, independent of small μ^⋆ < 0, such that, for all μ < μ^⋆, the map Γ_{μ,α(μ}⋆_) has a dynamically defined Cantor set Σ_{μ,α(μ}⋆_) such that: (a) τ(Σ_{μ,α(μ}⋆_)) ≥ τ_0/|μ|^η, where τ denotes the thickness of the Cantor set, (b) every (bounded) gap of the Cantor set Σ_{μ,α(μ}⋆_) has length less than τ_1 |μ|^η, and (c) the diameter of Σ_{μ,α(μ}⋆_) is bigger than (1 − β^{−1})/2.

Notational remark: From now on, the parameter α is fixed and equal to α(μ^⋆), the saddle-node parameter of the arc (g_α + μ^⋆)_α, for some small negative μ^⋆. Thus for notational simplicity, the dependence on α of the maps and the associated points and sets will be omitted.

For μ < μ^⋆ and close to μ, to construct the set Σ_μ we consider a Markov partition. There are two cases, according to the position of G_{k0} (μ).

6.2.2 Construction of the Markov partition. Case 1: 1 ∈ G_{k0} (μ) (i.e., I_{k0} (μ) = ∅) Let q_μ ∈ I_{k0−1}(μ) be the closest point to 1 with Γ_μ(q_μ) = q_μ (the existence of q_μ is guaranteed by Γ_μ(I_{k0−1}(μ)) = [0, 1]). By construction, there is a sequence x_n ∈ (ℓ_μ, 1) of fixed points of Γ_μ converging to ℓ_μ. In particular, there is a fixed point p_μ of Γ_μ arbitrarily close to ℓ_μ satisfying Γ_μ(p_μ) = p_μ, p_μ − ℓ_μ < |μ|. (15) Lemma 6.7. There are constants K_1, K_2, and K_3, independent of small μ^⋆ < 0, such that, for all μ < μ^⋆ close to μ^⋆,

1. |G_{k0} (μ)| < K_1 |G_0(μ)| < K_2 |μ|,

2. (1 − q_μ) ≤

K_1 ρ ρ − 1

|G_0(μ)| ≤

K_2 ρ ρ − 1

|μ| ≤ K_3 |μ|, where ρ > 1 is as in Lemma 6.5.

Proof: The inequalities in item (1) follow from Proposition 4.1, the first one, and equation (10), the second one. To prove item (2), let G_{k0} (μ) = (1−v_μ, 1). By construction, considering the branch of Γ_μ in I_{k0−1}(μ), one has Γ_μ([q_μ, 1 − v_μ]) = [q_μ, 1]. Since Γ_μ has no discontinuities in [q_μ, 1 − v_μ], by Lemma 6.5, there is x ∈ (q_μ, 1 − v_μ) such that (1 − q_μ) = Γ^′_μ(x)(1 − v_μ − q_μ) ≥ ρ(1 − v_μ − q_μ).

Since v_μ = |G_{k0} (μ)|, using the first part of the lemma, one has that

(1 − q_μ) ≤ ρ ρ − 1 v_μ ≤ ρ ρ − 1

K_1 |G_0(μ)| ≤ ρ ρ − 1

K_2 |μ| ≤ K_3 |μ|,

ending the proof of the inequalities in the second item of the lemma. □ Let A_0(μ) = (β^{−1}, p_μ) and A_{k0} (μ) = (q_μ, 1). Equations (10) and (15) and Lemma 6.7 imply:

Lemma 6.8. There is a constant K_4 > 0, independent of small μ^⋆, such that max{|A_0(μ)|, |A_{k0} (μ)|} ≤ K_4 |μ|, for all μ < μ^⋆ close to μ^⋆.

We now define the intervals corresponding to the initial gaps and bridges of the Cantor set Σ_μ: • For j ∈ {1, . . . , (k_0−1)}, A_j (μ) = (a_j, b_j ) is an interval containing G_j (μ) such that Γ_μ(a_j ) = q_μ and Γ_μ(b_j ) = p_μ. More precisely, a_j is the biggest point in I_{j−1}(μ) with Γ_μ(a_j ) = q_μ and b_j ∈ I_j (μ) is chosen close to the right extreme of G_j (μ). A priori, there are infinitely many possibilities for the choice of b_j, we will explicit this choice below. In Figure 7 are depicted the gaps A_0(μ) and A_1(μ).

• For j = 0, . . . , k_0 − 1, B_j(μ) = [b_j , a_{j+1}], where a_{k0} = q_μ and b_0 = p_μ. Remark 6.9. By construction, (Φ^{0,0}_μ )^k(B_k(μ)) = B_0(μ).

In [p_μ, c_μ], the map Ψ_μ = Γ_μ has finitely many discontinuities, say r. The number r increases as p_μ approaches to ℓ_μ, so r can be taken arbitrarily large after an appropriate choice of p_μ. We choose the points b_j above such that the restriction of Γ_μ to each B_j(μ) also has r discontinuity points d^1_j < d^2_j < · · · < d^r_j , where Γ_μ is bi-valuated and takes the values β^{−1} and 1. Thus the restriction of Γ_μ to each B_j (μ) has (r + 1) (injective) branches, where

• Γ_μ([b_j , d^1_j ]) = [p_μ, 1],

• Γ_μ([d^i_j , d^{i+1}_j ]) = [β^{−1}, 1], for i = 1, . . . , r − 1, and

• Γ_μ([d^r_j , a_{j+1}]) = [β^{−1}, q_μ].

