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Near-integrable Hamiltonian systems: definition

T" =R"/Z", B ball of R”, (0,1) € T" x B “angle-action” coordinates.
Given H : T" x B — R, we study solutions (6(t), I(t)) of the
Hamiltonian system

6 =0H(®,I), H(0,1) = h(l) + (6, 1),
I = —9pH(0. 1), fl<e<1, ()

where h, f belongs to some functional space (analytic, Gevrey, C¥).
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Near-integrable Hamiltonian systems: definition

T" =R"/Z", B ball of R”, (0,1) € T" x B “angle-action” coordinates.
Given H : T" x B — R, we study solutions (6(t), I(t)) of the
Hamiltonian system

6 =0H(®,I), H(0,1) = h(l) + (6, 1),
I =—8gH(0, 1), Ifl<e<x 1,

where h, f belongs to some functional space (analytic, Gevrey, C¥).

For ¢ = 0, the system H = h is integrable:
- action variables /(t) are integral of motions, I(t) = b, t € R.

- the tori T" X {ly} are invariant and the dynamic is quasi-periodic, if
wo = Vh(k), the flow is ®f : (8o, o) — (Ao + two [Z"], o)
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6 =0H(®,I), H(0,1) = h(l) + (6, 1),
I =—8gH(0, 1), Ifl<e<x 1,

where h, f belongs to some functional space (analytic, Gevrey, C¥).

For ¢ = 0, the system H = h is integrable:
- action variables /(t) are integral of motions, I(t) = b, t € R.

- the tori T" X {ly} are invariant and the dynamic is quasi-periodic, if
wo = Vh(k), the flow is ®f : (8o, o) — (Ao + two [Z"], o)

Local model for completely integrable systems (Liouville-Arnold).
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Near-integrable Hamiltonian systems: definition

T" =R"/Z", B ball of R”, (0,1) € T" x B “angle-action” coordinates.
Given H : T" x B — R, we study solutions (6(t), I(t)) of the
Hamiltonian system

6 =0H(®,I), H(0,1) = h(l) + (6, 1),
I =—8gH(0, 1), Ifl<e<x 1,

where h, f belongs to some functional space (analytic, Gevrey, C¥).

For ¢ = 0, the system H = h is integrable:
- action variables /(t) are integral of motions, I(t) = b, t € R.

- the tori T" X {ly} are invariant and the dynamic is quasi-periodic, if
wo = Vh(k), the flow is ®f : (8o, o) — (Ao + two [Z"], o)

Local model for completely integrable systems (Liouville-Arnold).

For £ > 0 small, the system H = h+ f is near-integrable.
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Analytic regularity: H is bounded and real-analytic on D = T" x B,
with a holomorphic extension on some neighbourhood
Vo(D) ={(6,1) € (C"/Z") x C" | |Z()| < o, d(I,B) < o}

with a width of analyticity o > 0. Then we use the norm

|H|C°(VU(D)): sup |H(z)|.
z€ V5 (D)




Near-integrable Hamiltonian systems: regularity

Analytic regularity: H is bounded and real-analytic on D = T" x B,
with a holomorphic extension on some neighbourhood

Vo (D) ={(0,1) € (C"/Z") x C" | |Z(6)| < 0, d(I, B) < o}
with a width of analyticity o > 0. Then we use the norm

|H|C°(VU(D)): sup |H(z)|.
z€ V5 (D)

Gevrey regularity: His C*°(D), and for &« > 1 and L > 0, one has
Hlaw = > LM (k)"0 H] cogpy < o0.
keN2n

For a« = 1, H is real-analytic, and one can take 0 = L.
For a > 1, compactly-supported functions exist.
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The general problem (according to Poincaré) is the following.

General problem
Study the dynamics of near-integrable Hamiltonian systems ().

Loosely speaking, we want to compare solutions of near-integrable
systems to solutions of integrable systems.

In particular, we will be interest in the evolution of the action
components /(t):

- I(t) “stay close” to its initial condition ly (“stability”)

- I(t) “move far away” from its initial condition fy (“instability”).
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For N = 2, trajectories are ellipses, for N > 3, not much is known.
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For N = 2, trajectories are ellipses, for N > 3, not much is known.

