Robust exponential decay of correlations for singular-flows

The Lorenz Attractor exhibits robust exponential decayarfelations

V. Aradjo (joint work with P. Varandas - UFBA)
EDAI, UFRJ, 2010-12-03

Contents

1 Lorenz equations and geometric Lorenz flow 1
1.1 Suspensionsemiflows . . . . . . . L e e 3
1.2 Invariant/physical measure/decay of correlations .. .... . . . . ... ... ... ... ... ... 4

2 Decay correlations for geometric Lorenz flow 7
2.1 Good hyperbolic skew-productsemiflow . . . . . . . ... ... .. L o 7
2.2 Stepsoftheproof . . . . . . . . e e 9

3 Some details of the proof 9
3.1 Smooth stable foliation, smooth density . . . . . . . . . . ... . .. ... .. 9
3.2 Induced map with exponential tail ofinduced times . . ...... . ... ... ... ... ...... 10
3.3 Good roof function, smooth disintegration . . . . . ... .. oo 12

1 Lorenz equations and geometric Lorenz flow

The Lorenz flow
The Lorenz equations

=10y —z), y=28zx—y—2xz, Z=uxy—8z2/3
were presented by Lorenz in 1963 as a simplified model of adimreon the Earth’s atmosphere.

This was one of the first examples of systems exhibiting §eaglependence on initial conditions, which became
the “definition” of chaotic dynamics

The Lorenz flow is best understood through thegeometric Lorenz flowsonstructed to mimic the features of
the Lorenz equations.

The geometric Lorenz flow

Recently Tucker with a computer assisted proof showed ligedilhove equations and similar equations with nearby
parameters define a geometric Lorenz flave may find aglobal cross-sectiogiven by a (embedded) square whose
Poincae first return map provides mof function with logarithmic growth near the singularityline and having a
uniformly contracting one-dimensional foliation

Tucker’s work shows in particular the attractor of the Lorenz equations is equivalent to a geetnic Lorenz
flow.



~1/2 0 1/2

Lorenz attractor = geometric Lorenz attractor

The one-dimensional map: [-1/2,1/2] \ {0} — [—1/2,1/2], obtained has the quotient over the leaves of the
stable foliation, is piecewise expanding withf > /2, exhibitsexponentially slow recurrence to the singular set
andD f has logarithmic growth ned = {0} .

The one-dimensional reduction
To obtain the one-dimensional mgpve proceed as follows




1.1 Suspension semiflows

Given aC? local diffeomorphismf : M \ § — M outside a volume zero non-flat singular set,Xét: M, — M, be
a semiflow with roof function : M \ § — R over the base transformatigh as follows.

SetM, = {(z,y) € M x [0,+00) : 0 <y < r(z)} and X the identity on),.
Forx = z¢ € M denote byr,, thenth iteratef™(x) forn > 0.

ThenS,¢(xg) = Z;‘:—Ol ¢(x;) forn > 1 and for any given real functiop.
Then for each paifzg, sg) € X, andt > 0 there exists a unique > 1 such thatS,,r(xg) < so +t < Spr17(x0)

and we define
X (z0,50) = (xn, So+t— Snr(a:o)).

The semiflow dynamics can be pictured as follows



Nott—r(z1) ! U T

3 : v
(o). 7 Xl
j e 1 S i
Xﬁ(:x(hyo)/ ,/I '
X Xpo->e A !
e § | ’l
. T ;o [ i
Xl‘f: —————————————— N I > ‘»,,\‘ g_‘y:rs (x)

Xr y:r(x Xr (1'0, y(})\y_r2 (X) \‘

Lorenz flow and skew-product

If 7 : S — Iis the quotient map over the stable leaves, where [-1/2,1/2]; P : S\ £ — S is the Poincare

return map fromS' \ £to S, andr : S\ £ — [ro, +o0) is the Poincare return time map, then we can define a pair of
suspension semiflows:

e X! with base mapP and roof functiorv;
e X! _with base map and roof function- o 7.

We havef o 7 = w o P and the two flows are essentially conjugated.

Lorenz flow and skew-product
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Note that® : S x [0, +00) — R3, (z,t) — X*(z) is a natural smooth conjugation between the first semifigw
and the original geometric Lorenz flox.