To get a Markov partition of Γ_μ, we refine the bridges B_j (μ) by adding new gaps, see Figure 7. • For each j ∈ {0, . . . , k_0 −1} and i ∈ {1, . . . , r}, A^i_j (μ) is the smallest interval (a^i_j , b^i_j ) containing the discontinuity d^i_j such that Γ_μ(a^i_j ) = q_μ and Γ_μ(b^i_j) = p_μ.

• The intervals B^0_j (μ), B^1_j (μ), . . . , B^r_j (μ) are the connected components of B_j(μ) \ ∪^r_{i=1}A^i_j(μ), ordered in such a way B^i_j(μ) is at the left of B^{i+1}_j (μ). By construction, Γ_μ(B^i_j (μ)) = [p_μ, q_μ]. Note that B^i_j(μ) = [b^i_j , a^{i+1}_j ] and that b^0 = p_μ.

The previous construction and Lemma 6.5 imply the following:

Proposition 6.10. Let B_μ = {B^i_j (μ)}^{i=1,...,r}_{j=0,...,(k0−1)}, B_μ = ∪_{i,j}B^i_j(μ), and Σ_μ be the maximal invariant set of Γ_μ in B_μ. The set Σ_μ is a (expanding) dynamically defined Cantor set associated to the Markov partition B_μ.

Throughout this section, in our estimates of the thickness, we use repeatedly the next result: Lemma 6.11. (Bounded distortion property, [PT_3, Theorem 1 page 58]) Let Σ be a dynamically defined Cantor set of a C^{1+ε}-expanding map Γ. Given any δ > 0, there is κ(δ) > 0 such that: for every pair of points x and y and n ≥ 1 such that |Γ^n(x) − Γ^n(y)| ≤ δ and the interval of extremes Γ^i(x) and Γ^i(y) is contained in the domain of definition of Γ, for all i = 0, 1, . . . , (n−1), it holds | log |(Γ^n)^′(x)| − log |(Γ^n)^′(y)|| ≤ κ(δ).

Moreover, κ(δ) converges to 0 as δ → 0.

PSfrag replacements

Figure 7: Initial gaps and bridges

We apply this lemma to the set Σ_μ associated to the expanding map Γ_μ (restricted to the Markov partition B_μ). In our context, it is enough to fix δ = (1 − β^{−1}), which is an upper bound for the length of any interval of the partition, and let κ_μ = κ_μ(δ), the constant given by the lemma. Using the definition of Γ_μ, see (13) and (14), and that it is C^2, one gets

κ_μ ≤ max |Ψ^{′′}_μ(x)| (min |Ψ^′_μ(y)|)^2

(1 − β^{−1}) 1 ρ − 1 , where ρ > 1 is as in Lemma 6.5. Thus κ_μ = κ can be taken independent of small μ. This inequality (whose proof we omit here) is obtained adapting straightforwardly the proof of Lemma 6.11 to the C^2-case (see [PT_3, page 59]).

To estimate the thickness of Σ_μ we choose the following presentation A_μ of it: Presentation of A_μ: The generation (0, 1) of gaps is A_1(μ), A_2(μ), . . . , A_{k0} (μ). The generation (0, 2) of gaps is defined by

A^1_0(μ), A^2_0(μ), . . . , A^r_0(μ), A^1(μ), A^2_1(μ), . . . , A^r_1(μ), . . . , A^1_{k0} (μ), A^2_{k0} (μ), . . . , A^r_{k0} (μ).

Inductively, for each i = 1 or 2, we define the (k + 1, i)-generation of gaps as the pre-images by Γ_μ of the gaps of the (k, i)-generation, enumerated according to the ordering in R. Moreover, any gap of generation (k + 1, 2) is posterior to any gap of generation (k + 1, 1).

Take a gap G of (n, i)-generation and a bridge B of G. Then the number n and any pair of points x ∈ G and y ∈ B verify the hypotheses of Lemma 6.11. Moreover, Γ^n_μ(G) is a gap of (0, i)-generation and Γ^n_μ(B) is a bridge of it. Using Lemma 6.11 one gets (this is a standard argument)

e^{−κ} |B| |G| ≤ |Γ^n_μ(B)| |Γ^n_μ(G)|

≤ e^κ |B| |G| . (16)

Remark 6.12. Equation (16) implies that if τ > 0 is such that |B|/|G| > τ, for every gap G of generation (0, 1) or (0, 2) and every bridge B of G, then the thickness of Σ_μ is bigger than τ e^{−κ}.

PSfrag replacements

Figure 8: New generation of gaps

By Remark 6.12, to get a lower bound for τ(Σ_μ) (i.e. to prove Proposition 6.6 in Case 1) it suffices to estimate the ratios between bridges and gaps of generations (0, 1) and (0, 2). This is done in the next lemma.

Lemma 6.13. There is K_0, independent of small μ^⋆ < 0, such that, for every gap G of generation (0, 1) or (0, 2) and any bridge B of G, it holds |B|/|G| > K_0/|μ|, for every μ < μ^⋆ close to μ^⋆. Proof: We first estimate |B_0(μ)|/|A_1(μ)| and |B_1(μ)|/|A_1(μ)|. Note that B_0(μ) is the left bridge of A_1(μ) and B_1(μ) is contained in the right bridge of A_1(μ). To estimate the length of A_1(μ) = (a_1, b_1), write G_1(μ) = (c_μ, g^r_1) ⊂ A_1(μ) (see equation (11)). Then |A_1(μ)| = b_1 − a_1 = (b_1 − g^r_1) + |G_1(μ)| + (c_μ − a_1).

