Existence Serrin type results for the Dirichlet
problem for the prescribed mean curvature
equation in Riemannian manifolds

Yunelsy N. Alvarez* Ricardo Sa Earp'
March 8, 2019

Abstract

Given a complete Riemannian manifold M of dimension n, we study
the existence of vertical graphs in M x R with prescribed mean curva-
ture H = H(z,z). Precisely, we prove that such a graph exists over a
smooth bounded domain 2 in M for arbitrary smooth boundary data, if

i]felfR(H(m,z))2 for each z € Q and

Ricc, > nsup ||VoH(z,z)|| —
z€R n—1

(n — 1)Haa(y) > nsup|H(y, z)| for each y € 9Q. We also establish an-
z€R

other existence result in the case where M = H" if sup |H (z, z)| < %= in
QxR

the place of the condition involving the Ricci curvature. Finally, we have a
related result when M is a Hadamard manifold whose sectional curvature
K satisfies —c? < K < —1 for some ¢ > 1. We generalize classical results
of Serrin and Spruck.

1 Introduction

Let M be a complete Riemannian manifold of dimension n > 2. Given a
smooth bounded domain 2 in M, we ask if for a given smooth function ¢ and a
prescribed smooth function H = H (z, z) non-decreasing in the variable z, there
exists a smooth up to the boundary function u satisfying

div (Z{f) =nH(z,u) in Q,

u = @ in 09,

(P)
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where W = /14 |Vu(z)|* and the quantities involved are calculated with
respect to the metric of M. If u satisfies the equation

div (IV/I;L) =nH(z,u), (1)
then its vertical graph,
Gr(u) = {(z,u(z));z € Q} C M x R,

is an hypersurfaces in M x R of mean curvature H(z,u(z)) at each point
(z, u(z)).

In a coordinates system (x1,...,2,) in M equation (1) can be written in
non-divergence form as

Mu = Z (W2 — u'u) iju =nH (z,u)W?, (2)
ij=1
where (c%7) is the inverse of the metric (o;;) of M, u’ = z 0 9;u are the co-
j=1
ordinates of Vu and V;u(z) = V?u(x) (%7 a%j). We also define the operator
0 by
Qu = Mu — nH(x,u)W?3.

The matrix of the operator M (and Q) is given by A = W?2g, where g is the
induce metric on the graph of u. This implies that the eigenvalues of A are
positive and depends on  and on Vu. Hence, M is locally uniformly elliptic.
Furthermore, if  is bounded and u € €*(Q), then M is uniformly elliptic in
(see [19] for more details).

We recall that the Dirichlet problem (P) is a classical problem in the inter-
section between Differential Geometry and Partial Differential Equations. First
steps were given by Bernstein [6], Douglas [10] and Radé [17, p. 795] in domains
of R? for the minimal case. In 1966 Jenkins-Serrin [13, Th. 1 p. 171] derived
related results in higher dimensions.

Later on, Serrin [18] devoted his attention to study Dirichlet problems for
a class of more general elliptic equations within which is the prescribed mean
curvature equation. Specifically related to our work, he obtained the following
result.

Theorem 1 (Serrin [18, Th. p. 484]). Let Q@ C R" be a bounded domain
whose boundary is of class €*. Let H(x) € €1 (Q) and suppose that

\VH(z)| < — (H(@)* ¥z e Q. (3)

n —
Then the Dirichlet problem in Q for surfaces having prescribed mean curvature
H(x) is uniquely solvable for arbitrarily given €* boundary values if, and only
if,

(n— DHoa(y) = n|H(y)| ¥V y € 0. (4)



We note that in Serrin condition (4), Haq(y) denotes the inward mean cur-
vature of 90 at y € 9. A direct consequence of theorem 1 is the following
sharp result.

Theorem 2 (Serrin sharp solvability criterion [18, p. 416]). Let Q C R"
be a bounded domain whose boundary is of class €>. Then the Dirichlet problem
for the mean curvature equation has a unique solution for every constant H and
arbitrary €° boundary data if, and only if, (n — 1)Haq > n|H|.

Joel Spruck [19] is the pioneer in the study of the Dirichlet problem (P) in
the M x R setting. Spruck established a priori estimates for this problem that
led to several existence results when H is a positive constant. More specifically
related with our work is the theorem stated below.

Theorem 3 (Spruck [19, T 1.4 p. 787]). Let Q C M be a bounded domain
whose boundary is of class €** for some a € (0,1). Let H € Ry and suppose
that

(n —1)Hoa(y) = nH. (5)

Suppose also that
2
Rice, > —%HQ Vo € (. (6)

Then the Dirichlet problem (P) is uniquely solvable for arbitrary continuous
boundary data p.

Above, Rice, is the Ricei curvature of M at x. The notation Ricc, > f(x)
means that the Ricci curvature evaluated in any unitary tangent vector at x is
bounded below by the function f(x). The definition of the Ricci curvature we
use throughout the text follows [16].

We note that, condition (6) is trivially satisfy for any constant H if M = R".
So, theorem 3 of Spruck is a generalization of the sufficient part of theorem 2
of Serrin.