This will be usefull to reduce the study of the speed of decayfa@orrelations to the second and simpler
semiflow.

1.2 Invariant/physical measure/decay of correlations

Invariant measure for the semiflow

Let . be an invariant probability measure with respect ton M (or P on S) and assume that the roof function
(orr o ) is u-integrable and.eb-integrable.

Denote byy = u x Leb! the naturalX t-invariant extension of, to M.,.: for any subsetd C M,

1 r(z)
o) = [duta) [ dsxate.s)



Then v is invariant under the semiflow. Note that fory) : M — R we havev(v) = u(v)/u(r) with
r(x)

o(x) = P(x,t) dt.
0

Physical probability measure
An invariant probability measure for a flow X; on a compact manifold ighysicalif the pointsz satisfying for
every continuous functiotp

lim /thp(xs(z)) ds:/¢du,

form a subset with positive volume on the ambient space.

These time averages are in principle physically obseniélite flow models a real world phenomenon admitting
some measurable features.

Mixing/Decay of correlations

Let us study the properties of this measure. Besides erigypthere are various degrees of mixing.

Given a flowX and an invariant ergodic probability measureve say that the syste(iX, 1) is mixing if for any
two measurable set$, B

p(ANXT'B) —— p(A) - u(B)

or equivalently

/@'(ont)duw/wdu/wdu

for any pairp, 1 : M — R of continuous functions.

Correlation decay
Consideringy and+ o X* : M — R as random variables over the probability spat£ ), this definition just
says thatthe random variables ¢ and ) o X* are asymptotically independent”since

t
E(g- (o X)) P E(p) - E().
Thecorrelation function

Ci(p,¥) = [E(p- (¥ 0 X)) —E(p) - E(¥)|

| [ woxyau- [ean [vay

satisfiesCy (¢, ¥) - 0 in this case. Theate of approach to zero of the correlation functiois calledthe rate of
— 00
decay of correlationgor the observableg and of the system( X, u).

Exponential decay of correlations
The study of decay of correlations for hyperbolic systenesdmack to the work of Sinai (1972) and Ruelle (1976),
mostly for diffeomorphisms.

It was proved that thehysical(SRB) measures for Axiom Aiffeomorphismsare mixing and havexponential
decay of correlationsthere existsy € (0, 1) such that giverp and there exist = C(p, 1) > 0 satisfying

Culp,h) <C-e7 " forall n>1,

for a suitable class of continuous functiahs — R, in this case the Blder continuous functions.



Exponential decay for flows
Seems to be much more complex!

Ergodicity and mixing for geodesic flowson manifolds of negative curvature are known since the dalfyof
the XXth century by Hopf and Hedlund (1939), Anosov and S{&860,67).

The proof of exponential decay of correlations for geod#éisigs on manifolds of constant negative curvature was
first obtained in two dimensions by Collet-Epstein-Galkivd 984) and then in three dimensions by Pollicott (1982)
through group theoretical arguments.

Non-mixing/slow decay of correlations

Let f : M — M be a diffeomorphism with an invariant probability measurand consider the suspension flow
X s over f with constant roof functionr = 1. Thenr = 1 x Leb on M x [0, 1) is a X g-invariant probability measure
on X,. which is NOT mixing whateverf may be.

Indeed, consideA = 7 (M x [0,1/2)) andB = M, \ A. Thent — v(AN X~'B) fort > 0 has the following
graph which shows thahis flow is not even topologically mixing.

1

Ergodic base implies ergodic suspension
However, if (X, f, 1) is ergodic, thenv is X -ergodic also!

Indeed, givend C X, such that(XJZ)*l(A) = Afor all t > 0 (an Xs-invariant set), them is saturated, i.e.,
p € Aif,and only if, Ox, (p) C A.

Thus we may findd C X such thatd N (X x {0}) = m(A) is X }-invariant by construction (because= 1), A

is f-invariant and/(A) = u(A) - Leb([0,1)).
Hencey(A) - (X \ A) = 0 by the ergodicity of f, 1) which implies that/(A) - v(X,. \ A) = 0.