As c_μ and a_1 are in the same branch of Γ_μ, Γ_μ(c_μ) = 1 and Γ_μ(a_1) = q_μ, Lemmas 6.5 and 6.7 imply

(c_μ − a_1) ≤

1 − q_μ ρ ≤ K_3 |μ| ρ . (17) Also, since by construction, Γ_μ(G_1(μ)) = G_0(μ), from Lemmas 6.5 and 6.7,

|G_1(μ)| ≤

|G_0(μ)| ρ ≤ K_2 |μ| K_1 ρ = K_5 |μ| ρ . By construction, Φ^{0,0}_μ (g^r_1) = ℓ_μ and Φ^{0,0}_μ (b_1) = p_μ, Proposition 4.1 and equation (15) imply that b_1 − g^r_1 ≤ 2 (p_μ − ℓ_μ) ≤ 2 |μ|.

Putting these inequalities together, one gets |A_1(μ)| ≤

K_3 + K_5 + 2 ρ ρ |μ| = K_6 |μ|. (18)

To estimate B_0(μ) = [p_μ, a_1] write

|B_0(a_μ)| = (c_μ − ℓ_μ) − (p_μ − ℓ_μ) − (c_μ − a_1).

Note first that the size of [ℓ_μ, c_μ] is uniformly bounded away from zero (independent of small μ^⋆). By (15) and (17), (p_μ − ℓ_μ) + (c_μ − a_1) ≤ (1 + (K_3/ρ)) |μ|. Thus there is a constant K_7 such that

|B_0(a_μ)| > K_7 > 0.

Finally, by Remark 6.9 and Lemma 6.3, the previous inequality implies that

|B_1(μ)| > K_8 > 0.

All the estimates above lead to min { |B_1(μ)| |A_1(μ)| , |B_0(μ)| |A_1(μ)| , } ≥ K_9 |μ| . (19)

Similarly, using Lemma 6.3, Remark 6.9, and equation (19), one gets min { |B_i(μ)| |A_i(μ)| , |B_{i−1}(μ)| |A_i(μ)| , } ≥ L K_9 |μ| = K_{10} |μ| . (20)

Observing that, for each i, B_{i−1}(μ) is the left bridge of A_i(μ) and B_i(μ) is contained in the right bridge of A_i(μ), this ends the estimates for the generation (0, 1).

We now estimate the ratio between bridges and gaps of generation (0, 2). In this step, each interval B_j(μ) is subdivided into (r + 1) new bridges B^i_j(μ), i = 0, . . . , r, obtained from B_j(μ) by removing the intervals A^i_j (μ) around the discontinuities d^i_j , i = 1, . . . , r, where r is the number of of discontinuities of Ψ_μ in [p_μ, c_μ]. As before, bearing in mind Lemma 6.3, we first estimate these ratios for the bridges B^i_0(μ).

Observe that, by definition, B^i_0(μ) = [b^i_0, a^{i+1}_0 ] ⊂ J_{r+1−i}(μ) (recall equation (12)) and

Γ_μ((d^i_0, b^i_0)) = (β^{−1}, p_μ) and Γ_μ((a^i_0, d^i_0)) = (q_μ, 1).

Recall that |(β^{−1}, p_μ)| < (K + 1) |μ| (see (10) and (15)) and |(q_μ, 1)| < K_3 |μ| (Lemma 6.7). Note that (a^i_0, d^i_0) ∪ B^i_0(μ) ⊂ J_{r+1−i}(μ) and that (d^i_0, b^i_0) ⊂ J_{r+1−i−1}(μ). Remark 6.4 now implies that

|A^i_0(μ)| = (b^i_0 − a^i_0) = (b^i_0 − d^i_0) + (d^i_0 − a^i_0) ≤

(K + 1 + K_3) μ β^{r−i} m^− = K_{11} |μ| β^{r−i} m^−

. (21)

Analogously, as Ψ_μ(B^i_0(μ)) = [p_μ, q_μ], and the size of [p_μ, q_μ] is uniformly lower bounded, one has

|B^i_0(μ)| ≥

K_{12} β^{r−i+1} m^+

. (22)

Now, from inequalities (21) and (22), it follows that, for i = 1, . . . , r, min { |B^{i−1}_0 (μ)| |A^i_0(μ)| , |B^i_0(μ)| |A^i_0(μ)| , } ≥ K_{13} |μ| . (23)

Arguing exactly as in the gaps of generation (0, 1), by using Lemma 6.3, for all i = 1, . . . , r and j = 0, . . . , k_0, one gets min { |B^{i−1}_j (μ)| |A^i_j (μ)| , |B^i_j (μ)| |A^i_j (μ)| , } ≥ K_{14} |μ| . (24)

Since, for each i, B^{i−1}_j (μ) is the left bridge of A^i_j (μ) and B^i_j (μ) is contained in the right bridge of A^i_j (μ), this ends the estimates for the generation (0, 2) and the proof of the lemma. □ Part (b) of Proposition 6.6 follows from Lemma 6.5, noting that the previous estimates show that the lengths of the gaps of (0, 1) and (0, 2)-generations are (at most) of order of |μ|. Finally, to get (c), just note that, by Lemmas 6.7 and 6.8,

diameter(Σ_μ) = q_μ − p_μ = (1 − β^{−1}) − (1 − q_μ) − (p_μ − β^{−1}) ≥ (1 − β^{−1}) − K_3 |μ| − K_4 |μ|. The proof of Proposition 6.6 in Case 1 is now complete.