On the other hand, in our previous work [3, Th. 1 p. 3] we proved that the
strong Serrin condition,

(n—1)Hoa(y) = nsup |H (y, 2)| Vy €09, (7)
zE

is necessary for the solvability of problem (P) in a large class of Riemannian
manifolds. As an examples are the Hadamard manifolds [3, Corollary 2 p. 3]
and the simply connected and compact manifolds whose sectional curvature
satisfies 0 < 1Ko < K < K provided diam(Q) < T [3, Corollary 3 p. 4].

In the present paper, our goal is to study under which conditions on the
function H the strong Serrin condition (7) is also sufficient. The main theorem
of this paper is the following.



Theorem 4 (main theorem). Let Q C M be a bounded domain with 9 of
class €*% for some o € (0,1). Let H € €1*(Q x R) satisfying 0. H > 0 and
2

e > B . 2 '
Ricc, > nilelg IV H(z,z)| — ZIIEI]% (H(z,2))" Yoz el (8)
If
(0= 1Hon(y) = nsup | H (5,2)] ¥ y € 09 (9)
ze

then for every ¢ € €%>*(Q) there exists a unique solution u € €**(Q) of the
Dirichlet problem (P).

Notice that assumptions (3) and (6) are particular cases of (8). Hence,
theorem 4 generalizes the existence part in theorem 1 of Serrin and theorem 3
of Spruck. We also highlight that the combination of the non-existence results
mentioned above with theorem 4 gives Serrin type solvability criteria for the
Dirichlet problem (P) (see [3, Thms. 8 and 9]).

On the other hand, notice that, from the combination of theorem 3 of Spruck
and our non-existence result [3, Corollary 2 p. 3] for Hadamard manifolds, we
can deduce that the Serrin condition (5) is necessary and sufficient for the
solvability of problem (P) for every constant H satisfying (6). In the case where
M = H" we see that condition (6) is satisfied for every constant H > "=1.
In the opposite case, H € [O, "T_l), Spruck [19, Th. 5.4 p. 797] obtained an
existence result assuming the strict inequality in the Serrin condition.

In this paper we also extend this result of Spruck [19, Th. 5.4 p. 797] in the
hyperbolic space by deriving the following theorem.

Theorem 5. Let Q C H" ‘be a bounded domain with 9§ of class E>> for some
a € (0,1) and p € €>%(Q). Let H € €1*(Q x R) satisfying 0, H > 0 and
sup [H] < =L, If

QxR

(n = 1/Hoa(y) 2 nsup|H (y,2)] ¥y € 0%,
zeE
then for every ¢ € €%>%(Q) there exists a unique solution u € €**(Q) of the
Dirichlet problem (P).

Putting together theorem 5 and our non existence result for Hadamard man-
ifolds [3, Cor. 1 p. 3] with theorem 3 of Spruck, one can deduce: the Serrin
sharp solvability criterion for arbitrary constant H as stated in theorem 2 above
also holds in the hyperbolic case [3, Th. 7 p. 5].

At last, we use the barriers constructed by Galvez-Lozano [11, Th. 6 p. 12]
to prove the following result in Hadamard manifolds.

Theorem 6. Let M be a Hadamard manifold such that —c? < K < —1, for
some c > 1. Let Q C M be a bounded domain with 0 of class €>% for some
a € (0,1) and whose principal curvatures are greater than c. Let o € €>%(Q)

and H € €4%(Q x R) satisfying 0. H > 0 and sup |H| < % Then problem
QxR

(P) has a unique solution u € €% ().



2 The a priori estimates

Firstly, we establish a lemma that will help us to obtain a priori height and
boundary gradient estimates.

Lemma 7. Let I’ be an embedded and oriented €2 hypersurface of M and T,
parallel to T for each t € [0, 7). Assume that for some fixy € T, Hr(y) > 0 with
respect to a normal field N. Suppose also that there exists a function h € €*[0,7)
satisfying

h(0)] < Hr(y) (10)
and
(n—1) (|0 ()] = (A(£))?) < Rice,, ) (vy(1) V ¢ € [0,7), (11)
where v, (t) = exp, (tNy) € T'y. Then
[h(t)] < Hr, (3 () VO <t <7, (12)

where Hr, is computed with respect to 7y, (t). Furthemore, Hr,(v,(t)) is increas-
ing as a function of t.

Proof. Let H(t) := Hr,(vy(t)). It is known that (see [2, Cor. B.4 p. 66])

Wi > O gy
Since we are assuming (11) it follows
H (1) = |1 ()] = (h(1))* + (H(t)*. (13)
Then,
(H(t) = h(B))" = (H(t) + h(t)) (H(t) = h(1)) (14)
and
(H(t) + h(2))" = (H(t) = h(t)) (H(t) + h(1)) . (15)
Let us define v(t) = H(t) — h(t) and g(t) = H(t) + h(t). From (14) we have
v(t) !
(o) 20

so v(t) > U(O)efot 9()ds for each t € [0,7). As a consequence of (10) we obtain
H(t) > h(t) Vt € [0, 7).
Using (15) we obtain in a similar way that
H(t) > —h(t) Vt € [0,7).
Therefore,
H(t) > |h(t)| Vt € [0,7). (16)
Substituting (16) in (13) we also obtain H'(t) > 0. O
Roughly speaking, lemma 7 says that, under condition (11), the parallel hy-
persurfaces inherit the initial condition on I" throughout the orthogonal geodesics.