Slow decay of correlations for Axiom A flows
In addition to examples of non-mixing suspension flows:

e Ruelle (1983) and Pollicott (1984) exhibited suspensionsmiflows with piecewise constant ceiling func-
tions over uniformly expanding base dynamics, with arbitraily slow decay rates of correlations.

The example from Ruelle is simple to describe: take the fift sn 2 symbolss : X5 — 35 and the roof function
r(&) = A if & = 0 andr(&) = A\ if & = 1; where)g, A\; > 0 and)\y/); is not rational. Take any equilibrium state
1 for o with respect to a Elder continuous potential : >3 — R and consider the induced probability= 1 x Leb
on{({s),0 <s < r(£)}. The suspension semiflow ovemwith roof functionr does not have exponential decay of
correlations fow.

Mixing versus suspension with constant roof

Anosov (1967) showed that geodesic flows for negatively @dicsompact Riemannian manifolds are mixing and
obtained theAnosov alternative given a transitive volume preserving Anosov flow, eithds inixing (with respect
to the volume measure), or it is a suspension of an Anosoedifbrphism by a constant roof function.

Bowen (1976) showed that, if a mixing Anosov flow is the susj@mof an Anosov diffeomorphism, then it is
stably mixing that is, the mixing property remains true for all nearby #dwhich are Anosov also by the structural
stability of Axiom A flows).



Generic topologically mixing

Bowen (1976) also showed that the clas5f Axiom A flows, » > 1, admits a residual subs&tsuch that for
everyX € R the spectral decomposition 6f X) is formed by pairwise disjoint piecds, U - - - U ) each of which
is topologically mixing

That is, given any pair of open sdtsV in Q;, there existdy = Ty (U, V) > 0 such that/ N Xt (V) # ( for all
t > Ty, for a residual subset @ Axiom A flows.

Exponential decay of correlations for Axiom A flows

Breakthrough obtained by Dolgopyat (1998jnooth (C” with » > 7) geodesic flows on manifolds of negative
curvature, under a non-integrability condition on both the stable and unstable distributions exhibit exponential
decay of correlations.Liverani (2004) obtained exponential decay of correlagitor C* contact Anosov flows.

Field-Melbourne-drok (2007) obtainedtability of rapid mixingamong Axiom A flows
Cilp) St7F, keN, t—oo
for aC2-open and”"-dense set of flows among the family@f Axiom A flows, for each- > 2.

Question Are there stable exponentially mixing Axiom A flow®

Exponential decay for suspension flows...
Dolgopyat (1998): Generic suspension flows over subshifiigite type have exponential decay of correlations.

Using Dolgopyat ideas applied tosaispension over a uniformly expanding basea conjecture of Ruelle was
proved by Pollicott (1999): on a cohomological conditiontba roof function, the decay of correlations for this type
of suspension flows is exponential for observables not stggon the base.

This was extended to non-uniformly expanding base by Balatlee (2005), clarifying the assumptions on the
base and on the ceiling function which suffice to obkponential decay of correlationsfor suspension of one-
dimensional expanding maps with countable Markov partitiors (modelled by countable subshifts).

Exponential decay for suspension flows

All these ideas were used, in a more abstract setting, byaAsduezel-Yoccoz (2006) to obtain exponential decay
of correlations for the Teichiiller flow on flat surfaces, after extending the assumptidéBatadi-Valleée tosuspension
of multidimensional piecewise expanding maps

Relating the geometric Lorenz flow to a suspension semiflazzhtto-Melbourne-Paccaut (2005) proved that the
physical measure for the geometric Lorenz flow is mixing.

The speed of mixing for the Lorenz flow has been an open problem

2 Decay correlations for geometric Lorenz flow

2.1 Good hyperbolic skew-product semiflow

Suspension flow over piecewise expanding map

Theorem 1 (Avila-Gouezel-Yoccoz, 2006)Let Y; be a good hyperbolic skew-product semi-flow on a sp@me
preserving the probability measufg There exist constantS > 0 andé > 0 such that, for each pair of functions
w0, € CY(A,), forall t >0,

Joreorn- (fo) ([ o0

We show that an open class of geometric Lorenz flows can beugatgd to semiflows in the above setting,
concluding robust exponential decay of correlations foidevelass of singular flows.