Solar system: 1+ N-body problem (Sun + planets), the attraction of
the sun is more important than the interaction between planets.

Neglect the interaction between planets: the system is integrable (N
uncoupled 2-BP), trajectories are ellipses, action variables I(t) = Iy
depend only on the semi-major axes of the ellipses.




Near-integrable Hamiltonian systems: motivation

N-body problem: evolution of N particles in gravitational interaction.
For N = 2, trajectories are ellipses, for N > 3, not much is known.

Solar system: 1+ N-body problem (Sun + planets), the attraction of
the sun is more important than the interaction between planets.

Neglect the interaction between planets: the system is integrable (N
uncoupled 2-BP), trajectories are ellipses, action variables I(t) = Iy
depend only on the semi-major axes of the ellipses.

Consider the interaction between planets: the system is near-integrable
(with € ~ 10™%), and studying the evolution of the action variables /(t)
is a way of studying the “deformation” of the ellipses.
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KAM theory (stability in the sense of measure)

Kolmogorov (54): consider a system (), with
- h non-degenerate (V2h(/) invertible for all | € B)
- h, f analytic.
If € is sufficiently small, then “most” solutions are quasi-periodic.

“Most”: a set of positive Lebesgue measure (full measure when £ — 0)
but meagre in the sense of Baire

Consequence of the theorem: “most” solutions are stable,

[1(t)— b] S Ve, teR.
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- h, f analytic.
If € is sufficiently small, then “most” solutions are quasi-periodic.

“Most”: a set of positive Lebesgue measure (full measure when £ — 0)
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Consequence of the theorem: “most” solutions are stable,
[I(t) — b| S Ve, teR.

For n = 2, all solutions are stable (Arnold 63).
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Kolmogorov (54): consider a system (), with
- h non-degenerate (V2h(/) invertible for all | € B)
- h, f analytic.
If € is sufficiently small, then “most” solutions are quasi-periodic.

“Most”: a set of positive Lebesgue measure (full measure when £ — 0)
but meagre in the sense of Baire

Consequence of the theorem: “most” solutions are stable,
[I(t) — b| S Ve, teR.

For n = 2, all solutions are stable (Arnold 63). For n >3 7
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Arnold (64): for n = 3, there exists an analytic system H = h + ef,
with h non-degenerate, such that for all € > 0 small enough, there exist
a solution (0(t), /(t)) and a time 7 = 7(¢) for which

[I(T) — b] > 1.
Arnold’s instability: variation of order 1 of the action components (weak
form of topological instability)
Arnold's example: construction for a specific perturbation f

Arnold’s conjecture: for n > 3, there is “general” instability for a
“typical” perturbation f of a non-degenerate Hamiltonian h.
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Arnold (64): for n = 3, there exists an analytic system H = h + ef,
with h non-degenerate, such that for all € > 0 small enough, there exist
a solution (0(t), /(t)) and a time 7 = 7(¢) for which

[I(T) — b] > 1.
Arnold’s instability: variation of order 1 of the action components (weak
form of topological instability)
Arnold's example: construction for a specific perturbation f

Arnold’s conjecture: for n > 3, there is “general” instability for a
“typical” perturbation f of a non-degenerate Hamiltonian h.

Estimates on the time of instability 7(g) ?
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isolated critical points)

- h, f analytic.

If € is small enough, then for all solutions
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[(t) — o] < €, |t“|,§e><p(g)7 0<ab<l
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Hence 7(¢) > T(c) = exp (1)7; ais called a stability exponent.




Nekhoroshev theory (effective stability) T ot imegraie

Hamiltonian systems

Abed Bounemoura

Introduction

Nekhoroshev (~70): consider a system (), with

- h steep (the restriction of h to any affine subspace of R" has only
isolated critical points)

- h, f analytic.

If € is small enough, then for all solutions
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Hence 7(¢) > T(c) = exp (1)7; ais called a stability exponent.

From now on, we will restrict to (quasi) convex integrable Hamiltonians.
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Nekhoroshev (~70): consider a system (), with

- h steep (the restriction of h to any affine subspace of R" has only
isolated critical points)

- h, f analytic.

