BLENDERS IN CENTER UNSTABLE HENON-LIKE FAMILIES:
WITH AN APPLICATION TO HETERODIMENSIONAL
BIFURCATIONS

LORENZO J. DIAZ, SHIN KIRIKI, AND KATSUTOSHI SHINOHARA

ABSTRACT. We give an explicit family of polynomial maps called center un-
stable Hénon-like maps and prove that they exhibits blenders for some param-
etervalues. Using this family, we also prove the occurrence of blenders near
certain non-transverse heterodimensional cycles under high regularity assump-
tions. The proof involves a renormalization scheme along heteroclinic orbits.
We also investigate the connection between the blender and the original het-
erodimensional cycle.

1. INTRODUCTION

This paper has two main goals. The first one is to exhibit an explicit family
of quadratic polynomial maps in dimension three (center unstable Hénon-like fam-
ilies) with blenders. The second one is to prove the occurrence of blenders near
certain non-transverse heterodimensional cycles and the connections between them
under high regularity assumptions. The two previous results are related as follows:
associated to the non-transverse heterodimensional cycles there are renormalization
schemes converging to center unstable Hénon-like families.

We now briefly discuss the three main topics of this paper: blenders, non-
transverse heterodimensional cycles, and renormalization. In what follows we as-
sume that the dimension of the ambient space is three.

Blenders and Hénon-like families. Blenders (see Definition 2.1) only appear
in dimension greater than or equal to 3 and are just a special type of hyperbolic
sets A of diffeomorphisms f which are maximal invariant in a neighborhood A,
that is, A = Npezf™(A). We consider the case where the stable direction is one-
dimensional. Then the blender A has a dominated splitting with three hyperbolic
directions (the stable, the center unstable, and the strong unstable directions). A
key property of a blender is its internal dynamical configuration that implies that
every curve which crosses a distinctive open region of A and is almost tangent to
the one-dimensional strong unstable direction intersects the local stable manifold
of A. This roughly means that A topologically behaves as a hyperbolic set with
stable manifold of dimension two. Another relevant property of a blender is its
robustness: for diffeomorphisms g near f the continuation of the hyperbolic set A
for g is also a blender.

A blender is an important ingredient for obtaining robust non-hyperbolic dynam-
ics: blenders play a similar role as the thick horseshoes introduced by Newhouse
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[14, 15]. They are used to turn heterodimensional cycles and homoclinic tangen-
cies C'-robust, see [4, 5]. We remark that recently some authors have introduced
blenders whose center unstable direction is indecomposable and has dimension > 2,
see [13, 1].

We study how blenders occur. As far as we know, their construction involves
series of perturbations which are genuinely C!, see for instance [4, 5]. We present
an explicit family of quadratic maps (which we call a center unstable Hénon-like
family) with blenders. A novelty here is that the blenders are obtained without
perturbations and their occurrence only involves an appropriate selection of param-
eters of the family.

Theorem 1.1. Consider the center unstable Hénon-like family

(1.1) Gepnn(T,y,2) = (Cx+y, p+y*+r2® +nzy, y), £>1

There is an open set B of parameters (&, u, k,1n) such that any diffeomorphism F
CT-close to Gg . rc.m with (€, 1, k,m) € B has a blender.

One important feature of the family (1.1) is the existence of the term y in the z-
component. This term gives us a superposition property (see Definition 2.1) of the
hyperbolic set which enables us to obtain the blender, compare the family treated
in [9].

Coexistence of critical and noncritical dynamics. Homoclinic tangencies and
Hénon-like dynamics are in the core of the so-called critical dynamics, while het-
erodimensional cycles are genuine bifurcations of non-critical dynamics, for more
details see Preface of [6]. There are many cases where the effects of the critical
and the non-critical dynamics overlap: the system has a critical region and a non-
critical one and there are transitions between these two regions. We study such
kind of configuration in dimension three: diffeomorphisms having two saddles of
different indices (dimension of the unstable direction) whose invariant manifolds
are cyclically related by a heterodimensional cycle with non-transverse heteroclinic
intersections. This configuration (depicted in Figure 1.1) is called a non-transverse
heterodimensional cycle: the two invariant manifolds of dimension one meet quasi-
transversally and the two-dimensional ones have a tangential intersection. The
dynamics close to the saddles and the quasi-transverse heteroclinic intersection
provide the non-critical part of the dynamics, while the critical one is given by the
heteroclinic tangency.

The non-transverse cycle that we consider contains a heterodimensional tan-
gency. In the C! case, it is known that the unfolding of these tangencies leads to
robustly non-dominated dynamics and in some cases to very intermingled dynam-
ics related to universal dynamics introduced in [3], see [8] for detail. In the C?
case, the non-transverse cycles are not special in the following sense: there exists
C? open setw of n-dimensional (n > 2) diffeomorphisms having heterodimensional
tangencies in a coindex-(n — 2) heterodimensional cycle, see [12]. Note that the
occurence of C? Newhouse phenomenon and strange attractors were observed in
[11].

Using Theorem 1.1 and the renormalization scheme that we will present below,
we prove the existence of blenders near some of these non-transverse heterodimen-
sional cycles under high regularity assumptions, see Corollary 1.3. Let us observe
that by adjusting the parameters, we can obtain convergence of the renormalization
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FI1GURE 1.1. Non-transverse heterodimensional cycles

to different types of Hénon-like maps, see the comment after Theorem 1.2. This
illustrates the richness of the dynamics near these cycles.

Renormalization. Renormalization means providing a sequence of local coordi-
nate changes near a tangency point and reparametrizations, which gives a sequence
of return maps along heteroclinic orbits converging to a limit map with interesting
dynamics. Using a renormalization scheme one can translate relevant properties of
the limit maps to some diffeomorphisms close to the one with the tangency.

Renormalization methods play an important role in the study of homoclinic bi-
furcations (dynamics at homoclinic tangencies). This method leads to the approx-
imation of the dynamics by quadratic families and allows to translate properties of
such families (such as existence of strange attractors and sinks, or thick hyperbolic
sets) to properties of the diffeomorphisms, see for instance [16, Chapter 3].

So far, renormalizations have not been sufficiently exploited in the context of
heterodimensional bifurcations. We consider renormalization schemes for non-
transverse heterodimensional cycles. Depending on the conditions satisfied by the
diffeomorphism, this renormalization may converge to different types of dynamics.
We wonder if this limit map may exhibit blenders. In general, it is not always the
case. We prove that, under some (degenerate) conditions, the renormalization con-
verges to the center unstable Hénon-like families in Theorem 1.1, see Theorem 1.2.

We now state precise definitions and results.

Definitions and statements of the results. Consider diffeomorphisms f defined
on a closed three-dimensional manifold M having hyperbolic periodic points P and
Q of saddle type with different indices (dimension of the unstable bundle and
denoted by index(-)). We assume that f has a non-transverse heterodimensional
cycle associated to the saddles P and @ (assume that index(P) = 2 > index(Q) =
1). This means that

W P)NW Q) £ 0 and W(Q)NW*(P) # 0,

where the first intersection between one-dimensional manifolds is quasi-transverse,
that is, there is X € W*(P) N W™*(Q) such that

(1.2) dim(Tx W*(P) + Tx W*(Q)) = dim(E*(P)) + dim(E*(Q)),

and the two-dimensional manifolds W*(P) and W*(Q) have a non-transverse inter-
section (a tangency) along the orbit of a point Y. This geometrical configuration is
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depicted in Figure 1.1 (the tangency in (a) is elliptic and the one in (b) is hyperbolic,
see [11]).

Associated to the heteroclinic point X, there is a transition from a neighborhood
Ug of @ to a neighborhood Up of P following the orbit of X. Similarly, associated
to Y there is a transition from Up to Ug, see also Figure 3.1. We impose some
conditions to these transitions in equation (3.3).

Let per(P) and per(@) be the periods of P and @, respectively. Denote the
cigenvalues of D fPer(F)(P) and D fPer(@(Q) by A, ¢, 6 and A, ¢, o, respectively.
We assume that

(13) M<i<lal<[C, A<[<1<]o|
and
= z < log |A|
(1.4) ‘|5C|k0§2‘ ) ‘|573<‘k071‘ ) ‘|>\5|k0‘ <1, wherek= &.
log ||

As we mentioned, bifurcations of non-transverse heterodimensional cycles ex-
hibit a rich variety of dynamics. Depending on the way of unfolding, one may
reach different types of dynamics. In the following theorem, starting from a six-
parameter family of diffeomorphisms (where the parameters describe the position
of the continuations of the heteroclinic points above), we select a two-parameter
sub-family converging to a Hénon-like family: there is a renormalization scheme
near the tangency providing a sequence of maps {F#k(ﬂ))uk}, reparametrizations
1, and parameters v such that the family converges to a Hénon-like family.