< Clielllvllie™".




Geometric Lorenz flow is a good hyperbolic skew-product serfiow
This is our main result.

Theorem 2(V.A.-P.Varandas) Given any compact-manifold M/, we can find an open subsgétof X3 (M) such that
eachX € U exhibits a geometric Lorenz flow which is smoothly semitggatied to a good hyperbolic skew-product
semi-flow.

Now we explain whagood hyperbolic skew-product semiflaweans, and how we relate a geometric Lorenz flow
to these semiflows.

Uniformly expanding Markov map
We assume that,c;, A®) is an at most countable partition (Lebesgue modulo zero) ofp@n domain\ of some
manifold by open subsets and Bt: Uyc, AY) — A be aC™ uniformly expanding Markov map , » > 2, that is

1. F: A* = Alis aC" diffeomorphism for every;
2. there are&” > 0 and0 < A\ < 1 such that

(a) for every inverse brandh, of F”, withn > 1, d(hy(z), hn(y)) < CA™d(x,y); and

(b) if JF is the Jacobian of" with respect to the Lebesgue measure, thegyJF is a C'! function and
IID((log JF) o h)||o < C for every inverse branch of F.

We denote byX,, the family of inverse branches ofF™™. It is well known thatF' admits an invariant probability
measurer which is absolutely continuous with respect to Lebesgue.

Good roof function with exponential tail
We say that the roof function: A — R* hasexponential tailif there existsry > 0 such that/ e”"dv < occ.

We say that the roof functionis goodif
1. r is bounded from below by some positive constat
2. there exist€ > 0 such thasup;,cq | D(r o h)|jo < C < o0;

3. itis not possible to write = v + uw o F —uon A, wherev : A — R is constant on each’ andu : A — Ris
a C''-function.

The last cohomological condition correspondsutaform non-integrability, or aperiodicity, as defined by
Baladi-Vallee adapted from the work of Dolgopyat.

Hyperbolic skew-product structure
Let F' : A — A bea umformly expanding Markov map preserving an abs. cqnnobablhtyy An

hyperbolic skew-producbver F'is a mapF from a dense open subset of an open dondgiito A, satisfying

1. there exists a continuous map A — A such thatF o m = 7 o F whenever both members of the equality are
defined;

2. there isx > 1 such that, for alkv,, ws € A in the same leaf, i.er(wy) = 7(ws), we haved(ﬁwl,ﬁwz) <
K~ rd(wy, we).

3. there is a-invariant probability measurgon A, giving full mass toA;

4. there exists a smooth disintegrationadlong the stable leaves ! (w), w € A, as follows.



Existence of smooth disintegration
(4) cont. there exists a family of probability measufes}.cA on A which is adisintegration of n overv:

(&) =z — n, is measurable;
(b) 7, is supported omr—!(x), and
(c) for each measurable subsebf A we haven(A) = [ n.(A

Moreover,this disintegration is smooth we can find a constanﬁ‘ >0 such that, for any open subsétc [ J A"
and for eachu € C* (7~ 1(V)), the functionz : V — R,z — a(z) := [ u(y) dn.(y) belongs taC'* (V') and satisfies

sup [[Du(z)|| < C sup |[Du(y)]-
zeV yer—1(V)

Good hyperbolic skew-product semiflow
Givenr : Upe, A — [rg, +00) for somer, > 0 we define

A ={(w,t):weld, 0<t<r(n(w)}/ ~,
where~ is the equivalence relatidnw, (7w (w))) ~ (F(w), 0).
Consider the suspension semifldi(w, s) = (w, s + t).

If Y; is a semiflow over a hyperbolic skew-product with a good ramfction which, moreover, has exponential
tail, then we say that; is agood hyperbolic skew-product semi-flow

Note that, ify is an F-invariant probability measure so thftr dn < oo, then(Y;), preserves the probability
measure] = (n ® Leb)/ [ rdn.