6.2.3 Construction of the Markov partition. Case 2. 1 ∉ G_{k0} (μ) (i.e., 1 ∈ I_{k0} (μ)) Let τ > 2/τ^c (τ^c as in Lemma 6.2). We will modify the Markov partition in Case 1 in order to construct a dynamically defined Cantor set Σ_μ (associated to such a partition) such that the ratios bridges/gaps of the zero generation are (at least) of order of 1/|μ|^η , for some η ∈ (0, 1). By Remark 6.12 and Proposition 6.6 the thickness of the set Σ_μ is larger than τ. We consider two cases, according to the size of I_{k0} (μ). Let ξ = 1/|μ^⋆|^{3/5}. (25)

Case 2.1. |I_{k0} (μ)| ≤ ξ |μ|. We modify the construction of Case 1 replacing G_{k0} (μ) by G^′_{k0} (μ) = G_{k0} (μ) ∪ I_{k0} (μ) and defining p_μ and q_μ exactly as before (i.e., we add the relatively small interval I_{k0} (μ) to the relatively big gap G_{k0} (μ)). The estimate for p_μ − ℓ_μ (equation (15)) is exactly the same and the one for (1 − q_μ) follows as in Lemma 6.7, but in this case one gets (1 − q_μ) ≤ (K_3 + ξ) |μ|.

We consider the dynamically defined Cantor set Σ_μ associated to the map Γ_μ in [p_μ, q_μ] (the Markov partition and the gaps of generations (0, 1) and (0, 2) are defined as before). In this way, the Cantor set Σ_μ verifies Proposition 6.6 (taking η equal to^2_5 ).

Case 2.2. |I_{k0} (μ)| > ξ |μ|. We split I_{k0} (μ) into two intervals I^ℓ_{k0} (μ) and I^r_{k0} (μ) with disjoint interiors, where I^ℓ_{k0} (μ) is the domain of all (infinitely many) surjective branches of the restriction of Γ_μ to I_{k0} (μ) and I^r_{k0} (μ) is its complement (corresponding to the only non surjective branch of Γ_μ). See Figure 9. Write Γ_μ(I^r_{k0} (μ)) = [β^{−1}, r], where r < 1. By Lemma 6.5,

|I^r_{k0} (μ)| ≤

(r − β^{−1}) ρ . (26)

There are two sub-cases, according to the ratios between the sizes of I^r_{k0} (μ) and I^ℓ_{k0} (μ): either |I^r_{k0} (μ)|/|I^ℓ_{k0} (μ)| ≤ ξ |μ| (Case 2.2.1) or |I^r_{k0} (μ)|/|I^ℓ_{k0} (μ)| > ξ |μ| (Case 2.2.2).

Case 2.2.1. |I^r_{k0} (μ)|/|I^ℓ_{k0} (μ)| ≤ ξ |μ|. In this case I^r_{k0} (μ) is considered as an extremal gap and plays a role similar to the gap G_{k0} (μ) in Case 1. Let q^′_μ be the fixed point of Γ_μ in I^ℓ_{k0} (μ) closest to 1. Consider the dynamically defined Cantor set Σ_μ in [p_μ, q^′_μ] associated to Γ_μ and the Markov partition obtained by modifying the one in Case 1 as follows:

• We consider k_0 gaps A_i(μ) (i = 1, . . . , k_0) of generation (0, 1) (instead of k_0 − 1 as in Case 1), where each gap A_i(μ) contains G_i(μ) and is defined as in Case 1 replacing q_μ by q^′_μ.

• The gaps of generation (0, 2) are obtained as the ones in Case 1, but now adding the discontinuities of Γ_μ in I^ℓ_{k0} (μ).

By Remark 6.12, it is enough to estimate the ratios bridge/gap for the generations (0, 1) and (0, 2). We first consider the generation (0, 1). Since I^r_{k0} (μ) is (at most) of order of ξ |μ| ≃ |μ|^{2/5}, arguing as in (2) in Lemma 6.7, it follows that |1 − q^′_μ| is of the same order as |I^r_{k0} (μ)|, hence |1 − q^′_μ| is at most of order of |μ|^{2/5}. This implies that the ratios bridge/gap of generation (0, 1), excluded |I^ℓ_{k0} (μ)|/|A_{k0} (μ)|, are of order of (at least) 1/|μ|^{2/5}. As in Case 1, to estimate |I^ℓ_{k0} (μ)|/|A_{k0} (μ)| it suffices to estimate |I^ℓ_{k0} (μ)|/|G_{k0} (μ)| (these quotients are of the same order). Note that

ξ |μ| ≤ |I_{k0} (μ)| = |I^r_{k0} (μ)| + |I^ℓ_{k0} (μ)| = |I^ℓ_{k0} (μ)| ( |I^r_{k0} (μ)| |I^ℓ_{k0} (μ)| + 1 ) ≤ |I^ℓ_{k0} (μ)| (ξ |μ| + 1).

Thus, |I^ℓ_{k0} (μ)| ≥ ξ |μ| 1 + ξ |μ| . Arguing as in Lemma 6.7, one gets |G_{k0} (μ)| < K_2 |μ|. Finally, recalling the definition of ξ in (25),

|I^ℓ_{k0} (μ)| |G_{k0} (μ)| ≥ ξ K_2 (1 + ξ |μ|)

= K^′_2 1 |μ|^{3/5}

≥ K^′_2 1 |μ|^{2/5} , ending the estimates for the generation (0, 1).

The estimates for the ratios bridge/gap of generation (0, 2) follow as in Case 1, but now these ratios are of order of (at least) 1/|μ|^{2/5}. The previous calculations and the choice of ξ in (25) imply that, for small μ^⋆ and μ < μ^⋆ close to μ^⋆, the ratios bridge/gap of generations (0, 1) and (0, 2) are at least of order of 1/|μ|^{2/5}. Thus, by Remark 6.12, the set Σ_μ verifies Proposition 6.6 taking η = 2/5. Finally, the lower bound for the diameter of Σ_μ is obtained similarly replacing q_μ by q^′_μ.