Theorem 1.2. Consider f € Diff"(M), dim(M) = 3 and r > 2, with a non-
transverse heterodimensional cycle associated with saddles P and Q) with hetero-
clinic orbits X (quasi-transverse point) and Y (tangency point).

Assume that

e The local dynamics around P and @ are linearized as in (3.1),
o the eigenvalues of DfPP)(P) and D fP(@)(Q) satisfy (1.3) and (1.4),
o the transitions between P and Q satisfy (3.3),(3.6) and (3.7).

Then there is a siz-parameter family {fuv}uve—e,qgs C Diff" (M) with foo = f,
satisfying the following: for any real number & > 0, there are

e a sequence of coordinate changes Wy : K — M defined near the tangency
point Y, where K is a compact neighborhood of the origin of R? that can
be taken arbitrarily large,

o reparametrizations py: I — R3, where I is a compact neighborhood of 0 in
R that can be taken arbitrarily large,

e parameter values v, € R3,

e a sequence of pairs of natural numbers (M, Nk )k, Mk, Nk — 00, and natural
numbers N1 and Ns independent of k and &,

such that the map

(1.5) Fu (o () = (T g (m0)) © fomy 17 0 Wy (%)

satisfies the following properties:

(1) Suppose (ji, %) is contained in a (fized) compact set of R x R3, then the sequence
{(pr(f),ve)} converges to (0,0) € RS and the sequence {¥(X)} converges to
the tangency point Y as k — +oo.
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(2) The sequence of maps {F,, (u).v, } converges in the C" topology to a one-parameter
family conjugate to

(16) GM(I,y,Z) = Gg,u,m,nz($7yaz) = (fl‘ + Yy, K + y2 + Hlxz + Ra2ZY, y>7

where K1, ke are constants depending only on f.
An immediate consequence of this theorem and Theorem 1.1 is the following;:

Corollary 1.3. Let f be a C" diffeomorphisms (r > 2) satisfying the hypotheses
of Theorem 1.2. Then every C"-neighborhood of f contains an open set of diffeo-
morphisms having blenders.

Let us give a comment to Theorem 1.2. The numbers (my,nx) correspond to
the consecutive times during which the points stay close to the saddles P and
@, respectively. The selection of these numbers determines convergence of the
renormalization and the number . This choice may lead to £ > 1 (center unstable
Hénon-like maps) or £ < 1 (center stable Hénon-like maps). This means that
arbitrarily close to the original system there are both types of dynamics.

Connecting one-dimensional invariant manifolds. We now show an applica-
tion of the methods above. To exploit completely the consequence of our techniques
is beyond the goal of this paper (it is a part of on-going research project).
Theorem 1.2 asserts that arbitrarily C"-close to certain types of diffeomorphisms
f having a non-transverse heterodimensional cycle, there exist diffeomorphisms g
having center unstable blenders A, near the point of tangency. The renormaliza-
tion gives us some local information, but does not provide information about the
connections between Ay and the continuations Py, Q4 of P, @ (semi-global infor-
mation). Since the dynamics is not dominated close to the tangency point, it is not
easy to describe the relative positions of the invariant manifolds of the these sets.
Under some additional hypotheses on the contracting multipliers of @), the next
theorem gives the creation of robust intersections between the “one-dimensional”
invariant manifolds W#(Ay, g) and W*(Qg,g). This intersection is in principle
harder to obtain than the one between the “two-dimensional” invariant manifolds.

Theorem 1.4. Let f be a diffeomorphism having a non-transverse heterodimen-
stonal cycle associated to saddles P and Q satisfying the hypothesis of Theorem 1.2.
Consider a real number o« > 0 satisfying o < llzgl‘z‘f — 1, where |A| < |C] are the
moduli of contracting eigenvalues of D fPe" (@) (Q) in (1.8). Then, for every r > 2,
arbitrarily C1*t< close to f, there exists a C" diffeomorphism g having a center-
unstable blender A, such that W (Mg, g) N W™ (Qg,g) # 0 holds C-robustly.

Note that the C'-robustness in the conclusion of Theorem 1.4 implies the C"-
robustness of the connection for all » > 1. The number « in the theorem is in
(0,1/2), see Lemma 3.1 in Section 3.3.

In the C'-topology, the connecting lemma of Hayashi [10] and the constructions
in [4] tell us that there are diffeomorphisms arbitrarily C'-close to f with robust
cycles. We wonder if this is possible to obtain such connections for systems C”-
close to f for r > 1. We use a detailed estimate on the hyperbolic behavior of
the limit map obtained in the renormalization process to get robust intersections
for C1T-approximations. As « is in (0,1/2), we do not obtain, for example, a
C?-result.
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The above result gives a connection from @), to A,. However, in general it is also
difficult to get non-empty intersections between W*(Qg,g) and W*(Ag4, g). This
difficulty is due to the fact that the transition map from P to @ does not preserves
the “central direction”. Thus, the question still remains whether or not a C"-robust
heterodimensional cycle can be created from a bifurcation of the heterodimensional
tangency.

To get such intersections one can consider two possible directions. The first one
is to get a renormalization scheme providing further geometrical information of the
cycles. This strategy is well exploited in the renormalizations in [17, 18], where
the dynamics is normally hyperbolic (which is not our case). Another direction
is to consider heterodimensional tangencies as in [8] associated to robustly non-
hyperbolic transitive sets. These sets have rich structures that may help to find
such intersections.

Organization of the paper. In Section 2 we introduce the definition of a blender,
state a result guaranteeing its existence, and prove Theorem 1.1 about the occur-
rence of blenders for some Hénon-like families. In Section 3 we describe the class
of non-transverse heterodimensional cycles we consider. This description involves
properties of the transitions between the saddles in the cycle following the non-
transverse heteroclinic orbits and the local dynamics near the saddles. The six-
parameter family of diffeomorphisms in Theorem 1.2 is presented in Section 4. In
Section 5 we introduce the renormalization scheme and prove Theorem 1.2. Fi-
nally, in Section 6, Theorem 1.4 is shown by previous theorems and a certain C1*+*
perturbation which is performed locally near the local unstable manifold of the
continuation of Q.

2. BLENDERS FOR CENTER UNSTABLE HENON-LIKE MAPS

In this section, we consider diffeomorphisms which are C"-near the center un-
stable Hénon-like endomorphism

(21) Gu,ﬁ,ﬁ(xa Y, Z) = (y7 1Y + y2 + IQZ27 é-Z + y)

This map is conjugate to the Hénon family in (1.1) when n = 0 by the coordinate
change

(2.2) O : (2,y,2) — (2,9, 2).
We will prove the existence of blenders for diffeomorphisms close to G, ¢ where
the parameters are in some specific ranges (see Theorem 1.1).

2.1. Conditions for the existence of blenders. Before going to the proof of
the theorem, let us recall the definition of a blender and sufficient conditions for the
existence of blenders in [2, §1]. First, we give an axiomatic definition of a blender.

Definition 2.1 (Blender, Definition 3.1 in [5]). Let f: M — M be a diffeomor-
phism. A transitive hyperbolic compact set A of f with index k, k& > 2, is a
cu-blender if there are a C'-neighborhood U of f and a C'-open set D of embed-
dings of (k — 1)-dimensional disks D into M such that for every g € U and every
disk D € D the local stable manifold W} _(A4) of A, (the continuation of A for g)
intersects D. The set D is called the superposition set of the blender.
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We now give some preliminary definitions that we borrow from [2]. Let A =
I, x I, x I, be a cube in R® where I, = [z, 2%], I, = [y",y"] and I, = [z7, 2]
are intervals. Divide the boundary of A into three parts as follows:

O%A = 0L, x I, x I, 0"“A = I, x Ol x I, 9"A := I, x 8(I, x L).

Note that 0“*A C 0“A. For 6 > 1 let Cy, C4", and C; be cone fields defined as
follows: for p € A, put

Cy(p) = {(u,v,w) € T,A | Olu| < Vv? +w2},
(2.3) Cit(p) = {(u,uw) e T,A { 0V u? 4+ w? < |v|},
Co(p) = {(u,v,w) € T,A | 0vv? +w? < \u|}

Note that Cj*(p) C Cy(p).
Then we define as follows:

o A regular curve L C A is vertical if T,L C Cj*(p) for every point p in L,
and the end-points of L are contained in different connected components of
0" A.

o A surface S C A is called a vertical strip in A if T,,S C Cy(p) for every
pin S and there exists a C' embedding E : I, x J — A (where J is a
subinterval of I,,) such that L(z) := E(I, x {z}) is a vertical curve for every
z € J. The width of S, denoted by w(S), is the infimum of the length
of the curves in S which are transverse to Cg" joining the two boundary
components of L(0.J).