2.2 Steps of the proof
Steps of the proof

e obtain a robus€3-smooth strong-stable foliation for the geometric Loreowftogether with robust transitivity
for the associated attractor;

e obtain a uniformly expanding Markov mdpas an induced map of the one-dimensional Lorenz transfawmat
fi

e show that there is a related induced nfafrom the Poincare return map to S and a natural choice of roof
function overF' such that the original flow is conjugated to the semiflow dvewith roof r;

e prove thatr has exponential tail, satisfies the aperiodicity condiod that the disintegration property holds
for the right choice of measure on the semiflow o¥er

e check that each of the above steps are robustfoclose flows.

3 Some details of the proof

3.1 Smooth stable foliation, smooth density

Persistent strong-stable foliation

Theorem 3 (Consequence of domination)et X be the vector field obtained in the construction of the gedmet
Lorenz model andFx the invariant contracting foliation of the cross-sectidSh Then any vector field” which is
sufficientlyC!-close toX admits an invariant contracting continuous foliatiofy- on the cross-sectio§ with C'*
leaves.
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Robust transitivity
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The fact that the geometric Lorenz attractors are robusthgsitive in theC'! topology is a well-known consequence
of the persistence of the strong-stable foliation on thessectiors. This is a “classical” result.

Smooth strong-stable foliation

It can be shown that holonomies along the leaves anelét-C! in general. But if we have strong dissipative
condition on the equilibriume = (0,0,0), that is, if 3 := —A2/A; anda := —)\3/\; satisfy3 > « + k for some
k € Z*, thenFy is aC* smooth foliation (it can be trivialized bg* charts on)/), and so the holonomies along its
leaves are&”’* maps.

Theorem 4 (Consequence of strong dissipation/dominatiof)r strongly dissipative Lorenz attractors, with >
a + k, the one-dimensional quotient mgpis C* smooth away from the singularity. Moreover, this smootines
property is also persistent for all nearlsy* flows, since the conditiofi > a + k is open in theC'" topology.

3.2 Induced map with exponential tail of induced times

Slow recurrence to the singular set
In general, folC'! +Holder piecewise expanding maps, we know that the invariamsidl is of generalized bounded
variation (Keller, 1985) and so unded from above

In particular,log |z| - (dvo/d))(x) is A-integrable. By the Ergodic Theorem, for every- 0 we can findd > 0
such that

n—1

1 , J
lim —Z—log|f7’(a:)|§:/ ~log || duo(x) < ¢
-5

n—+4oo N 4
=0

for A\-almost everyr € I; where|y|s = |y| if |y| < 6 and1 otherwise.

This last property is known adow recurrenceto the singular set (recall that the singularity josits at0).
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Uniformly expanding Markov structure
We use the theory built around non-uniformly expanding mapseveral people in the last decades. We state the
main results whose concatenation provides the concluséoneed.

First piecewise expansion together with slow recurrenegaquees the existence of hyperbolic times.

Lemma 5 (Existence hyperbolic times)There exist¥ > 0 andé € (0,1), depending only orf and the expanding
rate /2 such that, for Lebesgue almost everye I, we can findny, > 1 satisfying: for eachn > ng there are
(0,0)-hyperbolic timed < n; < --- < n; < nforzwithl > 6n.

Properties of hyperbolic times

Lemma 6 (Hyperbolic times and hyperbolic pre-ballspiven0 < ¢ < 1/v/2 andé > 0, there exist,, D1, x > 0,
depending only om, 6 and on the mayy, such that for any: € M andn > 1 a (o, §)-hyperbolic time forz, there
exists a neighborhoot, (z) of « with the following properties:

1. f™ mapsV, (z) diffeomorphically onto the balB(f"(x), d1);

2. we have " *(y) — fF(2)] < o*|f"(y) — f*(2)| forall y,z € V,(2) 1 < k < n, so thatV,,(z) C
B(z,25,0™);

3. f™ has distortion bounded by a factd@), onV,,(x): for everyy, z in the hyperbolic pre-balV,, (z)

1 |det Df"(y)|
< Dy
Dy = [det Dfr(z)] = 7!