Moreover, the mean curvature of the parallel hypersurfaces in €2 increases along
the inner normal geodesics.



2.1 A priori height estimate

We point out that in theorem 1 of Serrin the combination of condition (3)
with the Serrin condition (4) provides height estimate for the Dirichlet problem
(P) in the Euclidean case. Analogously for theorem 3 of Spruck. We generalize
these geometric ideas in the next theorem.

Theorem 8. Let Q2 € M be a bounded domain with OS2 of class €? and ¢ €
€°(09Q). Let H € €1 (2 x R) satisfying 0. H > 0,

2

Ricey > nsup ||V, H(z, 2)|| — inf (H(z,2))* VzeQ, (17)
2€R n — 1 zer
and
(n = DHoaly) = n[H(y, ¢(y))| ¥y € I (18)

Ifue €%(Q)NE°Q) is a solution of problem (P), then

et — 1
sup |u| < sup [p] + :
Q a0 1%

where (1 > nsup {|H(x,z)| (2,2) € Q x |—suplp|,sup |<p] } and 6 = diam(Q).
o0 o0

Proof. For x € 2 let us define the distance function d(x) = dist(z, 0£2). Let Qg
be the biggest open subset of 2 having the unique nearest point property; that
is, for every x € )y there exists a unique y € 90 such that d(z) = dist(z, y).
Then d € €%(Qp) (see [19, Prop. 4.1 p. 794], [14]).
We now define w = ¢ o d + sup |¢| over €2, where
a0

eMd

¢(t):7(1—6_“).

If we prove that u < w in Q we obtain the desired estimate. By the sake
of contradiction we suppose that the function v = u — w attains a maximum
m >0 at zg € Q.

Let yo € 99 be such that d(zg) = dist(zo,yo) = to and ~ the minimizing
geodesic orthogonal to 92 joining xg to yo. Restricting u and w to v we see that
v'(to) = 0. Hence, u/(tg) = w'(to) = ¢'(to) > 0 which implies that Vu(xg) # 0.
Therefore, I'g = {x € Q;u(x) = u(zo)} is of class €2 near 9. Then, there exists
a geodesic ball B.(z) tangent to T'g in xo such that

u > u(xg) in Be(z0) \ {zo}- (19)
We note that

dist (20, yo) < dist(20,z) + dist(zo,yo) = € + d(z0).



Hence, for Z lying in the intersection of 9B(zp) with a minimizing geodesic
joining 2y to yo, we have

d(z) < dist(Z,y0) = dist(z0,v0) — € < d(zo) + € — € = d(zp).
Thus, w(z) < w(xp) since ¢ is increasing. Consequently,
w(Z) —w(xo) < u(2) —w(z) < ulxg) — w(zo)

and u(2) < u(zg). By (19) one has that Z = xg, so 2o = y(to + €). This ensures
that zo € Qg because if there exists y; # yo satisfying d(z¢) = dist(xo,y1), then

dist(zo,y1) < dist(z0, z0) + dist(zg, y1) = dist(z0, o) + dist(zo, yo) = d(20),

which is a contradiction.
However, let’s show that this is also impossible. After some computations

we have
Muw = ¢ (1 + ¢*)Ad + ¢" in Q. (20)

For z € Qo, let y = y(x) in 9Q be the nearest point to « and v, (t) the orthogonal
geodesic to 0f2 from y to x. Let us define

n

h(t) = —H (v(t),#(y))

Note that y is now fixed. From the Serrin condition (18) it follows that

R(O)] = T [H (5, 0(4))] < Hoaly) = H(0).

Besides,
n

h'(t) = p—] (VaH (7(t), 0(y), 7, (1))-

Taking into account the additional hypothesis (17) we see that
(n—1) (|0 ()] = (A(1))*) < Ricey, (i) (7 (1))
Then we can apply lemma 7 to the function h(t) to obtain

n[H (), o(y)| < (n = DHr, (vy(1),

where I'; is parallel to some portion of 9). Therefore
Ad(z) < —n|H (2,0 (y(@))| ¥ @ € Q.
Using this estimate in (20) we obtain
Muw < —n|H (z,0(y(2)))| ¢/ (1 + ¢) + ¢".

Also
¢"(t) = —petO = —pg!(t) < —n |H(z, o(y(x)))| ¢'(t)



and ¢’ > 1, so

3/2
Muw < —nlH (z.0(y(@))| ¢/ 2+ 6%) < —n|H (z. oly())| (1+6)*. (21)
On the other hand, the hypothesis 0, H > 0 implies that
FH(z, tw) < FH (z,0(y(2))) < [H (2, 0(y(x)))]- (22)
From this fact and (21) we conclude that

+9(+w) =Muw F nH (z, +w) (1+ ¢2)** <0.
Therefore

Qw +m) =M(w +m) — nH (e, w+m)(1+¢?)**

< Nw < Nu.
Moreover © < w 4+ m and u(zg) = w(xg) + m. By the maximum principle
u = w +m in {2y which is a contradiction since u < w + m in 9€2. This proves
that v < w in €.