Let W be a curve in A tangent to the cone field C* whose endpoints are con-
tained in different connected components of 0**A. Note that there are two different
homotopy classes of vertical segments through A disjoint from W.

e A vertical curve L in A with LNW = ) is to the right of W if it is in the
homotopy class of {z~} x I, x {z*} for some z( € I,. Similarly, a vertical
strip S through A is to the right of W if any vertical curve in S is to the
right of W.

For a three dimensional diffeomorphism F, the next geometric conditions (H1)—
(H5) guarantee the existence of a blender in A, see [2, §1]:

(H1) There is a connected component A of AN F(A) disjoint from 9*°AU F(9"A).
(H2) There is a connected component B of F(A) N A such that B is disjoint from
I, x I, x {7}, from 9°*A and from F(9"““A).
(H3) There are # > 1 and ¢ € N such that the cone fields Cy, Cj*, and Cj satisfy
the following conditions: There is ¢ > 1 such that
(i) For every p € F~1(AU B) such that F(p) € A for every i =0,...,0—1
and every v € C¢(p) \ {0}, (DF"),v belongs to the interior of C¢(F"(p))
and |(DF?),v| > c|v|.
(ii) For every p € F7'(AU B) and every v € Cy*(p) \ {0}, w := (DF),v
belongs to the interior of Cj*(F(p)).
(iii) For every p € AUB and every v € Cj(p) \ {0}, w := (DF '), v belongs
to the interior of C5(F~!(p)) and |w| > c|v].
Note that conditions (H1) and (H3) imply that F' has a (unique) hyperbolic fixed
point P, in A with index one. Let W{ be the connected component of W?*(P,)NA



8 LORENZO J. DfAZ7 SHIN KIRIKI, AND KATSUTOSHI SHINOHARA

containing P,. Observe that the curve W is tangent to the cone field C;. So we
can speak of vertical curves and strips being to the left or to the right of W.

(H4) There is a neighborhood U~ of the left side {z = 27} of A so that every
vertical strip S through A to the right of W{j does not intersect U~.

(H5) There exist neighborhoods U of W§ and U™ of the right side {z = 27} of
A such that for every vertical strip S through A to the right of W one of
the two following possibilities holds:

(i) The intersection F'(S)N A contains a vertical strip ¥ through A to the
right of W and disjoint from U;

(ii) F(S)N B contains a vertical strip ¥ through A to the right of W and
disjoint from U.

Note that the presentation of (H3) is slightly different from the one in [2]. In our
(H5), each non-zero vector of Cj" is expanded only after ¢ iterations. However, by
some standard argument, one can check that the conditions (H1)—(H5) above are
also sufficient to guarantee the occurrence of the blender. Indeed, these conditions
imply that the width of vertical strips in A grows exponentially after iterations by
F*. This implies that the stable manifold W*(P,) of P, intersects transversally
every vertical strip S through A to the right of W§, see [2, Lemma 1.8]. In par-
ticular, for A = (;c; F*(A) we have W (A) NS # 0. Thus A is a blender whose
superposition set is formed by the vertical segments through A to the right of W.

2.2. Proof of Theorem 1.1. We consider the open set of parameters O and the
cube A in R3 defined as follows:

O={(r&| -10<p<-9, 0<k<107% 1I18< &< 119},

A= {(xayaz) | |‘T|7 |y| < 4’ —40 <z < 0}

The boundary A of A is divided into two parts 9“A := [—4,4]x9([—4, 4] x[—40, 0])
and 0°°A := AN {x = +4}. Moreover, consider the subset 0"“A := AN {y = +4}
of 0*A. The goal of this section is to prove the following proposition.

(2.4)

Proposition 2.2. There is € > 0 such that every diffeomorphism F sufficiently
close to G en (see (1.1) for the definition of Gy w.ern) where (pu,k,§,m) € O X
(—¢,€) has a blender.

This proposition immediately implies Theorem 1.1. It follows from the next
three lemmas and the sufficient conditions for blenders in Section 2.1. So, let us
start the proof of the proposition above.

Lemma 2.3. If a three-dimensional diffeomorphism F is sufficiently C'-close to
Gpre with (u,k,€) € O, then there are compact subsets A and B of A satisfying
(H1) and (H2) for F.

Proof. First, we investigate these properties for G, . ¢ with (u,«,§) € O.

Let II, : R? — R? and II, : R?* — R? be the projections II,(x,y, 2) = (z,y) and
I, (z,y,2) = (y,z). We first observe the relation between II,(A) and G, . ¢(A).
For z € [—40,0], write

D, = [-4,4* x {z}, 0"“D, = [-4,4] x {—4,4} x {z}.

Note that, G, ¢ is an endomorphism such that DG, . ¢ has a zero eigenvalue
whose eigenspace is the z-axis. Thus, for every z € [—40, 0], from (2.1) we have

HZ(G#,R,é(DZ)) = {(xvy) ly=p+ 2% + "9227 |z < 4} .
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Consider the sets
DY :=D,n{y>0}, and D, :=D,N{y<0}

Since —10 < p < —9 and 0 < k22 < 0.16, by direct calculations, one can obtain
the following conditions, see Figure 2.1-(a):

o I1.(G, (D)) NIL(A) contains a segment I transverse in the zy-plane
to II,(0"*A) and such that I} C {(z,y) | 2.4 < z < 3.8}.

o II.(Gpre(D;))NIIL(A) contains a segment I transverse in the zy-plane
to I1,(0"*A) and such that I C {(x,y) | —3.8 <z < —2.4}.

e We have I, (G, x¢(0““D.)) = {(£4, p + 16 + £z?)}. By the conditions on
the constants, its y-coordinate u + 16 + k2?2 is greater than 4. That is, the
projection I, (G, .. (0" D)) is outside II,(A).

FIGURE 2.1. Projected images of A and G, » ¢(A)

Consider the sets
AT =An{y>0}, A :=ANn{y<0}, and A :=AN{z=0}
The following properties of II;(A) and II (G, xe(A)) can be checked by direct
calculations, see Figure 2.1-(b).
o I, (G re(AT)) contains I, (A) = {(z,y) | —40 <z <0, |y| <4} in its
interior.
o II.(Gpre(A7)) NII;(A) contains the set IT,(A) N {—40 < z < —4}, and
(] HI(GM,H’E(Ai)) N Hm(aoA) = 0.
Note that
A*= |J D
2€[~40,0]
Consider now the sets given by
A=G,ee(AT)NA and B=G,.e(A7)NA.
By the comments above,
m.(A)= |J If and (B = [J I,
z€[—40,0] z€[—40,0]
and II,(A) = II,(A) and II,(B) N I1,(8pA) = 0. Moreover, from the above obser-

vations, we have
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o ANO*A =0 and AN G, .e(d"A) = 0;
e BNO*“A=0, BNdyA =0, and BN G, (0" D.) = 0.

This implies that A and B satisfy (H1) and (H2).
Clearly, any diffeomorphism F sufficiently C! close to G, . ¢ also satisfies these
properties. U

Lemma 2.4. For any diffeomorphism F sufficiently C'-close to G, ¢, (1, 5, €) €
O, the cone fields C¥, C¥* and C§ satisfy (H3) for A, B as in Lemma 2.3.

Proof. First, note that for p = (z,y,2) € A with G, .¢(p) € AUB and v =
(u,v,w) € TpA, we have

(2.5) (ur,v1,w1) == (DG k.e)pV = (v, 2yv + 262w, v + Ew).

For the proof of (H3)-(i) and (ii), we just investigate the property of G, . ¢ with
(i, &, &) € O, which implies that the same conditions hold for F near G, . ¢.

Proof of (H3)-(i). Consider the cone
C"(p) :=Cy(p) = {(u,v,w) € T,R? | 2Ju| < Vo2 +w2}.
We consider the norm

[(w, v, w)|y = max{|u\7 V2 —|—w2}.

We will see that |(DG), x.¢)pV]s > |V]« for every v € C**(p) \ {0}. By compactness
this implies that |(DG ..¢)pV]s« > co|V|« for some uniform ¢y > 1. Since |- |, is
equivalent to |- |, this implies that there are £ and ¢ > 0 such that |(DG£7KI7§):DV| >
c|v]. We now go to the details of the proof.