Existence expanding Markov structure

Theorem 7 (Alves-Luzzatto-Pinheiro (2004), Gouezel (2006)here exists a neighborhoa := (—a, a), for some
0 < a < 1/2, of the singular poinD; a countable Lebesgue modulo zero partitidrof A into sub-intervals; a
functionR : A — Z™T defined almost everywhere, constant on elements of theipardi; and constant$, c, v >
0,k > 1,N € Z* such that, for allw € Q and R = R(w), the mapF := f% : w — Ais aC? diffeomorphism
satisfying: for eachw € Q there exist$) < k£ < N such that

1. n:= R(w) — kis a(o, §1)-hyperbolic time for each € w;
2. wCVy(z)andfi(w) c I\ Aforalln < j < R(w).
The Renyi condition

By a routine calculation using the properties of hyperbbiiees we get

|DF]|
|DF[?

(r) < B= Zo(l_bo‘)i < 00,

i>0
a uniform bound for every. € w, w € Q with R = R(w).

The usefulness of this comes from the next boundzfar € w

L) - ()| < o - o1 2E]
pr T ppW | =T pER

(2) < Blz —y|

wherez is some point inv between: andy by the Mean Value Theoremlfbunded distortion”).
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Consequences of the Renyi condition
We can deduce the following useful consequences

e (useful bound) forn > 1

A . n . o’n_l
OF ()| =P

which is an infinitesimal when — +oo.

‘ D2F"(z)

e Smooth absolutely continuous invariant measure

In general, forC'+Holder piecewise expanding maps, we know that the invariansity is of generalized
bounded variation (Keller, 1985) and sdisunded from above

But we need a smooth densityHowever the Renyi condition is sufficient to get’d density, as shown by
Baladi-Valke.

Exponential tail for the inducing time function
It is known that the Lorenz map hasponentially slow recurrencéo the singular set that is, for everye > 0
there exist$ > 0 such that

n—1
1 1 .
lim sup — log Leb <{x el:— Z —log|f*(x))|s > s}) <0.
n—+4oo N n i—0

This ensures (following the work of Gouezel) that the taithed return time function is exponential.

Theorem 8. In the same setting of the previous Theorem (on the existandarkov structure), the “induced time
function” R has exponential tailA({R > n}) < ce~ ™ for somec,y > 0.

Proof of existence of Markov map is complete

At this point we have all the properties showing ttiet one-dimensional Lorenz transformation is a uniformly
expanding Markov map:

1. F: A* - Ais aC? diffeomorphism for every sinceA’ is a hyperbolic pre-ball whose image/s
2. we can find” > 0 and0 < X\ < 1 satisfying:

e since every inverse branéh, of F'* corresponds to some hyperbolic time, with> 1, we havel(h,,(x), h,(y)) <
CA"d(x,y); and

e log JF = log|DF|is C' and||D((log|DF|) o h)|lo¢ < C for every inverse branch of F' by the very
definition of hyperbolic times (another routine calculadio

Now we need to show that the roof function is good and obtain th hyperbolic skew-product structure.

3.3 Good roof function, smooth disintegration
The roof function
The roof functionr over I is defined from the Poincareturn time function as

R(z)—1

r(z) = Sgo(x) := o(fi(z)), =€ U w,

j=0 weQ
where

o(z) := inf {T(z) A= Wﬁl({z})} =17(x,0,1), =zel\{0},
since the Poincérreturn time taS, denoted byr, does not depend of the point we choose on some strong-$talle
in S*.
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Logarithmic growth near the singular set
We say that- : M \ 8 — R haslogarithmic growth nears if there exists a constatit => 0 such that

r < L-|logd(z,8)

forall z € M \ 8 with d(z,8) < ¢ for all small enougtd > 0.
We also have that is bounded below by somg > 0.

These are direct consequences of the presence of a hyperbdingularity of saddle-type attached to the
attractor in the geometric model.