Similarly we prove that v > —w in . O

Remark 9. Instead of condition (17), the proof shows that it is suffice to
assume that
2

n
n—1
where €)g is the biggest open subset of €2 having the unique nearest point prop-
erty, and y € 0f) is the nearest point to x.

Riccy > n Vo H(z,0(y))| — (H(z,¢(y)))* ¥ a € Qy,

2.2 A priori boundary gradient estimates

In this section we use the classical idea to find upper and a lower barriers
for v on 02 to get a control for Vu along 0f2.

Theorem 10. Let @ € M be a bounded domain with 0 of class €? and
0 € €%(Q). Let H € ¢* (Q X ]R) satisfying 0, H > 0,

2

Ricey > nsup ||V, H(z, 2)|| — inf (H(z,2))* VzeQ, (23)
2€R n — 1 zer
and
(n = DHoaly) = n|[H(y,»(y))| ¥y € . (24)

Ifue €%(Q)NEHQ) is a solution of (P), then

3
Sgg)Hqu < lell, + COHIHIAel:) (1 1el:)” (lullo el (25)

for some C = C(n, Q).

Proof. Again, for z € Q, we set d(z) = dist(z, Q). Let 7 > 0 be such that d is
of class €2 over the set of points in Q for which d(z) < 7. Let v € €2([0,7]) be
a non-negative function satisfying



P1. ¢'(t) > 1, P2. ¢"(t) <0, P3. t'(t) < 1.
For a < 7 to be fixed latter on we consider the set
Q, ={x € M;d(zx) < a}.

We now define w* = 41 o d + . Firstly, let’s estimate =Mw™* in Q,. A
straightforward computation yields

Muwt = W2Ad + " W2 — " (Vd, 20/ Vd + V)

— ' V2d(Vp, V) F V2 p(£Y'Vd + Vi, £9'Vd + Vo), (26)
where
W = \/1 + \|Vwi||2‘ = \/1 + | £¢'Vd + V<,0||2‘.
Since ¢ < 0 and (Vd, £¢/Vd + V)? < ||+¢'Vd + Vg|*, then
YW =" (Vd, £4/'Vd + V)* <", (27)
Once V2 d(z) is a continuous bilinear form and ¢’ > 1 we have
W |V2d(Ve, V)| <4 d]l, llell} - (28)

Note also that
/Y + Vol* = (42 + 204, V) + [Vel?) < (14 ol 62, (29)
hence
V2 p(£¢/Vd + Voo, £4/'Vd + Vo) | < [lolly (1+ [lell ) 9. (30)
Substituting (27), (28), (30) in (26) it follows
+Mwt <PY'WEAd + 4" + cp'?, (31)

where , ,
c=|dlyllelly + el T+ llell)” (32)

Observe now that
+Quw* = £ Mw® F nH (z, w)W3.
Moreover
FH(w,w*(z)) = FH(z, £y (d(z)) + ¢(x)) < FH(z, ¢(x))
since we are assuming that d,H > 0, so

+Qu* < EMw* FnH (z,0(2))WE < £Mw® +n|H(z, o(z))| W



Using the estimate in (31) we obtain
+Quw* <YWIEAd+ " + b +n|H(x, p(2))| W3. (33)

Let now y € 99 be fixed and v, (t) = exp, (tN,) for 0 < ¢ < a, where N is the
inner normal field to 0€2. Applying again lemma 7 to h(t) = -5 H(v,(t), v(y)),
we see that H'(t) > 0, for 0 < ¢ < 7. Then, Hr, (7,(t)) > Hoqa(y) for 0 <t < a,
where I'; is parallel to 0). Therefore,

Ad(z) < Ad(y) < —n|H(y,¢(y))| ¥z € Qq, (34)

where we denote by y = y(z) € 9 the nearest point to . Substituting (34) in
(33) we obtain

+£Qu* <ny/WE(|H (z, ¢(x))| — [H(y, o))

35
bl @) W2 We— ) 4o e, O
It follows directly from (29) that
W2 <1+ 1+ lell)* ¢ <2(1+ |lelly)* ¢ (36)
In addition
[H (z, 0(x))| = [H(y, e(y))| < ha (1 + [l )d(z),
where
hy = sup [VarxeH (2, 2)]|-
Qx [— sgplsolys'éphpl]
Then,
ng' W3 (|H (z, o(2))| — [H(y, o)) < 2nhy (1+ [lo]l,)” d(@) (¢ (d(x)))*.
Using the assumption P3 it follows
n W ([H (2, o(2)| — |H(y, ¢())]) < 2nhy (14 [|]l,)° 9. (37)
On the other hand,
Wi =o' <1+ [|2Y'Vd+ Vol —¢' <1+ |lgl; - (38)
From (36) and (38) we obtain
n|H(z, o)) (We = ') Wi < 2nho (1+ [|¢]l,)* %, (39)

where
ho=  sw  |H(,2).

Qx [f sgp\sol,sgplw\}
Using (37) and (39) in (35) we get

0w < (e+2n ||, (1+ ll,)") w2 + v,

10



where we are using the notation ||H||; = ho + hq.
Remembering the expression for ¢ given in (32) and making some algebraic
computation we infer that

c+2n | Hll 1+ lely)® < C L+ el + 1H]) (1 + lelly)
where
C=2n(1+|d|,+1/7). (40)

Choosing ,
v=CO+|[H|,+ el A +lel) (41)

we define ¥ by
1
P(t) = - log(1 + kt).