First, note that from the proof of Lemma 2.3, the condition G, .. ¢(p) € AU B
implies |y| > 2.4. (remember that the z-coordinate of G, . ¢(p) is equal to the
y-coordinate of p).

We divide the proof into two cases: 6.5[v| > |w| and 6.5|v| < |w|. In the case of
6.5|v| > |w|, by this inequality and the choice of parameters in (2.4), we have

[v1| = |2yv + 2k2w| = 2|y||v] — 2|&||2||w| > 4.8]v] — 0.052|v| > 4.7|v].
Thus,

(2.6) 02+ w? >y | = 47| = 4.7 |u .

Therefore, (u1,v1,w1) € C*(Gp k().
To get the uniform expansion of the vectors, note that

wi = (v+E&w)? > v = 2Jvfjw| + Ew?® > (1 - 13§)v” + w?,
thus, together with (2.6), one obtains
(DGure)pV]? =07 +wi > (22 — 13)v* + E2w? > 40° + 1.18%w? > |v|2.
Next, we consider the case of 6.5|v| < |w|. Since

jwi| = [v + §w| > {lw]| =[] = 6.5¢[v] — |v| > 5[],

\/ V2 +w? = |wi| > 5lv] = 5luy.

one has
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This implies (uq,v1,w1) € C*(G xe(p)). Moreover, by (2.4), (2.5) and 2.4 < |y| <
3.8,

v = (2yv + 2kzw)? > 4y?v? — 8yvkzw| + 4k%22w? > 23v% — 0.02w?,

w? = (v + Ew)? = Ew? — 2¢|v||w| +v? > 1.026w* + v?.
Therefore,

(DG, ..)pVv|F = v + wi > 240% + 1.006w* > |v|2.

This completes the proof of (H3)-(i).
Proof of (H3)-(ii). For p € A with G, . ¢(p) € AU B, take a cone

C(p) = 3" (p) = { (w,0,w) € TR | 2v/02 +w? < ol } € C"(p).

This implies that |w| < |v|/2 for any (u,v,w) € C**(p). Recalling (2.5) and 2.4 <
lyl, we have

lvi| = [2yv + 2kzw| = 2|y||v] — 2|k||2||w| > 4.7]v].
On the other hand,
u? 4+ w? = v + (v + Ew)? < 207 + 26 v||w| + Ew? < 207 + 1.190% 4 0.630% < 402

2¢/u? + w? < 4| < |v.
Thus (DG x.¢)pV € C*" (G k,e(p)), which completes the proof of (H3)-(ii).

Proof of (H3)-(iii). The existence of a contracting and invariant strong stable
cone field follows from the fact that DG, . ¢ is an endomorphism whose eigenspace
associated the eigenvalue 0 is spanned by (1,0,0). This implies that for every
diffeomorphism F sufficiently close to G, ..¢ with (u, k,&) € O, the cone field C3(p)
with p € AU B satisfies (H3)-(iii). O

Hence,

Lemma 2.5. Every diffeomorphism F sufficiently C'-close to G, ¢, with (p, K, &) €
O, satisfies conditions (H4) and (H5) for A, B as in Lemma 2.3.

Proof. Again, we mainly consider the properties for G, .. ¢ with (u, ,&) € O. The
conclusion for F' near G, . ¢ follows almost immediately.

Proof of (H4). By construction, A contains unique saddle fixed point P, =
(24, Yx, 2+) which satisfies

T =Ye = p+ Y2+ r22 = (1 — )24
Note that W§ = {(z,y«,2+) | || < 4} and that every point in W{§ is mapped
to P, by G ke by Gy re. Therefore Wy is a local stable manifold of P,. Since
24 <y, <38 and 1.18 < £ < 1.19, one has the following estimation:

s
&E—1
Note that the cones C**(p) are defined around the y-axis with slope 1/2. Thus a
simple calculation gives that any vertical curve L, (i.e., a curve with T,,L C C**(p)),
through A to the right W{ does not intersect a small neighborhood U~ of {z =

—40}NA. This implies that (H4) holds for G, » ¢ and thus for every diffeomorphism
F sufficiently C'-close to G, . ¢.

(2.7) —21.2< 2, = — < —126.
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Proof of (H5). Consider the subsets of A defined by

A ={(z,y,2) | |[z| <4, 24 <y <38, —22< 2< —3.3},
B'={(z,y.2) | |z| <4, —-38<y<—24, —-73<2<0}.

Gu n,E(LB’) 2 Gu,f{,ﬁ(LA’)\y

-22 | Ly =33 ]|

T\ |

| Pl -

A \ 2 I
_4' [ I 2.4

Bl 1

N AT 38

- \ L)\ /] Ut

LB/

FIGURE 2.2. Vertical segments L 4/, L and their images

We define the notion of vertical curves through A’ (resp. B’) in the natural
way. That is, a curve o in A’ (resp. B’) is called vertical if it is tangent to C*“
and connects A’ N {y = 3.8} and A’ N{y = 24} (resp. B'N{y = —3.8} and
B'n{y = —-2.4}).

Then, one can observe the following (see Figure 2.2): For every vertical curve L
through A to the right of W,

e cither Ly = LN A’ is a vertical curve through A,
e or Lgs = LN B’ is a vertical curve through B’ (note that both cases may
hold simultaneously).

In each case, we have the following:

o In the first case, G, «¢(La/) contains a vertical curve through A which
is to the right of W§ and disjoint from a small neighborhood U™ of dyA
(remember that dgA = AN {z =0});

o In the second case, G, x ¢(Lp’) contains a vertical curve through A which
is to the right of W and disjoint from a small neighborhood U of W.

Therefore, (H5) holds for G, . ¢, and for any diffeomorphism sufficiently C!-close
to GM,N’E' O

Remark 2.6. In the proof above, we can see that the image of the segment 0=
{(0,t,0) | |t| < 4} under diffeomorphism F which is sufficiently close to G, ¢
contains a vertical segment which is to the right of W3 of the blender. Thus it has
non-empty intersection with the stable manifold of the blender. This fact is used in
Section 6.

3. THE NON-TRANSVERSE HETERODIMENSIONAL CYCLES

In this section we describe the conditions satisfied by the diffeomorphism with
non-transverse heterodimensional cycles in Theorem 1.2.
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3.1. Local dynamics at the saddle points. Let P and @ be saddle periodic
points of f € Diff" (M) with dim(M) = 3 and r > 2. In what follows, we suppose
that per(P) = per(Q) = 1 for simplicity, that the points have indices index(P) = 2
and index(Q) = 1, and that the unstable manifold W*(P) and the stable manifold
W#(Q) have a heterodimensional tangency, and the two invariant manifolds W*(Q)
and W*(P) have a quasi-transverse intersection. We fix small coordinate neighbor-
hoods Up and Ug of P and @, respectively, and consider transitions between these
neighborhoods along the cycle.
For simplicity, we assume that f|y, and f|y, are C" linearized, i.e.,

(5\95,&%52') if ($,y,2) € UP

(3.1) f(z,y,2) = { Az, oy,(z) if (z,y,2) € Ug

where

A<t <ol <[], AI<[C]<1<]ol.
This assumption is guaranteed by the conditions on the eigenvalues of D f(P) and
of Df(Q), see [19, 20]. In what follows we assume that A and ¢ are both positive
(in the negative case it is enough to consider a pair number of iterations).

Caveat. In what follows, for simplicity we assume that all eigenvalues are positive.
For the cases where some eigenvalues are negative, the proofs work almost similarly
with slight modifications.

3.2. Transitions along heteroclinic orbit. In this subsection we describe the
transitions from Ug to Up and from Up to Ug along the heteroclinic orbits.

We consider first the transition from Ug to Up along the quasi-transverse orbit
X. In the linearizing coordinate in Ug, up to multiplication by some constant along
the the y-direction, we can take the quasi-transverse intersection between W*(Q)
and W#(P) with X = (0,1,0) € Ug. Similarly, there exists a positive integer N,
such that X = fN(X) = (1,0,0) € W (P), see Figure 3.1.

FicURE 3.1. Non-transverse heterodimensional cycle and its transitions

The transition of fN' from a small neighborhood of X to that of X is expressed
as
T 1+ a1z + gy + azz + Hy(z,y, 2)
32) M| vy | — Bix + Bay + Baz + Ha(x,y, 2) ;
z M+ 2y +v3z + Hz(w,y, 2)
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where each H; is the higher order term satisfying the following conditions: for every
1€ {1,2,3},

H;(0) = 0; (8/02)H;(0) = (8/9y)Hi(0) = (9/92)H;(0) = 0.