If € is small enough, then for all solutions

1 a
[(t) — o] < €, |t“|,§e><p(g)7 0<ab<l

Hence 7(¢) > T(c) = exp (1)7; ais called a stability exponent.

From now on, we will restrict to (quasi) convex integrable Hamiltonians.

Specific problem
What is the maximal (minimal) time of stability T (e) (instability T())?
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1
Chirikov's conjecture (~70): in the analytic case, T(c) ~ exp (2)?".
1
Lochak-Neishtadt (92): in the analytic case, T(e) 2 exp (1)

1
Bessi (96-97): in the analytic case, for n = 3,4, 7(¢) < exp (1) 2

1
Herman-Marco-Sauzin (02): in the a-Gevrey case, T(g) 2 exp (2) 2"

1
fora>1, and 7(e) < exp (£)2*@=2 but only for & > 1

1
Lochak-Marco (05): in the analytic case, 7(c) < exp (2)20—9
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Recall that T(e) < 7(e).

A stability result
1
Chirikov's conjecture (~70): in the analytic case, T(c) ~ exp (2)?".
1
Lochak-Neishtadt (92): in the analytic case, T(e) 2 exp (1)
1
Bessi (96-97): in the analytic case, for n = 3,4, 7(¢) < exp (1) 2

1
Herman-Marco-Sauzin (02): in the a-Gevrey case, T(g) 2 exp (2) 2"
1

fora>1, and 7(e) < exp (£)2*@=2 but only for & > 1
1
Lochak-Marco (05): in the analytic case, 7(c) < exp (2)20—9

1

Ke Zhang (09): in the analytic case, n > 5, 7(¢) < exp (1) 22
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1 __5
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() = b S "%, e Sexp (—) :
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small enough, then for all solutions

1

San(n—1)" Ifeis

1 __5
_ 1\ 2a(n—1)
() = b S "%, e Sexp (—) :
e

Some remarks:

1 1
- foréd= ﬁ [1(t) = ho| Sez, [t Sexp(2)>
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Theorem 1
Assume the system is a-Gevrey, o > 1, and let 0 < § <
small enough, then for all solutions

m. Ifeis

1 __5
_ 1\ 2a(n—1)
() = b S "%, e Sexp (—) :
e

Some remarks:
1 1
- for § = m, |I(t)—I0|§€2”, |t|§exp(%)2‘1"

- for § > 0 arbitrarily small, m — § is arbitrarily close to m
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A stability result

Theorem 1
Assume the system is a-Gevrey, o > 1, and let 0 < § <
small enough, then for all solutions

—2an(n 0 Ifeis

1 __5
_ 1\ 2a(n—1)
() = b S "%, e Sexp (—) :
e

Some remarks:
1 1
- for § = m, |I(t)—I0|§€2”, |t|§exp(%)2‘1"

- for § > 0 arbitrarily small, m — § is arbitrarily close to m

1 1
Consequence: T(g) 2 exp (1) 20D ® hence 7(c) > exp (%)t
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1
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1
it remains to prove the upper bound 7(g) < exp (1) 201,

The non-analytic case (a > 1) would be much easier to start with.
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1
Conjecture: in the a-Gevrey case, 7(¢) ~ exp (%) 201,

1
The previous result gives the lower bound 7(¢) > exp (2) 21, hence

1
it remains to prove the upper bound 7(g) < exp (1) 201,
The non-analytic case (a > 1) would be much easier to start with.

A first step will be to construct an example of instability with an
optimal time in the much simpler setting of a priori unstable systems.
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A priori stable system: H(8,1) = h(l) +ef(6,1) An instability result

A priori unstable system: H(0,1) = h(0,1) + pf(6,1) where
- his Liouville integrable
- h has a normally hyperbolic invariant annulus.

In this case, results of instability for a “general” perturbation f are
available.
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A priori stable system: H(8,1) = h(l) +ef(6,1) An instability result

A priori unstable system: H(0,1) = h(0,1) + pf(6,1) where
- his Liouville integrable
- h has a normally hyperbolic invariant annulus.

In this case, results of instability for a “general” perturbation f are
available.

Prototype: product of a pendulum and a rotator

1
h(01,02, h, k) = 5(/12 + 1) + cos 276;.
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should be much smaller.