So,
NG —_—— (12)
-~ v(1+kt)
and
"(t) = K 43
PI(t) = ma (43)
hence
+Quwt <vp? 4+ 9" =0, in Q.
Besides 1t .
()= — < =<1
VO =oarm Sy <tb

which is property P3. From (43) we see that property P2 is also satisfied. This
implies that ¢'(t) > v’ (a) for all t € [0,a] as well, thus property P1 is ensured
provided that

k

"a) = ———— =1. 44

() v(1+ ka) (44)
Furthermore, if we choose
1

¥(a) = ~log(1 +ka) = [lully +llelly (45)

we would have
tw* (z) = Y(a) £ (@) = lully + [lelly = ¢(z) > fu(z) ¥V 2 € 0Q, \ 0.
By combining (44) and (45) we see that
k= perUulotlelo) (46)

and, therefore,
evUlullgt+lielly) —

verUlullotliello)

11



Note also that a < % < T as required.
Finally, if z € 0Q, then w*(x) = £1(0) + ¢(x) = u(z). By the maximum
principle we can conclude that w~ < u < wt in Q,, thus
—pod<u—p<tyodin Q.
Recall that
—pod=u—p=1Yod=0in 0N.
Consequently, for y € 92 and 0 < t < a, we have that
(1) +¥(0) < (u— @) (9 (1) — (u=¢)(74(0)) < ¥(t) —(0).
Dividing by ¢t > 0 and passing to the limit as ¢ goes to zero we infer that
(Vuly), M| < [{Tp(), M) +/(0). (47)
As u = ¢ on 99, using (47) we derive

IVu@)ll < [Ve@)ll +4'(0).
which yields the desired estimate. O

Remark 11. It is suffice to assume in the statement of theorem 10 that
2

— (H(z,¢(y)’ Vo e,

where €)g is the biggest open subset of €2 having the unique nearest point prop-
erty, and y € 0f is the nearest point to x.

Rice, > n ||V H(z, p(y))|| —

n

Now, we observe that the combination of assumption (23) with the Serrin
condition (24) ensures that the mean curvature of the parallel hypersurfaces I';
in  increases along the inner normal geodesics.

On the other hand, this behavior of Hr, is guaranteed indeed by the geo-
metric condition

Rice,, (1) (75 () > —(n — 1) (Hoa(y))* V y € 0. (48)

This can be seen applying lemma 7 to the constant function h(t) = Haq(y) (see
also [9, Th. 1 p. 232]).

Therefore, if (48) holds we do not need the assumption (23) in the statement
of theorem 10. So, we are able to establish the following result for later reference.

Theorem 12. Suppose that for Ricc, > —(n — 1)c? for each x € M, where
c>0. Let Q € M be a bounded domain with 00 of class €? such that Haq > ¢
and p € €*(Q). Let H € €' (Q x R) satisfying 0.H >0 and

(n—DHoa(y) = n|H(y, o(y))| ¥V y € 0. (49)
If u € €%(Q) NEH(Q) is a solution of (P), then

3
%E’HV“H < llell; 1 CHIHI el (+HIel)” (lull+liel) (50)

for some C = C(n,Q).

12



Proof. By the previous discussion we see that
Ad(z) < Ad(y) YV z € Q,

where y € 02 is the nearest point to x. The rest of the proof is the same as
before. O

Now we consider a mean convex domain 2 in the hyperbolic space H" and
let y € 0Q. If \;(t) represents the ith principal curvature of I'y in ,(t), then
(see [1, p. 17])

~ —tanht + \(0)
Ailt) = 1—X;(0) tanht’ o
hence
- sech?(t) ((/\i(o))z - 1) (52)

(1 — X;(0) tanh t)*

Thus, Hr,(7y(t)) decrease if |A;] < 1 for all 1 < ¢ < n. In any case we can
choose 7 small enough such that

|Hoa(y) — Hag) (2)| < wd(z)

for some x > 0 depending on 2. Using this fact we are able to deduce the
following result.

Theorem 13. Let 2 € H" be a bounded domain with OS2 of class €? and
0 € €*(Q). Let H € €' (Q x R) satisfying 0.H >0, and

(n = DHoaly) = n|[H(y,¢(y))| ¥y 0.
Ifu e €?*(Q)NEHQ) is a solution of (P), then

3
Sél)lé)HVuH < Jlgll, + eCCHIEILHIel) (1t Ielh)" (lulotielo) (53)

for some C = C(n,Q).

Proof. The proof follows the steps of the proof of theorem 10 with the difference
that we need to replace relation (34) by

Ad(z) < Ad(y) + (n — D)rd(x) < —n[H(y, ¢(y))| + nkd(z).

In this case C' = 2n (1 + x + ||d||, + 1/7) instead of (40). O

13



2.3 A priori global gradient estimate

In order to obtain a priori global gradient estimate we use techniques in-
troduced by Caffarelli-Nirenberg-Spruck [8, p. 51] in the Euclidean context.
See other applications in the works of Nelli-Sa Earp [15, Lemma 3.1 p. 4] and
Barbosa-Sa Earp [4, Lemma 5.2 p. 62] in the hyperbolic setting.