We assume that

(33) Bz =72=73=0.
Note that since f is a diffeomorphism,
(3.4) B2y1 # 0.

Next, we consider the transition from Up to Ug along the orbit of heterodi-
mensional tangency. Let Y € Up denote a point of tangency between W (P)
and W*(Q). There is a positive integer Ny such that ¥ = fN2(Y) is contained
in W.(Q). By some linear coordinate changes in Up and in Ug, one may set
Y =(0,1,1) € Up and f2(Y) = (1,0,1) € Ug respectively. Note that this coor-
dinate change can be done independently of the previous one involving X and X'.
Hereafter, these new coordinates are both denoted by (x,y, 2).

Since the tangency is nondegenerate, the transition of fV2 from a small neigh-
borhood of Y to that of Y is expressed, by taking Taylor expansion, as

T 1+ a1z + asy + asz + Hi(z,y, 2)
(3.5) el 14y | — | bz +boy® + b3z? + bayz + Ha(z,y,2) |,
1+z 1412+ coy + 3z + Hi(x,y, 2)

where every H; is the higher order term with the following conditions: for each
i€{1,2,3},

Hi(0) = 0; (9/02)H,(0) = (9/9y) H,(0) = (9/9=) H,(0) = 0.

We assume that

(3.6) (0% /0y*)H(0) = (0 /02%)H(0) = (0*/0ydz)H2(0) =0, c3 = 0.
Furthermore, we assume that

(3.7) bobs #£ 0, ~1a3 > 0.

3.3. On the range of eigenvalues. Theorem 1.2 assumes some conditions on the
eigenvalues. In this section, we discuss the non-emptiness of the set of the numbers
which satisfy these conditions.

We are interested in the existence of 6-ple of numbers

0<A<l<d<( O<i<(<l<o
satisfying the following conditions:
(3.8) 0 < (6¢)Fac? <1,
(3.9) 0<(3)k 1t <1,
(3.10) 0< (X))o <1,
where k = log Aj .

0g
We prove the following:

Lemma 3.1. o Let P C RO denote the set of points (5\,&,5,)\,(,0) which
satisfy the conditions above. Then, P is a non-empty open set of RS.
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e On P, the value log A/ log { ranges over (1,3/2).
Note that the second item implies that the range of « in Theorem 1.4 is (0,1/2).

Proof. The openness of P is clear. Thus we concentrate on the non-emptiness.
There are three inequalities (3.8), (3.9) and (3.10). First, we restrict our attention
to (3.8), (3.9). Indeed, if we can prove the non-emptiness of numbers satisfying (3.8)
and (3.9), then, by taking sufficiently small A > 0, we can prove the non-emptiness
of the parameter satisfying (3.10).
The inequality (3.8) is equivalent to the following:
logo < log A (logcz +1-2 log() =R
log ¢ log A

Similarly, by a direct calculation we see that (3.9) is equivalent to

loo &
logo > —log A (1 -3 ogcz) =: L.
log ¢
Then, consider the two terms L and R. The non-emptiness of P is equivalent to
the following two inequalities:

(3.11) L<R and R>0.

Indeed, if (3.11) holds, then take o so that logo > L and logo < R hold (note that
the variable o does not appear in L and R and the only restriction on o is o > 1,
that is, logo > 0).

Put
S = loiq = 1ogC.
log ¢’ log A
Note that the conditions 1 < & < ¢ and 1 > ¢ > X implies that we have
0<S5T<1.

The inequalities L < R and R > 0 are respectively equivalent to the following:
T>-S41 and T > (1/2)(S+1)
By Figure 3.2 below, we know that the set of (S, T') which satisfies these conditions

is non-empty.

T

ol 1/3 L
FIGURE 3.2. The domain of (S,T)

Now we prove the non-emptiness of P. First, fix some (5, T) from the region of
Figure 3.2. Then, take (7,¢) and (¢, A) which correspond to the values of (S,T).
Finally, take o and A. This gives us the desired 6-ple of numbers.
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Finally, we see the range of llgi /C\ = 1/T. By the figure above, the range of T is

2/3 < T < 1. Thus the range of 1/T is (1,3/2), which completes the proof. |

4. THE SIX-PARAMETER FAMILY {f, .}

In this section we construct a six-parameter family {f,,} C Diff" (M), p,v €
[—€,€]3, with foo = f in Theorem 1.2. This family is obtained by local perturba-
tions near the quasi-transverse intersection X and the heterodimensional tangency

Y. To define the local perturbations, we use a smooth bump function
(4.1) B(z,y, z) = b(x)b(y)b(2),

where b is a C" function on R satisfying

b(x) =0 if 2p < |z|;
0<blx)<l ifp<|z|<2p;
b(z) =1 if |z| < p,

where p > 0 is some small number. Let U; and Uy be 2p-neighborhoods of X =
(1,0,0) and of Y = (1,0,1) which satisfy Uz C Up, P ¢ Cl(Ug) and Uy C Ug,
Q ¢ Cl(Uy ), where CI(-) means the closure of the corresponding set.

The number p is taken so small such that

f(UX)ﬂU)*(:@ and f(Uy)NUs =0

hold.
For p = (p1, pa, pi3), v = (v1,v2,v3) € R3, let {t, .} be a family of maps satisfy-
ing the following:

o if(14+2,y,1+2) €Uy,
tuy(l+2,y,14+2)=Q+2z,y, 14 2) + B(z,y, 2) (11, f2, p3),
o if (14+2,y,2) €Uy,
tuy(1+2,y,2) = (1 +2,9,2) + Bz, y,2)(v1,v2,3),

e in the complement of Uz U Uy, ¢, is the identity.

Then this family is in Diff" (M) for small p,v € [—¢, €]® where € > 0 is some small
number.
We now define

(4'2) fuﬂ/ = tuﬂ/ o fa
which has the following properties.

e Since P € Cl(Ug) and Q & Cl(Uy), f.,. has saddle periodic points P, , =
P and Q,,, = Q. Moreover, near P and @, f,, has the same forms as in
(3.1).

e For any (z,1 + y, z) sufficiently near X = (0, 1,0),

(4.3) fﬁ},(m,l—i—y,z):le(m,l—l—y,z)—l—(yl,ug,yg),

which has the same form as (3.2) when v = 0. The parameters vy and
v control the unfolding of the quasi-transverse intersection X. See Figure
4.1-(a).
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e For any (z,y + 1,z + 1) sufficiently near Y = (0,1, 1),
(4.4) faz(e 14y, 14 2) = 2 (@, 1+ y, 1+ 2) + (1, po, 13),

which has the same form as (3.5) when g = 0. The parameter uy controls
the unfolding of the heterodimensional tangency at Y. See Figure 4.1-(b).

Y )
A (14 pa, po, 1+ pg)

P

> 2

1
1,2, VB)
. I

(a) (b)

FIGURE 4.1. (a) Quasi-transverse intersection (b) heterodimen-
sional tangency

5. RENORMALIZATIONS: PROOF OF THEOREM 1.2

The renormalization scheme involves maps of the form fzHm+N1+m where Ny
and Ny are (fixed) transition times, and n and m are the permanence times in Ug
and Up, respectively. We pick up pair of sojourn times to get return map with
neutral behavior.

5.1. For selecting the sojourn times. We first prove an auxiliary result which
enables us to get the “neutral dynamics”. For that we state an “irrationality con-
dition” of real numbers (Claim 5.2). This condition is used to choose a convenient
combination of product of the strong unstable eigenvalue ¢ of P and the strong
stable one A of @ in (3.1). With this condition we pick up a sequence of renormal-
izations converging to a central unstable Hénon-like family.
We put
Z={({NeR|0<A<1< ()

Lemma 5.1. There is a residual subset R of Z such that for every (f, A) € R the
following holds: For any € > 0, Ng > 0 and £ > 0 satisfying €/§ < 1, there exist
integers m,n > Ny such that the following holds:

11as\'C" — €| <e, |m—nk—k| <1,
where v1 and az are the constants given in (3.2), (5.5) and (5.7), k = log A1 /log ¢
and k = log(y1az&~")/log (.
To prove this lemma we need the following claim whose proof is postponed.

Claim 5.2. There exists a residual subset R of Z such that for every (f,)\) eER
the following holds:

Cl({mlongrnlog)\ ’ m,n € N}) =R.
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Assuming this claim let us give a proof of the lemma above.