An instability result

- Conjecture Lochak (95): 7(p) ~ <ﬁ) In (i)

- Bernard (96): 7(u) S (i)2
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- Bernard (96): 7(u) S (l)
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- Berti-Bolle-Biasco (03), Treschev (04): 7(u) < (%) In (%)
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- Conjecture Lochak (95): 7(u) ~ <ﬁ) In (i)
2

- Bernard (96): 7(u) S (i)

- Berti-Bolle-Biasco (03), Treschev (04): 7(u) < (u) In (u)

- Berti-Bolle-Biasco (03): 7(p) ~ <ﬁ) In (i)




Time of instability: a priori unstable case

For a priori unstable systems, it is clear that the time of instability 7(u)
should be much smaller.

- Conjecture Lochak (95): 7(p) ~ <ﬁ) In (i)

- Bernard (96): 7(u) S (1)2

o

- Berti-Bolle-Biasco (03), Treschev (04): 7(u) < (%) In (%)

- Berti-Bolle-Biasco (03): 7(p) ~ <ﬁ) In (i)
Goal: explain the construction of an example of a priori unstable system
with an optimal time of instability, that we hope to adapt to an a priori
stable system (only a-Gevrey for oo > 1).
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An instability result
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h(0, 1) = %(lf + B8) 4 I + cos 276;.

An instability result

Theorem 2
There exist positive constants C, po and a a-Gevrey function
T3 xR® =R, a>1, such that for 0 < p < po, the system

H(0,1) = h(0,1) + puf (6,1), (6,1) € T> x R?,

has an orbit (6(t), I(t))tcr with

I(r)—10)| =1, r<C (%) In (%) .
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There exist positive constants C, po and a a-Gevrey function
T3 xR® =R, a>1, such that for 0 < p < po, the system
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has an orbit (6(t), I(t))tcr with
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- We have limi— 4o [I(t) — Ib| = +o0

- The construction is possible in the analytic case
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Consider the (Liouville) integrable system on A® = T® x R3

h(0, 1) = %(lf + B8) 4 I + cos 276;.

An instability result

Theorem 2
There exist positive constants C, po and a a-Gevrey function
T3 xR® =R, a>1, such that for 0 < p < po, the system

H(0,1) = h(0,1) + puf (6,1), (6,1) € T> x R?,

has an orbit (6(t), I(t))tcr with

I(r)—10)| =1, r<C (%) In (%) .

- We have lim;— 40 |[I(t) — ho| = 400
- The construction is possible in the analytic case

- The time is still optimal for non-analytic systems




. - Ti f instability for
Proof of Theorem 2: discrete version ear-integrable

Hamiltonian systems

Abed Bounemoura

An instability result




. - Ti f instability for
Proof of Theorem 2: discrete version ear-integrable

Hamiltonian systems

Abed Bounemoura

Consider the (Liouville) integrable system on A? = T? x R?
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h(@7 I) = 5(112 + [22) + cos 2wl An instability result

and let ®" : A2 — A? the time-one map of the Hamiltonian flow of h.
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Consider the (Liouville) integrable system on A? = T? x R?
7 1 —
h(@7 I) = 5(112 + [22) + cos 2wl An instability result

and let ®" : A2 — A? the time-one map of the Hamiltonian flow of h.

Proposition 1

There exist positive constants C, fio and a a-Gevrey function
f:A?> =R, o> 1, such that for 0 < u < fio, the diffeomorphism

" o dH L A2 A2

has an orbit (6%, I*)kez with

N —1° >1, Ng&(l)ln(l).
I I
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Proof of Theorem 2: perturbation

The diffeomorphism Fo = ®" : A2 — A2 has a normally hyperbolic
invariant annulus

A={01=0h=0,0,T,hecR}CA*

whose stable and unstable manifolds coincide.
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A={01=0,h =0, € T,h € R} C A%,

whose stable and unstable manifolds coincide.

Lemma B
There exist a a-Gevrey function f : f&2 — R, a > 1, such that for the
diffeomorphism F, = Fo o ®Hf = ¢ o o#f

- the annulus A remains invariant and normally hyperbolic

- the stable and unstable manifolds of A intersect transversally along
a homoclinic annulus Z,,.