Theorem 14. Let Q € M be a bounded domain with 0S) of class €. Let u €
€3 () NEHQ) be a solution of (1), where H € ¢! (Q X l— sup |u| , sup |u|]>
Q Q

satisfies 0,H > 0. Then
sup [Va(@)] < (J:ﬂ sup |Vu||) exp (2sup ful (14 8n (1H], + R))) ,
Q o0 Q

where R > 0 is such that Ricc, > —R for each x € Q.

Proof. Let w(z) = ||Vu(x)| eA*(®) where A > 1. Suppose w attains a maximum
at g € Q. If ¢ € 909, then

w(z) < w(zo) = [|Vulzo)| ).

So,
2A sup|u|
Q .

sup [[Vu(z) | < sup [Vul| e (54)
Q o

Suppose now that zo €  and that Vu(zg) # 0. Let us define normal coordi-

nates at xg in such a way that a%l|m0 = %. Then,
Au(wo) = <%’10,Vu(xo)> = V(o) 041 (55)

Denoting by o the metric in this coordinates system we recall that

0ij(z0) = 0 (z0) = bij, (56)
Okoij(z0) = O™ (z9) =0, (57)
I (z0) = 0. (58)

Also Vu(z) = Zuia%i7 where

u' = Z a7 9;u. (59)
j=1
Thus,
n ..
IVu@)|* =Y o 0udju. (60)
i,j=1

14



Observe now that the function w(z) = Inw(z) = Au(z) + In ||Vu(z)|| also
attains a maximum at zg. Therefore, for each 0 < k < n, we have the relations
Orw(xo) = 0 and Opgw () < 0. Thus

o (Ivul*) (@)

Okw(z) = Adju(z) + 2 [Va()

b

Ou (IVul*) (=)

Okrw(z) = Adgru(x) + %&c (||Vu||_2) () 0k (HVUI|2> () + 2 HVu(x)H2

Since
o, (Ivul®) = o (1vel?) ™ = = (1vul?) ™ ac (IvulP).
then

(ak (||Vu||2) (33)>2 O (ku?) ()

O () = Adpu(x) —
) = Ao = S el T 2 vl

Hence,
" o (IVull®) (z0) . N
ko)t aw oy
and
2
(0 (Ivul) @0)) " Gur (IVul?) (o)
A0ru(zg) —
) T e 2 v S

From (60) it follows

O, (uwu?) =3 ((00™) Oudyu + 20° O)ud;u) (63)

4,j=1

From (55), (56) and (57) we obtain

o (IVul*) (@o) =2 Y7 8ij0ku(|[Vulao)| 8;1),

ij=1

SO

Ok (IIVull*) (z0) = 2| Vuao) || duxu(xo). (64)

Substituting (55) and (64) in (61) we derive

2||Vul(xg)|| O1xu(x
Al Vu(ao)| 4y + VU Ouwlzo) _
2[|Vu(zo) |l

15



thus,
Aupu(zo) = —A || Vulzo)||® 6k (65)

Substituting also (65) in (64) we obtain
O (IVul]*) (w0) = =24 | V(o) 8. (66)

On the other hand, taking into account the expression (63) it follows

Ok (||Vu||2> (@)= > (O™ dudyu + (90™) 0y (D;udju)
i,j=1

+2 ((akO'U) (9k1u83u + Uijakkiuaju + Jijakiuﬁkju)) .
From (55), (56) and (57) we have

Our. (IVul?) (@0) = V(o) |* (9so™) + 2 [ Vu(wo) |
n (67)

‘|‘2 Z(&klu(azo))Q

=1

Differentiating two times with respect to x; the equation o o 0~! = Id and
evaluating in z¢ we see that 9o~ (z0) = —Okro (o). Besides,
2)

s = o (o o) =225V o o)
<<v V 8 69:178x1> Hv 9 awl
Oy O
n h
Ok (o) = —Okko11(20) = —2<v Vo, 8x1>' (68)
axk 6zk

k
Recalling (58) we then have

Substituting (68) in (67) we can conclude that

i ([IVul*) (20) = 2( ~ V(o) <Va Voo g a"’>

ser e
B (69)
+ IVu(@o)| deru(@o) + Y (Griu(zo))* )
i=1
Using expressions (66) and (69) in (62) we verify that
9
Adu(zo) — 24° |Va(ao)|* 5 + P21 <V Voo ok >
[IVulzo) | 50, 1o
Z 8kz
+= — <0
[Vu(zo)|l
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From (65) we have for k =1

— A% ||Vu(zo)||” — 242 | Vu(zo)|* + |€|91V111(t)| <vd \% o B 811>

n

> (-4 ||Vu<xo>||2) b
I 5 <0,
[Vu(ao)|

then,

Orru(zo) < 242% | Vu(zo) | + |Vulzo)|| <V V , 8951’ 52 > (70)

1
8%1 311

If £ > 1, then

Z alcz
i=1

*— <0
IVu(zo)|*

)

Aakku(a:owa’“ww—w A vARS 8> -

||VU(£CO)H Oz oz,

S0,

Okr1u(xo) < —Adkru(zo) ||Vu(zo)| + [[Vu(zo)|] <V Vv 3 Bgl’ 821 > (71)