Proof of Lemma 5.1. Fix ¢ > 0, Ng > 0 and £ > 0. We take ¢g > 0 such that
e — 1 < ¢/€. By the condition £/ < 1, we have g < 1. From Claim 5.2 and
(3.7), for any €9 > 0, Ny > 0 and £ > 0, there are integers m,n > Ny such that

(5.1) log(y1asé™t) + mlog ¢ + nlog )\‘ < &9.

For such m and n, we have |m — nk — %| < ao/logg: < 1.
By taking the exponential of (5.1), we have
fe™0 < fylag)\"(f’” < Le®o.
Then, by subtracting £ from each side, we get ‘fylag)\"ém — f‘ < €. O

Proof of Claim 5.2. Let {r;};en be a sequence which is dense in R. For every r;
and j € N, let us consider U; ; C Z defined as follows:

Uij = {(57 A)

The sets U; ; are clearly open in Z. for every positive integers ¢ and j. We claim the
density of U; ;. Then R := N, ;U; ; is the desired residual set (by Baire’s category
theorem). Consider the (open) set

Vij(m,n) i= {(X,Y) = (log Clog A) € R? | mX +nY —ri| <1/j}.

Im,n e Nst. [mlogC +nlogh — ;| < 1/j}.

Observe that, in XY-plane, V; ;(m,n) is an open strip containing the (open) seg-
ment ((r; —1/4)/n, (r;+1/4)/n) on the Y-axis, going downward right in the fourth
quadrant (0,+00) X (—00,0) with slope —m/n. Then, by the density of rational
numbers {m/n; m,n € Zso} and taking n large, we get

Cl ( U Vij(m.n) ) = (0, +00) X (—00,0).
m,n>0

Then the pullback of Uy, ,V; j(m,n) to Z under the map (z,y) — (log|z|,log|y|)

coincides with U; j, which shows the density of U; ;. (I

5.2. Renormalizations near tangencies. Before going our construction recall
the conditions (1.3)~(1.4) and (3.2)~(3.7). In what follows we assume that (X, )
belongs to the residual subset R of Lemma 5.1.

Our renormalization scheme consists of a sequence of coordinate changes ¥, .,
reparametrizations of ji,, ,, and parameters v,, ,, depending on given integers m,n >
0, which satisfy the following conditions.

e The coordinate change ¥, , : K — Ug, (where K is a compact neighbor-
hood of the origin) (z,y, z) = U n(Z, 7, Z) is defined by
(5.2)  Upn(®,9,2) = ("¢ "2+ 1, 0 g+ o ", o "G "2+ 1).
Note that U, ,(K) converges to the point of heterodimensional tangency
Y = (1,0,1) € Ug as m,n — oo. This means that for any K if m,n are

sufficiently large, we can define ¥,, ,.
e The reparametrization fim, ,, : I — R, i = i, n(f), is defined by

(5.3) fim (1) = (—A™ay, 072672 G 4+ 07" — XNy, —A"ey),

which converges to 0 as m,n — oo where [ is a (fixed) closed interval.
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e The sequence of parameter values {v, ,,} is given as
(5.4) Vi = (=M1 — (Mag, 57 = A"y, C = Ay),

which converges to 0 as m,n — oo.

Using the renormalization (¥, pn, fhmon, Vm,n), the return map by iterations of
fu,» near the heterodimensional tangency Y is defined by

(5.5) Fm,n(‘fv Yy, z) = (\I/;L}n|\Pm,n(K)) © fi\iit?;)r,ﬁt::l ° \I’m,n('i Y, 2)7

where N7 and Ny are the constants in (3.2) and (3.5), which are independent of
m,n. Note that the domain of F,, ,, is K and K can be chosen arbitrarily large by
letting m, n large.

5.3. Proof of Theorem 1.2. In this subsection, we prove Theorem 1.2. For that
we fix £ > 0 and select a sequence (my, ng) C N2 such that y;az A" fm" converges
to ¢ (recall Lemma 5.1). Then for those {F},, »,} we get the convergence to the
center unstable Hénon-like family.

Proof of (1). The claim is obtained immediately from (5.2)—(5.4) under the condi-
tions for eigenvalues in (1.3).

Proof of (2). The proof is done by calculating entries in the formula (5.5) using
(1.3), (1.4), (3.2)—(3.7) and (A,{) € R of Lemma 5.1. In the proof, we omit the
subscript £ for simplicity. Thus, for example, we write Fy, ,, in the sense of Fy,, », .

Let us provide step-by-step calculations to obtain entries in the formula of return
map F, . By the coordinate change ¥, ,, of (5.2), each (7,7, 2) € R? is mapped
to

X0:= (0 "6 " +1, 0G40 ", o "G 24 1).

Note that if (Z,y, Z) is contained in a compact domain and m,n are sufficiently
large, xg is close to the heterodimensional tangency Y = (1,0, 1).

First, after n iterations of f,, . (a).u.. .., in other words, the linear transformation

(3.1), xo moves to f} . (%0) = (@n,Yn +1,2,) where

(Tn,yn + 1,20) = (N'o "6 "E+ X", 0 "6 2+ 1, ("o G2+ ().
We write X,, = (n, Yn, 2n). These entries can be described by Landau notation as
(5.6) Tp = O\, y, = O(c "6 2™), 2z, = O(C™).

Note that this also implies that the point (z,,yn+1, 2,) converges to (0,1, 0) when
n tends to +oo. This guarantees that the points in ¥,, ,(A) stay in Ug and then
leave it by the transition map.

Thus, we apply the transition fivl ()

_ defined by (4.3) (where the parameter

tm,n () is not yet involved). Recalling the choice of v in (5.4) and the conditions
B3 = v2 = v3 = 0 in (3.3) we get the following formula in the local coordinate of
Up,

flltvnlzt?ﬂ)yl/m,n (XO) :(]_ + )\ndinéimalf + 07"&72ma2§ + Cn(finé'imagf + .Hl (in),
G AT BE + 0 G T B + Ho(%,), (T A+ A0 TG T T + Ha(%y)).

Note that from (3.2), for each i = 1,2,3, H; starts from a quadratic term. Since
0 < A < ¢, the dominant terms in H; are y, = O(c~"672™) and z, = O((") in
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(5.6). In fact,

(5.7) Hi(%n) = O(c72"67"™) + O(*™).
By the next m iterations of the linear transformation by (3.1) in Up, we have
fﬁjﬁi*”(xo) = (Tm, 1 + Ym, 1 + 21) near Y = (0,1,1) where
T = A"+ N A0 TG Ty T 4 Ao agy + Ao e sz + N H L (Xy,),
Lty =14+ N0 "1z + 0 "6 " Boy + 6" Ha (%),
T4 z2m =1+ N0 "6 (1T + fmffg(fcn).
Put x,, := (T, Ym, 2m ). From (1.4), (5.6) and (5.7), we have the following;:
(5.8) T = O™, ym = O(672"673™) + O(G™C™), 2m = O(c "5~ ™).

We can see that these three numbers converge to zero as m,n — +o00. Indeed, the
convergence of x,, and z,, are easy. The convergence of y,, comes from the first
condition of the eigenvalue condition (1.4), This means that after m-times iteration,
the point leaves Up by the transition map.

By the transition f,ivg () (which does not depend on v, ,,), we have in the

: £ a2\ — pNo+m+Ni+n
local coordinate (Z, g, 2) = fum,n(ﬂ)ﬂ/m,n

(x0) in Ug, where
& =1+ (A"\"0 "6 ara1 + Ao "agfy + Ao "6 Mazm) T
+ (A0 M e + 06 MagBa)y + Ao "G M aasz

+ S\malgl (in) + 5—ma21{[2()~(n) + Zma3f{3(5(n) + Hl (Xm)a

2n n

§ =024+ 0"
+ N AT T b T + Ao G 2 brany + No "6 M bz

+ (A0 BTy + N2 2GR by + AT 2 By b7

+ oG B2hy R + (2N TG By fabs + A" TG 2™ By ba) T

+ X"y Hy (%) 4 (2A" 076 B1boZ + A0y baT + 20" Babaf) Ha(X,,)
+ (Ao BLbaT 4 2\ 0 "G TPy bsT + 0 "G "¢ Bobal)) H (Rn)

+ 62 by Hy (%) + 6™ baC™ Hy (%) Hs (X0) + C2™by Hs (%) + Ho(Xim),

2=1+ (A"S\ma_"&_mclal + Ao 51)T
+ (5\’”0_”&_2mcla2 + O'_né_mCQﬁg)g + S\mO'_na'_anClagz
+ A" e  Hy (%) + 6™ o Ho (%) + H3(X0,).