- the induced dynamics on I,, is “non-trivial”.
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The diffeomorphism Fo = ®" : A2 — A2 has a normally hyperbolic

invariant annulus
An instability result

A={01=0,h =0, € T,h € R} C A%,

whose stable and unstable manifolds coincide.

Lemma B
There exist a a-Gevrey function f : f&2 — R, a > 1, such that for the
diffeomorphism F, = Fo o ®Hf = ¢ o o#f

- the annulus A remains invariant and normally hyperbolic

- the stable and unstable manifolds of A intersect transversally along
a homoclinic annulus Z,,.

- the induced dynamics on I,, is “non-trivial”.

Existence of a homoclinic annulus is a non-generic feature.
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Birkhoff-Smale-Alexeiev : the transverse intersection between invariant
manifolds of a hyperbolic fixed point creates a symbolic dynamic (shift).

An instability result
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Let A C N be an alphabet, ¥4 = A% and ¢ : 4 — X4 the (left) shift:
i = (nk)kez € Ta, then o(R) = (ni)kez with nf = ngi1.
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Birkhoff-Smale-Alexeiev : the transverse intersection between invariant
manifolds of a hyperbolic fixed point creates a symbolic dynamic (shift).

An instability result

Let A C N be an alphabet, ¥4 = A% and ¢ : 4 — X4 the (left) shift:
fi = (nk)kez € Ta, then o(R) = (nj)kez with nj = ney1.

Skew-product on M over o: F:ZaX M —Xax M
F(n,x) = (o(n), Fa(x)), A€ Xa, x € M.

Denote by [[Fallsex, the skew-product, where Fz : M — M.
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Birkhoff-Smale-Alexeiev : the transverse intersection between invariant
manifolds of a hyperbolic fixed point creates a symbolic dynamic (shift).

An instability result

Let A C N be an alphabet, ¥4 = A% and ¢ : 4 — X4 the (left) shift:
fi = (nk)kez € Ta, then o(R) = (nj)kez with nj = ney1.

Skew-product on M over o: F:ZaX M —Xax M
F(n,x) = (o(n), Fa(x)), A€ Xa, x € M.
Denote by [[Fallsex, the skew-product, where Fz : M — M.

Let O, 2 Z, be a nbhd of the homoclinic annulus, and define the
transverse map F,l : O, — O, by

Fl(x) = F¥(x), n(x)=inf{n>1, Fiu(x) € O.} < 0.

w w
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that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:
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For p small enough, there exist a set N, 2 O, invariant by F,[ such An instability result
that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:

- A={lnp7 o e I}
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For p small enough, there exist a set N, 2 O, invariant by F,[ such An instability result
that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:

CA=A{InpY,. e )
- F2(6,1) = (0 + nol, I +2u(1 — $a(8, 1))? cos 27 (6 + nol)),
where ¢r : A — R is Lipschitz and “close to 0”.
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For p small enough, there exist a set N, 2 O, invariant by F,[ such An instability result

that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:
CA=A{InpY,. e )
- Fx(0,1) = (0 + nol, I +2u(1 — ¢5(0, 1))? cos 2m(0 + nol)),
where ¢r : A — R is Lipschitz and “close to 0”.

Lemma + “primitive” version of Conley isolating blocks (a result of
Chaperon) = Proposition 2
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Proposition 2
For p small enough, there exist a set N, 2 O, invariant by F,[ such An instability result
that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:

CA=A{InpY,. e )
- F2(6,1) = (0 + nol, I +2u(1 — $a(8, 1))? cos 27 (6 + nol)),
where ¢r : A — R is Lipschitz and “close to 0”.

Lemma + “primitive” version of Conley isolating blocks (a result of
Chaperon) = Proposition 2

The maps Fx(0,1) = (6 + nol, I +2u(1 — ¢5(0,1))? cos 270(6 + nol)) are
“close” to the maps £, (0,1) = (0 + nol, | 4+ 2p cos 27w(0 + nol)).
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Proposition 2
For p small enough, there exist a set N, 2 O, invariant by F,[ such An instability result
that ]-'uT‘ Ay is conjugated to a skew-product on A over o with:

CA=A{InpY,. e )
- F2(6,1) = (0 + nol, I +2u(1 — $a(8, 1))? cos 27 (6 + nol)),
where ¢r : A — R is Lipschitz and “close to 0”.