Case 2.2.2. |I^r_{k0} (μ)|/|I^ℓ_{k0} (μ)| > ξ |μ|. We claim that, in this case, Γ_μ(I^r_{k0} (μ)) contains (at least) two surjective branches of Γ_μ. Note first that we can choose the fixed point p_μ of Γ_μ arbitrarily close to ℓ_μ such that there is s_μ > p_μ such that [p_μ, s_μ] contains two consecutive branches of Γ_μ and (s_μ − ℓ_μ) < |μ|. Since Γ_μ(I^r_{k0} (μ)) = [β^{−1}, r] and G_0(μ) = (β^{−1}, ℓ_μ), to get (p_μ, s_μ) ⊂ Γ_μ(I^r_{k0} (μ)) it is enough to see that (β^{−1}, s_μ) ⊂ Γ_μ(I^r_{k0} (μ)). By equation (10),

(s_μ − β^{−1}) ≤ |G_0(μ)| + |μ| ≤ K |μ| + |μ| < |Γ_μ(I^r_{k0} (μ))|.

We argue by contradiction, if the last inequality does not hold, then, by Lemma 6.5,

|I^r_{k0} (μ)| ≤

(1 + K) |μ| ρ .

Thus, by hypothesis,

ξ |μ| < |I_{k0} (μ)| = |I^r_{k0} (μ)| + |I^ℓ_{k0} (μ)| = |I^r_{k0} (μ)| ( 1 + |I^ℓ_{k0} (μ)| |I^r_{k0} (μ)| ) ≤ (K + 1) |μ| ρ ( 1 + 1 ξ |μ| ) . Hence, ξ ≤ (K + 1) ρ ( 1 + 1 ξ |μ| ) , which, by the definition of ξ in (25), is not verified for μ close to small μ^⋆. This proves the claim.

By the claim, there is h ≥ 3 such that I^r_{k0} (μ) is of the form

I^r_{k0} (μ) = h⋃ j=1 (G_{k0+j} (μ) ∪ I_{k0+j}(μ)), where

• the interval I_{k0+h}(μ) may be empty, • Γ_μ(G_{k0+j}(μ)) = G_{j−1}(μ) and Γ_μ(I_{k0+j} (μ)) = I_{j−1}(μ), if j ≠ h, • if j = h and I_{k0+h}(μ) ≠ ∅, then Γ_μ(G_{k0+h}(μ)) = G_{h−1}(μ) and Γ_μ(I_{k0+h}(μ)) ⊂ I_{h−1}(μ), • if j = h and I_{k0+h}(μ) = ∅, then Γ_μ(G_{k0+h}(μ)) ⊂ G_{h−1}(μ).

PSfrag replacements

Figure 9: New gaps and the map Γ^{(1)}_μ

Consider now the map (see Figure 9)

Γ^{(1)}_μ : [β^{−1}, 1] \ (∪^{k0+h}_{j=0} G_j (μ)) → [β^{−1}, 1], { Γ^{(1)}_μ (y) = Γ_μ(y), if y /∈ I^r_{k0} (μ), Γ^{(1)}_μ (y) = Γ_μ ∘ Γ_μ(y), if y ∈ I^r_{k0} (μ).

Remark 6.14. By construction and Lemma 6.5, the map Γ^{(1)}_μ is ρ-expanding. Moreover, its restriction to I_{k0+1}(μ), . . . , I_{k0+h}(μ) is ρ^2-expanding.

As in the case of the map Γ_μ, we consider two cases according to the position of 1. Case (a): the interval I_{k0+h}(μ) is empty, or, equivalently, 1 ∈ G_{k0+h}(μ). Case (b): I_{k0+h}(μ) ≠ ∅.

Case (a). In this case, we argue as in Case 1 (Section 6.2.2) with the following modifications.

• Take the fixed points p_μ (the same as above) and q^1_μ (the fixed point of Γ^{(1)}_μ closest to 1). The gaps of generation (0, 1) are the intervals A_0(μ), . . . , A_{k0+h}(μ), each of them containing the corresponding G_j (μ) and whose extremes are mapped by Γ^{(1)}_μ into p_μ and q^1_μ.

• To define the gaps of generation (0, 2), consider the discontinuities d^j_i , d^j_i ∈ I_i(μ), of Γ^{(1)}_μ and, for each d^j_i , the interval A^j_i (μ) containing d^j_i and mapped onto [β^{−1}, p_μ) ∪ (q^1_μ, 1] by Γ^{(1)}_μ .

As in Case 1, the key step is to estimate the ratios bridges/gaps of generations (0, 1) and (0, 2). As before, it is enough to estimate the ratios |I_j (μ)|/|G_j (μ)| and |I_{j−1}(μ)|/|G_j (μ)| instead of the ratios of the bridges and gaps (for notational simplicity, we let I^ℓ_{k0} (μ) = I_{k0} (μ)). First, as in Case 1, one has |1 − q^1_μ| < (K_{15} |μ|)/ρ^2), where K_{15} is independent of small μ. We have the following:

• For j = 1, . . . , k_0 − 1, the estimates for the quotients

|I_j (μ)| |G_j (μ)| and |I_{j−1}(μ)| |G_j (μ)|

are the similar to the ones made in Case 1. This also holds for |I_{k0−1}(μ)|/|G_{k0} (μ)|

• Since the old interval I_{k0} (μ) was subdivided, we need to estimate the ratios

|I_{k0} (μ)| |G_{k0} (μ)| and |I_{k0} (μ)| |G_{k0+1}(μ)| , considering the new I_{k0} (μ) = I^ℓ_{k0} (μ). This is done using Claim 6.15 below.