Finally, using the inverse of (5.2), we get that the return map F,, ,(Z,9,2) =
(Z1,71,71) defined by (5.5) satisfies

T = (A"S\malal + A”&magﬁl + )\"fmagfyl)f + (S\méfmalo@ + GJQBQ)Q
(5.9) + A" (a1 z + A6 ™ a  Hy (%) + 0752 ag Hy (X0

+ a”&mfmagf[g(in) +o"c"™H, (Xm)7
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Y1 =p+ AN A" G b o T + ;\ma”blaggj + X’”U"&mgnblagé
+ (X227 By + NG by + TG Bimiba)ZP + F3b25°
+ (26 B1 Baba + NC Bayiba) TG + AN o5 by Hy (%, )
(5.10) 4 (2A"0" G5 BrboT + A0 "GP M1 baT + 20762 Baboiy) Ho (X,
+ (2A" 0" F My bsT 4 Ao G BrbaT 4 05 ™ Babay) H (X,
+ 0254 by Hy (%)% + 0265 (M by Ho (% ) Hs (%)

+ 0,2n5,2m52mb3f{3 (in)z + O,2n5,2mH2 (Xm)a

21 = ()\"S\mcloq + )\"&mCQﬁl)jz + (S\m(}_mclog + Czﬁg)g + ;\m<n61a35

5.11 - N N
(5:1) + A" G e  Hy (%) + 0" 6% e Ho (X)) + 0"6™ Hy (X))

Now, we check the convergence of (5.9)-(5.11) as m,n tend to infinity. First, we
estimate the higher order terms containing H; and H;.

e Higher order terms containing H1, H,, Hs. The coordinate Z; in (5.9) has
three higher order terms containing H,y, H, and H; whose (m, n)-dependent coeffi-
cients are respectively

S\mgn&m O,n5,2m O,n(_}mgm

By condition (1.3), we have
(5.12) 0 < A™mg"6™, oGP < a5 (M.
As noted above, every H; ‘has order at least two. Thus, it is enough to check the
convergence to 0 of 0™"6™ ("™ H;(%Xy,). From (5.7),
(513) Uné_mgmﬁi(in) _ ( nx~ m<m<2n) +O( 7n~73m<m)
Since |m — nk — k| < 1 by Lemma 5.1, we have

Una,mé:'rnCQn < C(O’&kékCQ)n7 U—n6—3m§m < C/(o,—la,—Ské:k)n
where C,C’ > 0 are constants independent of m and n. Conditions (1.4) implies
that the expression in (5.13) converges to 0 as m,n — +o0.

Moreover, using (1.3) and (5.7), one can easily check that the rth order deriva-
tives of o™ (™ H;(X,,) also converge to 0 as m,n — 4o0c. Thus, these higher order
terms also converge to 0 as m,n — +oo in the C" topology on compact domains.

We now evaluate the expression of 71 in (5.10), which has higher order terms
containing Hl,HQ, Hg,HQ,HgHg,H3 Thus, let us see the convergences of terms
containing Hy, Ho and Hs. It is enough to study the following (m, n)-dependent
terms ~ ~ ~ R o

Amo_Zna_QmI{i7 Anan&BmHi7 O_na_ZmHi’ )\no_na_mCZmHi.
Note that the estimate of a"ﬁzmﬁi was already done, see (5.12). Moreover, since
AtgGm P = (AP(™)om5™ (™ and A"(™ converges to a constant by Lemma 5.1,
the convergence of A"o"G™(?™ H; follows from the discussion above, see (5.13). So

we have only to check the convergence of N"02"G2™ H, (%,,) and \"o"53™ Hy(%,,).
By (5.7),

:\m0,2n52m]f[1 (%) = O(:\m&me) + O(S\ma,Zna,QmCQn),
A”gn&?)mgQ(f(n) = O()\na-fné—*m) + O(}\no_na_SmCQn)
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By a similar discussion as above, using |m — nk — k| < 1 of Lemma 5.1 and (1.4),
these terms also converge to 0 as m,n — +oo.

Moreover, same as in the case of 1, one can check the convergence of rth order
derivatives of A™02"52™ H,(%X,) and X\"0"53™ Hy(%,). Hence, these higher order
terms converge to 0 as m,n — +o0o in the C” topology.

It remains to check the convergence of (m, n)-dependent terms involving H, and
H, in the expression of z;. These estimations follow from (5.12). Thus, we finish
checking the convergence for higher order terms containing Hy, Ho and Hs.

e Higher order terms containing Hy, Ho, Hs. We start by evaluating the expres-
sions of z; and z;. From (3.5), H; and Hj start from degree two terms. Hence,
the orders of H; and Hj are dominated by those of 22, y2,, 22, Tm¥Ym > Ym Zms ZmTm.,
which can be evaluated directly from (5.8). In this way, one can check the terms
containing H; and Hj in the expressions of z; and Z; in (5.9) and (5.11) as follows:
for i =1,3,

0" Hi(Xm) = O(XN*"0"5™) + O(a—*"67"™) + O(c"5°"¢*") + O(c "6~ ™).
This converges to 0 under the conditions (1.3)-(1.4) as m,n — oo. Moreover, this
and (5.8) imply that the rth order derivatives of ™6™ H;(X,,) also converge to 0
as m,n — +00.

Next, we evaluate the expressions of 7; which only contains terms Hs. From
(3.5), Ho(x,,) starts from the terms of 22,2,y and z,7,,. From (5.8) with

(1.4), we only have to check the order of terms for x,,y,, and z,,2Z,,. Note that
from (5.8),

0_2n52mxmym _ O(S\mfov,fm) + O(5\1710_271&3771CQn)7 02n5_2mzmxm _ O(S\mgné_m),

both of which converge to 0 under (1.3)-(1.4) as m,n — oo. This implies that
0?5 Hy and its rth order derivatives tend to 0 as m,n — +oo.

e Conclusion. Recall that )\"fm converges to (y1a3) "€, Hence, due to the above
evaluations, (5.9)—(5.11) converge to the following

(5.14) (2,5,2) = (6 + azB2y, i+ bs(€az ")’ T? + B3bay” + Eaz ' 2047, c2529)
in the C" topology on compact domains.

Finally, to improve the appearance of (5.14), consider the next coordinate change
(5.15) O : (7,7, 2, i) — (B2ay 0o, B3boy, Pacy ‘b2z, Babofi) =: (,7, 2, fi).
By ©, (5.14) is conjugate to
(5.16) (#,9,2) —> (EZ+ T, i +7° + rm3* + ko7, 7),
where (remembering the condition (3.7))

(5.17) w1 = (Eagaz ')?by 'z, Ky = Cag(azby) by
This ends the proof of Theorem 1.2-(3). O

6. ROBUST CONNECTIONS BETWEEN SADDLES OF DIFFERENT INDICES

In this section, we prove Theorem 1.4, that is, we give the perturbation to obtain
the connection between the blender and the saddle Q.
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6.1. Further perturbation. Let {f,.} = {f..(a), } be the family in Theorem

1.2. We consider another additional n-dependent perturbation {g,} = {gn,} of

{fuv} in a small neighborhood of X = (0,1,0) in Ug to show Theorem 1.4. In the

following, to simplify the notations, we again drop the subscript k of m; and ny.
Let us consider a smooth bump function b satisfying the following:

e b(t) =0 for [t| > 1/2.
e b(t) =1 for [t| < 1/3.
o 0<b(t) <1

Then, given n > 0, consider the functions B, B,, : R? — R defined as follows:
* B(z,y,z) = b(x)b(y)b(2),
® Bn(z,y,2) :== A"B(x/¢",y/C", 2/C"),
and an n-dependent neighborhood of X = (0,1,0) defined as follows:
UX,n = UX = {(1’71 +y,Z) ‘ |£L'|, |y‘v ‘Z| < Cn/Q}
Note that Ux converges to {X} as n — 4+00. We define 0,, : M — M as follows:
o if (v,1+4y,2) € Ux,
On(z,1+y,2) = (2,1+y,2) + (Bn(z,y,2),0,0);
e otherwise, 6,, is the identity map.
Finally, we define
(6.1) Gn = 0n 0 fr (i)

For this perturbation, we prove the following:

Lemma 6.1. Suppose \/¢1T® < 1. Then the C'™ distance between g,, and
Juw = fun(a)ve goes to zero as k (hence ny,) tends to +oc.

Note that the condition A\/¢1T < 1 is equivalent to o < llgié -1

Proof. The convergence in the C° topology is easy to see. To see the C'+ conver-
gence, we only need to check the C'*® smallness of each partial derivative of B,
for large n. By the symmetry, we only confirm for (B,,), (partial derivative of B,
with respect to ) and omit the check for (B,,), and (B,)..