Tk

In the sequel we evaluate at xo the mean equation (2). First we recall that

Viu(z) = V2 u(x) (82 , 8%) Diju — Z I'Y.0pu, (72)
k=1
Au(z) = tr (X — Vi Vu) Z oIV u (73)

From (59), (72) and (73) we have

u'(z0) = dyu(xo) = || Vu(xo)| 61, (74)
iju(xo) = (91‘]‘1,6(330), (75)
o) = Y iju(). (76)

i=1

17



Substituting these expressions in (2), using (65), we see that
n
nHoWg =W§Au(xo) — Y (I Vulzo)ll i) (I Vulzo) ;1) sju
i,j=1

=W§ Au(zo) — || Vu(zo)||* d11u(zo)

=g Z diiu(wo) + nru(wo)

i>1

=W3 Y Bulwo) — Al[Vulzo)|?,

i>1

where Hy = H(zo, u(z0)) and Wy = /1 + ||[Vu(xo)||* . Therefore,

AV ?
Z 3¢iu(a:0) =nHoWy + Hui(zl'o)n (77)
; W
i>1
Finally let us differentiate (2) with respect to z1. We have
o1 (Wz) Au + WQ(alAu -2 z 61uJ V U= Z U ujal
1,7=1 7,7=1 (78)

=n(OH + 0.How)W? + nH, (W?).

Let us calculate the derivative involved in this equation and evaluate at z.
Since (66) holds we deduce

o (W) (o) = 01 (I Vull®) (w0) = =24 [ Vu(ao)|I*, (79)

& (W?) () = gwoal (W2) (o) = —3AW, [ Vu(zo)|I* . (80)

Using (59), we have

n

o' = 0y Zﬂijaju = Z ((8107) Oju+ 0" Drju) .

j=1 j=1
Using now (65) we obtain
Ol (o) = Orsulag) = —A || Vulzo)||® 6. (81)

On the other hand, from (72) we deduce

A (V) (x) =01u(x) — <Va vu, V 5 8‘9> - <w(x),V o V o 32

Oz 811 Oz ox;
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Hence,
01(V3u)(z0) = Orijul(zo) — <V V = ,vu(x0)>. (82)
Finally, it follows from (73),

N Au(z) = Z ((810™) V?ju(x) + 00, (iju(x))) .
ij
From (82) we also have

A1 (Au)(zg) = i (3mu(x0) - <V@ Vo 2 ,Vu(x0)>> (83)

i—1 oxq Bxl

Substituting (74), (75), (79), (80), (81), (82) and (83) in (78) we obtain

ndy H (20)W§ + nd. H (o) || Vu(zo)|| We — 3nAHoWo || Vu(zo)|*

— 24| Vulzo)|P Aulwo) + W2 é (81“u ) <V V (a:o)>>
+ 24 | Vu(zo) || d11u(zo) _
— [Vu(o)|? <3111u 7o) <V r Y 2 (xo)>)

= — 2A||Vu(zo)||® (Au(zo) — drru(wo))

i>1

+ W (8111u(x0) — [ Vu(zo)|| <Va V% 2, ;’>>
— [Vu(zo)|? (8111u(m0) - <V821 V% agl,vu(xo)»

=—-2A HVu(;vo)||3 Z &-iu(xo)

i>1
+ WO2 Z (aluu xO <v v ($0)>>
is1 Bacl ox;
+ Onru(zo) — || Vulzo)| <V V% 2, 86>

Jz1
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Using (70), (71), (77) we obtain

noy H (x0)WE + nd. H (zo) | Vu(zo)| WE — 3nAH W, || V(o)

<—2A4 HVu(a:o)||3 Z Diu(xo)

i>1

+We Z ( Adyiu(zo) [Vulzo)|| + [Vul(zo)|| <V 9 Vai 8%17 8(21>
i>1 9z, <
V

00
3 611

— [Vu(zo) <V
+ 247 || V(o) ||” + || V(o) <Va \% 2 amvax1>

— 24 ||Vu(zo)|* > diiu(o)
i>1
— A|[Vu(@o)[| WE Y diulwo) + 242 | Vu(w)||*

i>1
AT Y (Voo Voo o) ~(Vio Voo i)
i>1 Oz 1 o1 i

(241 Vu(w) | ~ A Vu(ao)| W§) D dhsulao)

+ 242 ||Vu($o)||3 + [|[Vu(zo) || WE Z <R (8%1_, 8%1) 8%1-’ 8%1>
i>1

) A V(o) |
< — A Vuao)ll (1+3Vu(@o)|*) | nHoWo + =0
0
+ 242 [Vu(zo) I ~ [[Vu(zo)|| W3 Ricea, (52)
A? ([ Vu(zo)|?
= — A[[Vuao)| nHoWs (1+3Vu(zo) ) - TN (1 4 5 7u(ag)?)
0

+ 24 | Vu(zo) | = [[Vu(zo)| W3 Ricea, (52 )
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Since 9,H > 0 we have

ndy HW3

<AnHoWo | Vu(zo)|| (3 Vu(@o)|l* = 1= 3| Vu(zo) )

A? || Vu(o) ||’ :

e (20 = 1= 31IVu(@o)|) ~ [ Vu(zo)| W3 Rices, (52 )
A% | Vau(zo) |
Wi

— IVu(zo) || W Riccy, (8%1) .