• The ratios |I_{k0+j} (μ)|/|G_{k0 +j}(μ)| and |I_{k0+j}(μ)|/|G_{k0 +j+1}(μ)|, j ≥ 1, are calculated exactly as the ratios of gaps of generation (1, 1) in Case 1.

Claim 6.15. |I^r_{k0} (μ)| < K_{16} |I^ℓ_{k0} (μ)|, K_{16} is independent of μ close to μ^⋆.

The claim follows immediately from equation (16), taking B = I^ℓ_{k0} (μ) and A = I^r_{k0} (μ) and noting that I^ℓ_{k0} (μ) ∪ I^ℓ_{k0} (μ) is contained in one interval (branch) of definition of Γ_μ, see Lemma 6.11.

By Lemma 6.7, |G_{k0} (μ)| < K_2 |μ|, by the claim and hypothesis (Case 2.2), one has ξ K_2 = ξ |μ| K_2 |μ| ≤ |I_{k0} (μ)| |G_{k0} (μ)| = |I^ℓ_{k0} (μ)| + |I^r_{k0} (μ)| |G_{k0} (μ)| ≤ (K_{16} + 1) |I^ℓ_{k0} (μ)| |G_{k0} (μ)| . Thus |I^ℓ_{k0} (μ)| |G_{k0} (μ)| > ξ K_2 (1 + K_{16}) . We now estimate |I^ℓ_{k0} (μ)|/|G_{k0 +1}(μ)|. From the definition of G_{k0+1}(μ), inequality (10), and Lemma 6.5, |G_{k0+1}(μ)| ≤

|G_0(μ)| ρ ≤ K |μ| ρ .

By hypothesis (Case 2.2) and the claim,

ξ |μ| ≤ |I_{k0} (μ)| = |I^ℓ_{k0} (μ)| + |I^r_{k0} (μ)| ≤ (1 + K_{16}) |I^ℓ_{k0} (μ)|.

Putting these inequalities together we have,

|I^ℓ_{k0} (μ)| |G_{k0+1}(μ)| > ξ ρ (1 + K_{16}) K . The estimates for the ratios bridge/gap of generation (0, 2) follow as in Case 1, using Lemma 6.11 and noting that the sizes of [β^{−1}, p_μ] and [q^1_μ, 1] are of order of (at most) |μ|. Arguing as in the previous case, this implies that all the ratios |I|/|G| of generations (0, 1) and (0, 2) are of order of (at least) 1/|μ|^{2/5}. This ends the estimate of the thickness of Σ_μ in Case (a).

Case (b). In this the situation similar to Case 2, now considering the map Γ^{(1)}_μ and 1 ∈ I_{k0+h}(μ) = I_{k1} (μ). We proceed exactly as before, if we fall in Cases (similar to) 1, 2.1, 2.2, 2.2.1 or 2.2.2(a) then the construction goes as above ends and the proof of Proposition 6.6 is finished.

If we are in Case 2.2.2(b), we define a new map Γ^{(2)}_μ , obtained from Γ^{(1)}_μ exactly as Γ^{(1)}_μ from Γ_μ. There is a new interval I_{k2} (μ) containing the point 1. Since the definition of I_{k2} (μ) involves two backwards iterations by Γ_μ, by Lemma 6.5, |I_{k2} (μ)| ≤ 1/ρ^2.

Lemma 6.11 and equation (16) guarantee that all the constants in Case 2.2.2(b) for Γ^{(1)}_μ are the same as the ones obtained in the first inductive step. We now proceed inductively: in each step n either the construction is finished (i.e., we fall in new Cases 1, 2.1, 2.2, 2.2.1 or 2.2.2(a)) or we define a new map Γ^{(n)}_μ and an interval I_{kn} (μ) of size less than 1/ρ^n containing the point 1. Therefore, there is a first n such that |I_{kn} (μ)| < 1/ρ^n < ξ |μ|, so we are in a situation similar to Case 2.1 and the recurrent procedure ends.

The proof of item (a) (lower bound for the thickness) of Proposition 6.6 is now complete. By construction, all the gaps of Σ_μ (in all sub-cases) are at most of order of |μ|^{2/5}, implying (b). The claim on the diameter follows noting that the convex hull of Σ_μ always contains [p_μ, q_μ].

6.3 The thick hyperbolic unstable set Ω_t Consider t ∈ B_n, t = λ^n(1 + μ), where μ < μ^⋆ and close to μ^⋆. Recall that α is fixed and equal to α(μ^⋆) and the transition map F associated to the arc f_t is F_{α(μ}⋆_). The (transitive) hyperbolic set Ω_t of index two is the (minimal) f_t-invariant set such that:

(a) The central localization of Ω_t (see (9) for the definition) is (Ω_t)^c = Σ_μ.

(b) Every X = (x, y, z) ∈ Ω_t ∩ Δ^+ has consecutive returns (by f_t) to Δ^+ such that the central dynamics of the composition of the returns is Γ^{(n)}_μ (n is the last step in the inductive process of the construction of Σ_μ),

f^r_t (X) = (x^′, y^′, z^′) and y^′ = Γ^n_μ(y),

where r is the number of iterations for obtaining such a final return.

Let us explain a bit more condition (b) and why the set Ω_t is hyperbolic (of index two). Let us assume, for simplicity, that Σ_μ = (Ω_t)^c is obtained in the first step of the process (i.e., associated to Γ_μ). Note that y ∈ ∪^{k0}_{j=0}I_j(μ), see (11). First, if y ∈ I_0(μ) then y ∈ J_i(μ) and thus it has a return of type (i, 0), recall the definitions of the intervals J_i(μ) in (12) and of return of type (p, q) in Section 3.2 (just before equation (2)). Using Remark 3.3 one has

f^{i+n+k0+0+n+N} t (x, y, z) = (x^′, y^′, z^′), y^′ = Ψ_μ(y) = Φ^{i,0}_μ (y) = Γ_μ(y).