The partial derivative (B,,), is given as follows:

- mieni= (Y o))

Then, since A\/¢ < A\/¢1T® < 1, we can see the the C' smallness of this function
for large n.
Let us confirm the smallness of a-Holder constant for large n. Given (zo, yo, 20),
(7,y,2) € R?, we have
(Bn)z(wo + 2,90 + 9, 20 + 2) — (Bn) (%0, Yo, 20)
(2,y,2)|
o+ + 20tz T z
NESCSLEILCORIOUOLE
it (/¢ /¢ 2/

In the last formula, (A/¢'T®)™ converges to zero as n — +oo if (A\/¢1T®) < 1, and
the absolute value of the rest of the formula is bounded by the Holder constant
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of b'(x)b(y)b(z), which does not depend on n and (zo, yo, 20). This shows that the
a-Holder constant of |(By,),| converges to 0 as n tends to +oo. O

This perturbation may give some effect on points in the renormalizations. How-
ever, we can prove the following:

Lemma 6.2. The perturbation 6, does not give any effect on the first return map of
the renormalization. More precisely, for every X € ®,, ,(A), we have (g,)"(X) =
(fuw)'(X) fori e [0, Ny +m+ Ny +n].

In particular, the blender of f,, is not affected by the perturbation. Thus g,
also has the same blender.

Proof. Take X € ®,,,(A). The only possibility where (g,)!(X) may get some
effect from the perturbation is that (g,)™(X) is contained in the support of the
perturbation Uy. Thus, let us calculate the position of (g,)"(X).

A point X € @, ,(A) has the following form:

(c7"6 Mz + 1,07 2" "y + o ", 0 "6 Mz + 1),
where the point (x,y, z) is chosen from some compact domain. Hence, the coordi-
nate of (f,.)"(X) is given as
\'o™ "G Mz 4+ A", o " My + 1, ("o "6 ™y + ().

We show that, if n is sufficiently large, then the z-coordinate of this point is
greater than ¢"/2, which is the z-coordinate of the boundary of Ux. This implies
that the point (g,)™(X) is outside the support of the perturbation.

To see this, we take the quotient of these two quantities:

¢/2 _ 1
(no—ng—mz + (" 20 nemz 4 1)

If z is bounded, then by taking sufficiently large m and n, one can check that the
last term lies in the interval (0, 1), which completes the proof. O

6.2. Proof of Theorem 1.4. The perturbation above keeps @, = @ intact. Mean-
while, the local unstable manifold of () is no longer a straight line in Ug. Indeed,
W (Q) has a bumped sub-arc near X which contains the vertical part given as

0=l = {(N", 1 +07"672y,0) | |y| < 4832},
see Figure 6.1. Let us consider another segment
0=l = {Prn(0,9,0) | y| <4},
which is contained in the boundary of the box
(6.2) A = Py n(A),

where ®,, ,, 1= ¥,,, , 0000, see (5.2), (5.15) and (2.2) for definitions and A is the
box given in (2.4). In the next proposition, we compare the g™V2+m*+Ni_images of ¢
and /.

Proposition 6.3. The C* distance between the (gN2>+™TN1)-images of ¢ and that of

g™ (£), measured in the @y, ,,-coordinate, becomes arbitrarily small by letting k (hence
(m,n)) large (remember that k is the subscript for renormalizations in Theorem

1.2).
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Yy
.......................... gN2+m+N1 gn(g)f
(
A |
mn ‘.“ ; : WI,LCI;C(Q)
gn
| gN2+m+N1+n(2) : .‘.'Amﬁil
gN2+77L+N1 (z) ‘..'
FIGURE 6.1

By Remark 2.6, gn,+m+ N, +n(£) has non-empty intersection with the stable man-
ifold of the blender A,. Hence, Proposition 6.3 implies that in the perturbed system
the unstable manifold W*(Q) has non-empty intersection with the superposition
region of the blender A, as a vertical segment for sufficiently large m,n. This
concludes Theorem 1.4.

Thus, we only need to prove Proposition 6.3. Let us start the proof.

Proof. The proof is obtained by similar calculations in Theorem 1.2-(2). In the
following, we give explicit calculations of image of two segments with respect to
U, ,-coordinate and prove the smallness of the C* distance of these two segments.
Since the coordinate change © o O is bounded (independent of m and n), it implies
the C'' smallness of the difference of two segments in the ®,, n-coordinate.

e Calculation of {. First, for any (0,t,0) € @;lln(é) where [t| < 4, we put
(&(),9(t), () =0} o gN2tmiNitn o p 0 (0,¢,0).

Note that by Lemma 6.2, we know that 7 does not get any effect by the perturbation.

Thus by the same procedure as in (5.9)-(5.11), each entry of (Z(t), §(t), (1)) is given
as follows:

&(t) = (N6 a1 + azfa)t + o" N5 ay Hy (§cn(t)) + 0" ™ ao Ho (fcn(t))
+ 0" (M6 ™ a3 Hs (X, (1)) + 06 Hy (X0 ()):
G(t) = i + 0" N"byagt + B2bot? + o2 NG by Hy (X (1)) + 260752 Boby Ho (X, (1))
+ Lo ("6 Baba Hy (R (1)) + 0" ¢ 6 by Ho (X, (1)) Ha (%0 (1))
+ 0275 by Hy (%, (1))? + 02352 b H3 (X, (1)) 4 027 62™ Hy (% (1) );
2(t) = (N6 ™ erag 4 cof2)t + 0" N e  Hy (X0 (1))
+ 0" 5 M ey Hy (X (1)) + 06 ™ H3 (X, (1))

Here, X, (t) and X,,,(¢) in the higher order terms are given as

X (t) = g™ 0 @ (0,2,0) — (0,1,0), %, (1) = g™ N1+ 0 @, ,(0,2,0) — (0,1,1).
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e Calculation of £. Next, for any point (A", 1+ ¢="6"2"t,0) € ¢ where |t| <
43bs, let us calculate its image under W', o gN2>T™ N First, if m,n are suf-
ficiently large, then ¢ is contained in the domain of the definition of the tran-
sition from Ux to Uy Thus g™ (¢) C Up. Then, we calculate g™ (¢) :=
(x(t),y(t) +1,2(t) + 1). They are given as follows:

x(t) =A™ 4+ to "5 My — ("A"ag + AN H | (X (1)),
y(t)=to "6 "B+ G Hz(Xn( )

z(t) = (" Hs (% (1))
By a similar argument to obtain (5.8), we can check that these three numbers
converge to zero as m,n tends to +o0o. Hence these points are in the domain of
transition map from Up to Ug, see also Remark 6.4 after the end of this proof.
Finally, we calculate

(z(t),y(t), 2(t)) := \Il;jn o gNztm+M (A", 1407 "672™,0).

By the same computation as the proof of Theorem 1.2-(2), one has
z(t) = (N6 ayan + azfa)t + 0" AT G ay Hy (% (1)) + 0762 ag Ha (X, (1))

+0"(" M agHa(Xn(t)) + 0" 6™ Hi (X (t)) — A"C 6" 0" aras;
y(t) = i + o N"bragt + B2bot? + o2 NG by Hy (X, (1)) + 20" 52™ Boby Ha (%, (1))

+ 10" (™6™ Boby Hy (% (1)) + 07" 6™ by Ho (%, () H3 (%5 (1))

+ 025 by Hy (%, (£))? + 02252 bs Ha (%, (1))
+ 02"52mHg(im(t)) — 5\7"’("527”02"3)10(3;

2(t) = (W6 ™ erag 4 cof2)t + 0N e  Hy (X (1))

+ 0" M ey Hy (% (1)) 4+ 0™ 6™ Hy (X () — N6 0 e10v3,
where

X (t) = (N, 07 "6 2",0), Zp(t) = g™V (A" 14+ 076 2™¢,0) — (0,1, 1).

(

Note that convergence of the higher order terms in the above (Z(t),g(t), 2(t))
and (x(t),y(t), z(t)) are already contained in the proof of Theorem 1.2-(2). Then
we have

1 (8), 9(8), 2(6)) — (B, 50), 50 on < OG> m ™).
The conditions (1.3)-(1.4) imply that A™("52™¢2" converges to 0 as m,n — co. [

Remark 6.4. Let us discuss the importance of the perturbation 0,,. If we do not
give the perturbation, then g™+ (¢) is in general not contained in the domain of the
transition fN2. More precisely, without 0,,, in the y-coordinate of g™ N1 (¢) there
remains a term of the form /\”Zmﬂg which converges to some non-zero constant.
The perturbation 0,, is performed so as to annihilate this term.
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