= — AnHoWo [ V(o) | + (1= Iutao) )

Let
ho = sup |H|
Qx |:— sgp|u\,sgp|u\}
hy = sup (IVoH||+ 0.H).

Qx |:7 sup|u|,sup|u|
Q Q

and R > 0 such that — Ricc < R in 2. Then

A ||Vu(zo)|*

e (Vo) = 1) < AnhoWo [[Vu(ao)l| + [ Vu(ao)|| WE R + nhi WE.
0

Dividing by W§ it follows

A? 3
HVWugxo)H (||Vu(:c0)||2 B 1) gAnhoHv;gO)H by + ||V1;I(/$o)||R’
0 0 0
< Anho + nhy + R, (*)
< An(ho + h1 + R) (**)

where for (x) we used the fact that W& > Wy > ||[Vu(x)||, and for (s*) that
A,n > 1. Denoting by H; = hg + h; and dividing by A? we obtain

IVu(zo)|”

- (Ve 1) < 3 01+ ).

We can suppose that | Vu(zo)|| > 1. Since

3/2 3/2
We = (1+1IVu@o)l®) " < (21Vu(@o)l®) " < 4] Vu(eo)l,
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we see that

IVul* 1
— > .
we T4
Then,
LIVuteo) |~ 1 [Vulz)® [Vulao)P =1 _n g
4 w2 w3 w2 AV ’
that is,

||V'LL(.’IJ0)||2 -1 < 4£ (Hl +R)
[Vu(ao)|* +1 ~ A ’

Choosing A > 8n (Hy + R) it follows

[Vu(zo)|® — 1

<
IVu(zo)||* +1

1
2’
SO

[Vu(zo)|| < V3.
AS a consequence,
w(r) < wlzg) = ||Vu(zg)| e < V/3eAu@o)
thus S
sup [ Va(x)] < v8e @ (84)
Q
Joining (54) and (84) we obtain

2A sup| 24 |
sup | Vu(z)|| < V3e Sgpd + sup [|Vul| e ik ,
Q a0

Choosing
A=1+4+8n(|H|,+R).

we obtain the desire estimate. O

Remark 15. A related global gradient estimate was obtained independently in
[7, Prop. 2.2 p. §].

3 Proof of the theorems

Proof of the main theorem (theorem 4). Let Q2 C M with 02 of class €¢> for
some a € (0,1) and ¢ € €>(Q). Elliptic theory assures that the solvability of
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problem (P) strongly depends on ¢! a priori estimates for the family of related
problems

div <31;L> =7nH(z,u) in Q,
(Pr)
u=Tp in 0N,

not depending on 7 or w.
Let u be a solution of problem (P;) for arbitrary 7 € [0,1]. Let w =
¢ od+ sup|p| as in the proof of theorem 8. Then
o0

u <sup|re| <suplp] =w on IN.
o9 o9

As before, let 25 be the biggest open subset of 2 having the unique nearest
point property. Let z € Qo and y = y(z) € 9 the nearest point to z. Once
(22) holds and 7 € [0, 1] we have that

FnrH (2, +w) <n7[H(z, 0(y))| < nlH(z, ¢ (y))].
From (21) we have
+0, (+w) = Mw F nrH(z, +w)(1 + ¢%)*2 < 0.

Proceeding as in the proof of theorem 8, we get that w and —w are supersolution
and subsolution in Qg, respectively, for the problem (P;). This provides a priori
height estimate for any solution of the problems (P;) independently of 7.

On account of assumptions (8) and (9), we can apply theorem 10 to obtain
a priori boundary gradient estimate for the solutions of the problems (P;).

Elliptic regularity guarantees that any solution u of the related problems
(P;) belongs to €3(2). We conclude therefore, by applying theorem 14, the
desired a priori global gradient estimate independently of 7 and .

Classical elliptic theory (see [12, Th. 11.4 p. 281]), ensures the existence
of a solution u € ¥%%(Q) for our problem (P). Uniqueness follows from the
maximum principle. O

Proof of theorem 5. We first recall that in H" x R there exists an entire vertical
graph of constant mean curvature "Tfl Explicit formulas were given by Bérard-
Sa Earp [5, Th. 2.1 p. 22]. The a priori height estimate for the solutions of the
related problems (P;) follows directly from the convex hull lemma [5, Prop. 3.1
p. 41].

Now, the a priori boundary gradient estimate and the a priori global gradient
estimate follows from theorem 13 and theorem 14, respectively. The rest of the
proof is the same as before. O

Proof of theorem 6. Under the hypothesis on M and 2, Galvez-Lozano [11,
Th. 6 p. 12] proved the existence of a vertical graph over Q with constant
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mean curvature ”T_l and zero boundary data. As a matter of fact, such a graph
constitutes a barrier for the solutions of the related problems (P;).

On the other hand, the strong Serrin condition trivially holds since for
y € 022 we have

(n—DHoa(y) > (n—1c>n—1>nsup |H(z,2)|.
QxR
Also,
Ricc, > —(n —1)c? > —(n — 1) Haa(y).

Thus, the boundary gradient estimate follows from our theorem 12. The rest of
the proof is the same as before. O
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