By Lemma 6.5, Df^{i+n+k0+n+N} t (X) expands in the central direction (at least) by a factor ρ > 1.

Second, if y ∈ I_k(μ) then (Φ^{0,0}_μ )^k belongs to some subinterval J_i(μ) of I_0(μ). Therefore, using Remark 3.3, the point X = (x, y, z) ∈ Δ^+ has k consecutive returns to Δ^+ of type (0, 0) (each one corresponding to (0 + n + k_0 + 0 + n + N) iterations of f_t) followed by a return of type (i, 0) (corresponding to (i + n + k_0 + 0 + n + N) iterations). Thus

f^{(i+n+k0+n+N)+k (n+k0+n+N)} t (x, y, z) = (x^′, y^′, z^′), y^′ = Γ_μ(y).

By Lemma 6.5, the central direction is (at least) ρ-expanding, ρ > 1. As the number of iterations involved in those returns is upper bounded (the bound depending on the localization of p_μ and the number k_0 of initial bridges of the Markov partition), one gets the hyperbolicity of the set Ω_t.

If the set Σ_μ is obtained in the step n of the process (associated to Γ^{(n)}_μ ), one needs to consider other types of returns (defined similarly). The hyperbolicity follows from the fact that Γ^{(n)}_μ is ρ-expanding and that the returns involve a uniformly upper bounded number of iterates of f_t.

7 Linked sets. Persistence of heterodimensional cycles

We prove that, for μ^− < μ^⋆ close to μ^⋆, for every t ∈ C_n = [λ^n (1 + μ^−), λ^n(1 + μ^⋆)), the hyperbolic sets Λ_t = Λ_{t,α(μ}⋆_) in Lemma 6.2 (of index one and contained in the homoclinic class of P ) and Ω_t in Section 6.3 (of index two) are heteroclinically related. This will end the proof of the theorem.

Lemma 7.1. (Gap Lemma, [Ne_2] and [PT_3, page 63]) Let K_1 and K_2 be Cantor sets of R with thickness τ_1 and τ_2, respectively. If τ_1 · τ_2 > 1 then one of the following alternatives occur: K_1 is contained in a gap of K_2; K_2 is contained in a gap of K_1; K_1 ∩ K_2 ≠ ∅.

Write t = λ^n(1 + μ) and recall that Λ_μ = (Λ_t)^c and Σ_μ = (Ω_t)^c. By Lemma 6.2 and Proposition 6.6, the product of the thickness of Λ_μ and Σ_μ is bigger than one. Moreover, by construction, the convex hull of Λ_μ and Σ_μ are non-disjoint. Finally, Lemma 6.2 and Proposition 6.6 imply that each Cantor set is not contained in a gap of the other one (recall the conditions on the size of the gaps of Σ_μ and on the diameters of these two sets). Thus, by Lemma 7.1, Σ_μ ∩ Λ_μ ≠ ∅.

By construction, it is immediate that W^s(Λ_t) ∩ W^u(Ω_t) ≠ ∅. To see that W^u(Λ_t) ∩ W^s(Ω_t) ≠ ∅ take any y_0 ∈ Λ_μ ∩ Σ_μ. By Remark 3.3, there are points X_1 = (x_1, y_0, z_1) ∈ Λ_t and X_2 = (x_2, y_0, z_2) ∈ Ω_t. By construction,

{(x_1, y_0)} × [−1, 1] ⊂ W^u(X_1) and [−1, 1] × {(y_0, z_2)} ⊂ W^s(X_2).

So (x_1, y_0, z_2) ∈ W^u(Λ_t) ∩ W^s(Ω_t) and there is a (heterodimensional) cycle related to Λ_t and Ω_t.

References

[Ab] F. Abdenur, Generic robustness of spectral decompositions, Ann. Sci. École Norm. Sup., 36(2), 213-224, (2003).

[Ar] M.-C. Arnaud, Creation de connections en topologie C^1, Ergod. Th. & Dynam. Sys., 21(2), 339-381, (2001).

[BMP] S. Bautista, C. Morales, and M.J. Pacifico, The spectral decomposition fails for singular hyperbolic sets, preprint IM-UFRJ (2004).

[BD] C. Bonatti and L. J. Díaz, Persistent Transitive Diffeomorphisms, Annals of Mathematics, 143(2), 357-396, (1996).

[BDPR] C. Bonatti, L. J. Díaz, E.R. Pujals, and J. Rocha, Robustly transitive sets and heterodimensional cycles, Astérisque, 286, 187-222, (2003).

[CK] Y. Cao and S. Kiriki, An isolated saddle-node bifurcation occurring inside a horseshoe, Dynamics and Stability of Systems, 15(1), 11-22, (2000).

[CMP] C. Carballo, C. Morales, and M.J. Pacifico, Homoclinic classes for C^1-vector fields, Ergod.

Th. & Dynam. Sys., 23(2), 403-415, (2003).

[Co] M.J. Costa, Saddle-node horseshoes giving rise to global Hénon-like attractors, An. Acad.

Bras. Ci, 70, 393-400, (1998).

[Cr] S. Crovisier, Saddle-node bifurcations for hyperbolic sets, Ergod. Th. & Dynam. Sys., 22(4), 1079-1115, (2002).

[Dí_1] L.J. Díaz, Robust nonhyperbolic dynamics and heterodimensional cycles, Ergod. Th. & Dynam. Sys., 15(2), 291-315, (1995).