Lemma + “primitive” version of Conley isolating blocks (a result of
Chaperon) = Proposition 2

The maps Fx(0,1) = (6 + nol, I +2u(1 — ¢5(0,1))? cos 270(6 + nol)) are
“close” to the maps £, (0,1) = (0 + nol, | 4+ 2p cos 27w(0 + nol)).

IFS on M: skew-product on M over o such that F; = f,;, i.e. the maps
depend only on the first element ng of the symbol i = (nk)kez € Za.
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Proposition 3

There exists a constant C > 0 such that for ;1 small enough, the IFS An instability result
[[fa]lnca on A defined by f,(0,1) = (6 + nl, | + 2p cos 2w(6 + nl)) has
an orbit (0 (1), 0%, I")kez € Ta x A such that

N
=11 =1, Y < c(l) In (1)
prs I I

Moreover, df,, (6, k) are hyperbolic.
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There exists a constant C > 0 such that for ;1 small enough, the IFS An instability result
[[fa]lnca on A defined by f,(0,1) = (6 + nl, | + 2p cos 2w(6 + nl)) has
an orbit (0 (1), 0%, I")kez € Ta x A such that

N
=11 =1, Y < c(l) In (1)
prs I I

Moreover, df,, (6, k) are hyperbolic.

- Here we need A= {[Inp™],..., [u% Inp™'}
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There exists a constant C > 0 such that for ;1 small enough, the IFS An instability result
[[fa]lnca on A defined by f,(0,1) = (6 + nl, | + 2p cos 2w(6 + nl)) has
an orbit (0 (1), 0%, I")kez € Ta x A such that

N
=11 =1, Y < c(l) In (1)
prs I I

Moreover, df,, (6, k) are hyperbolic.

- Here we need A= {[Inp™],..., [u% Inp™'}

- The control on the symbol i = (nk)kez will give the estimate on
the time of instability




Proof of Theorem 2: pseudo-orbit

Proposition 3

There exists a constant C > 0 such that for p small enough, the IFS
[[fa]lnca on A defined by f,(0,1) = (6 + nl, | + 2p cos 2w(6 + nl)) has
an orbit (0 (1), 0%, I")kez € Ta x A such that

N
=11 =1, Y < c(l) In (1)
prs I I

Moreover, df,, (6, k) are hyperbolic.

- Here we need A= {[Inp™],..., [u% Inp™'}

- The control on the symbol i = (nk)kez will give the estimate on
the time of instability

Proof of proposition 3: use a partition of A into “resonant” zones and
results on near-ergodization time of rotation on the circle
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with a control on the return times n(x)
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Proposition 3: unstable orbit (o (), 0%, I)kez € Ta x A for the IFS
[[fs]]nea with a control on the symbol A SRR a——

Proposition 3 4 shadowing arguments (“hyperbolic” fixed point
theorem) = unstable orbit for the skew-product [[F7]]sex, with the
same symbol n

Unstable orbit for the skew-product [[Fz]lrex, with a control on the
symbol 11 + Proposition 2 = unstable orbit for the transverse map ]-'#T
with a control on the return times n(x)

Unstable orbit for the transverse map .7-"MT with a control on the return
times n(x) == Proposition 1: unstable orbit for F,, with an estimate
on the time of instability
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Proposition 3: unstable orbit (o (), 0%, I)kez € Ta x A for the IFS
[[fs]]nea with a control on the symbol A SRR a——

Proposition 3 4 shadowing arguments (“hyperbolic” fixed point
theorem) = unstable orbit for the skew-product [[F7]]sex, with the
same symbol n

Unstable orbit for the skew-product [[Fz]lrex, with a control on the
symbol 11 + Proposition 2 = unstable orbit for the transverse map ]-'#T
with a control on the return times n(x)

Unstable orbit for the transverse map .7-"MT with a control on the return
times n(x) == Proposition 1: unstable orbit for F,, with an estimate

on the time of instability

Proposition 1 + suspension arguments => Theorem 2.
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