Exponential tail for the roof function
The exponential tail for: for somey > 0 and every bigl > 1

Leb{r > L} < e 7%
is a consequence of
¢ the exponential tail of the inducing time, when the indudinge R is very big R > £L);
e the logarithmic growth of (andp) near the singularity, when the inducing tinkds small R < N);

¢ for intermediate inducing times we need a large deviatistisnate for the piecewise expanding mapsingo
as an observable (hefé < n ~ R < £L is relatively small)

n—1
1 1 .
— log Leb P — ' L 0 > N.
- logLe {x ni§=090f(m)> }<7 n >

Large deviations for non-uniformly expanding maps
The large deviations estimate used here was obtained byfdhe authors for

e C? local diffeomorphisms away from a non-flat critical/singuset;
e having hyperbolic times for Lebesgue almost every point;

e exhibiting exponentially slow recurrence to the critisalfular set (as the Lorenz transformation): for every
¢ > 0 there exist$ > 0 such that

n—1
1 1 ;
li —log Leb el:— § -1 ' > < 0.
1msupn og Le ({x n Og|f (33))|6 E})

n—-+oo i—0

Uniform bound on the derivative of the roof
Again this follows from the properties of hyperbolic timdgea some lengthy but routine calculations, wheris
an inverse branch af = ¢ and/ is a hyperbolic time

{—1

i (Deo ) DF o h(x)

~

-1
< o(1=0)1,

%

D(ro)(a)| = DD

 |DF(h(x)) F

I
=)

We use the logarithmic growth qf near the singularity together with the control of the dis&ito the singularity
provided by the hyperbolic times to bound the summation.
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Aperiodicity/uniform non-integrability
We essentially use thatDo(z) ~ |z|~t, while D f(z) ~ |x|*~! so, for z near the singularity, these functions
have different growth rates.

By contradiction: assume there i€4 function » : A — R and afunction v : A — R constant on each element
w of Q satisfyingr = u o F — u + v. Then we also have

r+roF=v+voF+uokF?—u

so thatv + v o F' is constant on every element@fv F~1(Q) andu o F2 — u is bounded.

Vastly different growth rates
We also have the following relation between derivatives

Dr+DroF-DF =DuoF%2.DFoF-DF — Du.

SinceF : w — A is a diffeomorphism we take,, in w with x,, —— ¢ € w andF(x,,) —— 07 (the singularity
n— oo n—00
is at0). Hence we get

Dr(z,) — Dr(q), Du(x,)— Du(q), DF(z,)— DF(q) >0,
consider a rearrangement of the above identity

Dr(zy) + Du(zy)
DF(zy,)

Dr(F(z,)) — Du(F*(x,)) - DF(F(x,)) =
and show thatinbounded LHD = bounded RHS!!

Smooth conditional disintegration on the cross-section R
Letn be theF-invariant probability omA corresponding td'-invariant abs. cont. probabilityon /. Letu : A —
R beC! and

u:A—=R, zw—ax):= /u(y) dn.(y)
where{n, }. is the disintegration of with respect to the partition defined by the stable leaveS anA.

We prove a theorem showing that can be obtained as the limit of a certain operator relatelded&uelle-Perron-
Frobenius transfer operator; and this property ensurégthaxists and is continuous, and also provides an “explicit”
expression folDu.

Disintegration as limit of R-P-F operator
We prove the following relation

ﬂ(w):/ud@x:/ lim lyn(gp.uoﬁtn)(x) dX(t)

n—-+oo ¢
where
o FI'(2) := F"(z,t) for (2,t) € A;
e ¢ := dv/d)\is the density of;
o P(p)(x) :=>pcqc p(h(x))DF(h(z))~ " is the R-P-F operator.
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Smooth disintegration
Using the last identity, we can prove that
_ Do(x) / 1 ~ De¢(x)
Du(x) = — Iim —P*(¢p-uoF")d\(t) = —
and soDu exists, hence is continuous, thus by the last identifyu is also continuous. This proves that the disinte-
gration(n, ). is smooth.

u(z)

In particular:u(z) = g5 + [udp — 1.
This concludes the proof of the main result, since all stepsan be performed for all C® nearby flows!

Some conjectures and extensions

e Similar results should hold with different roof functionmerhaps we can provide an explicit class of good roof
functions.

e Similar results should hold for general singular-hypeidattractors ir3-manifolds.
e Analogous results should hold for sectional-hyperbolitaators in higher-dimensions.

e Does the exponential rate of decay depend continuously oosnly on the flow?

References to main related works
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THE END.

Thanks for your attention!
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