[Dí_2] L.J. Díaz, Persistence of cycles and nonhyperbolic dynamics at the unfolding of heteroclinic bifurcations, Nonlinearity, 8(5), 693-715, (1995).

[DRi] L. J. Díaz and I. L. Rios, Critical saddle-node horseshoes: bifurcations and entropy, Nonlinearity, 16(3), 897–928, (2003).

[DRo_1] L.J. Díaz and J. Rocha, Large measure of hyperbolic dynamics when unfolding heterodimensional cycles, Nonlinearity, 10(4), 57-884, (1997).

[DRo_2] L.J. Díaz and J. Rocha, Partially hyperbolic and transitive dynamics generated by heteroclinic cycles, Ergod. Th. & Dynam. Sys., 21(1), 25-76, (2001).

[DRo_3] L.J. Díaz and J. Rocha, Heterodimensional cycles, partial hyperbolicity and limit dynamics, Fundamenta Mathematicae, 174(2), 127-186, (2002).

[DRiV] L. J. Díaz, I. L. Rios, and M. Viana, The intermittency route to chaotic dynamics, Global Analysis of Dynamical Systems, Festschrift dedicated to F. Takens for his 60th birthday, Institute of Physics Publishing (IOP), 310-328, (2001).

[DRoV] L. J. Díaz, J. Rocha, and M. Viana, Strange attractors in saddle-node cycles: Prevalence and globality, Invent. Math., 125(1), 37-74, (1996).

[DS] L.J. Díaz and B. Santoro, Collision, explosion and collapse of homoclinic classes, Nonlinearity, 17(3), 1001-1032, (2004).

[DU] L.J. Díaz and R. Ures, Critical saddle-node cycles: Hausdorff dimension and persistence of tangencies, Ergod. Th. & Dynam. Sys., 22(4), 1117-1140, (2002).

[MP] C. Morales and M.J. Pacifico, On the dynamics of singular hyperbolic systems, preprint IM-UFRJ (2004).

[MPP] C. Morales, M.J. Pacifico, and E.R. Pujals, On C^1 robust singular transitive sets for three-dimensional flows, C. R. Acad. Sci. Paris Sér. I Math., 326(1), 81–86, (1998), and to appear in Annals of Math..

[Mo] C.G. Moreira, Stable intersections of Cantor sets and homoclinic bifurcations, Ann. Inst.

H. Poincaré Anal. Non Linéaire, 13(6), 741-781, (1996).

[MPV] C. G. Moreira, J. Palis, and M. Viana, Homoclinic tangencies and fractal invariants in arbitrary dimension, C. R. Acad. Sci. Paris Sér. I Math., 333(5), 475-480, 2001.

[Ne_1] S. Newhouse, Nondensity of axiom A(a) on S^2, Global Analysis, Proc. Sympos. Pure Math., Vol. XIV, Amer. Math. Soc., 191-202, (1970).

[Ne_2] S. Newhouse, Diffeomorphisms with infinitely many sinks, Topology, 13, 9-18, (1974).

[Ne_3] S. Newhouse, The abundance of wild hyperbolic sets and nonsmmoth stable sets for diffeomorphisms, Publ. Math. Inst. Hautes Etud. Sci., 50, 101-151, (1979).

[NP_1] S. Newhouse and J. Palis, Hyperbolic nonwandering sets on two-dimensional manifolds, Dynamical systems, Proc. Sympos., Univ. Bahia, Salvador, 1971, Academic Press, 293- 301, (1973).

[NP_2] S. Newhouse and J. Palis, Cycles and bifurcation theory, Astérisque, 31, 43-150, (1976).

[NPT] S. Newhouse, J. Palis, and F. Takens, Bifurcations and stability of families of diffeomorphisms, Publ. Math. Inst. Hautes. Etud. Sci., 57, 5-71, (1983).

[PT_1] J. Palis and F. Takens, Cycles and measure of bifurcation sets for two-dimensional diffeomorphisms, Inventiones Math., 82(3), 397-422, (1985).

[PT_2] J. Palis and F. Takens, Hyperbolicity and the creation of homoclinic orbits, Annals of Math., 125(2), 337-374, (1987).

[PT_3] J. Palis and F. Takens, Hyperbolicity and sensitive chaotic dynamics at homoclinic bifurcations, Cambridge Univ. Press, (1993).

[PV] J. Palis and M. Viana, High dimension diffeomorphisms displaying infinitely many periodic attractors, Ann. of Math., 140(1), 207-250, (1994).

[PY] J. Palis and J.- C. Yoccoz, Homoclinic tangencies for hyperbolic sets of large Hausdorff dimension, Acta Math., 172(1), 91-136, (1994).

[Pu] C. Pugh, An improved closing lemma and a general density theorem, Amer. J. Math., 89, 1010-1021, (1967).

[Sm] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc., 73, 747-817, (1967).

[Ta] F. Takens, Intermittancy: global aspects, Lecture Notes in Math., 1331, 213-239, (1988).

[YA] J. A. Yorke and K. T. Alligood, Period doubling cascades of attractors: a prerequisite for horseshoes, Comm. Math. Phys., 101(3), 305-321, (1985).

[Ze] C. Zeeman, Bifurcations, catastrophe and turbulence, Proc. Cent. Conf., New directions in Appl. Math., Case Western Reserve Univ., Cleveland, Springer Verlag, (1981).

Lorenzo J. Díaz (lodiaz@mat.puc-rio.br) Dep. Matemática, PUC-Rio Marquês de S. Vicente 225 22453-900 Rio de Janeiro RJ Brazil

Jorge Rocha (jrocha@fc.up.pt) Dep. Matemática Pura, Univ. Porto Rua Campo Alegre 687 4169-007 Porto Portugal