A REFLECTION PRINCIPLE FOR MINIMAL SURFACES IN
SMOOTH THREE MANIFOLDS

RICARDO SA EARP AND ERIC TOUBIANA

ABSTRACT. We prove a reflection principle for minimal surfaces in smooth (non nec-
essarily analytic) three manifolds and we give an explicit application when the ambient
space is just a smooth manifold.

1. INTRODUCTION

In this paper we prove a reflection principle for minimal surfaces in a smooth (non
necessarily analytic) setting. The precise statement is given in the Theorem 1.1 below.
One of the motivations to seek such a reflection principle is the fact that there are
many three dimensional smooth (non analytic) Riemannian manifolds endowed with
natural reflections about a geodesic line (see, exemple 2.3-(3)). We derive an application
when the ambient is just a smooth manifold, using our main theorem combined with
some classical theorems about area minimizing solution of the Plateau problem, see
Proposition 3.4.

A form of the reflection principle says that if a minimal surface in R? contains a segment
of straight line L, then the minimal surface is invariant by reflection with respect to L,
see [12]. Such a form was generalized by Leung [15, Thm. 1] for analytic manifolds.

We are interested in the knowledge of a reflection principle across a geodesic line in the
boundary of a minimal surface. We assume the surface is contained in a smooth non
necessarily analytic manifold. We assume also that the geodesic line admits a reflection
in the ambient space (Definition 2.1).

First, we emphasize that the “reflection principle” in the Euclidean space with only the
usual hypothesis that the minimal surface contains a segment L of a straight line in its
(topological) boundary, is not established. In fact, even with the strongest assumption
that the surface is an embedded disk up to the boundary segment L, as far as we know,
there is no proof of the "reflection principle” in the Euclidean space.

Of course, when we impose some additional conditions a proof can be done. For
example, when we know that the minimal immersion is conformal in the interior and
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continuous up to the boundary segment L or when the surface with its boundary L is
a minimal graph, continuous up to L.

In fact, the reflection principle for conformal minimal immersions in R3 is a gener-
alization of the well-known Schwarz reflection principle for harmonic functions. The
proof uses the fact that the coordinates of a conformal minimal immersion in Euclidean
space are harmonic, then the Schwarz principle for harmonic functions is applied. See
an elegant deduction in [4, Thm. 1, Sec. 4.8] or in [21, Lemma 7.3].

When the ambient space is the sphere S, Lawson produced a proof following the same
idea of the proof in the Euclidean case (which, in fact, holds in the three-dimensional
hyperbolic space). The precise statement is as follows: When the conformal minimal
immersion in the sphere S* contains an arc of geodesic L of the ambient space on
its boundary and has C? regularity up to this arc, then the surface can be extended
analytically by reflection in L [14, Prop. 3.1]. The proof makes use of a Lichtenstein
theorem, see [11, Thm. 1.

The reflection principle has been used by several authors (including the present au-
thors) in the theory of minimal surfaces in homogeneous three-dimensional spaces, see
for example Rosenberg [22], Abresh-Rosenberg [1], Menezes [18], Mazet-Rodriguez-
Rosenberg [17].

On the other hand, the authors have established the reflection principle for minimal
vertical graphs, when the ambient space is the product space H" x R, where H" is the
n-dimensional hyperbolic space, see [24, Lemma 3.6]. The proof also works in R™ x R.
Furthermore the authors use the reflection principle to construct Scherk type minimal
hypersurface in H" x R [24, Theorem 5.10].

In the statement of our Main Theorem below we use the notion of a reflection I, about
a geodesic v in a C'° Riemannian manifold (M, g). We denote by U, C M the domain
of definition of I, see Definition 2.1.

Theorem 1.1 (Main Theorem). Let (M, g) be a C* Riemannian three manifold. Let
7 C M be an open geodesic arc which admits a reflection .

Let S C U, be an embedded minimal surface. We assume that S U~ is a C' surface
with boundary.

Then the reflection of S about v gives rise to a C* continuation of S across v. That
is, SU~yUIL,(S) is a smooth immersed minimal surface which is embedded near .

Theorem 1.2 (Main Theorem bis). Let M be a C* Riemannian three manifold and
let v C M be an open geodesic arc which admits a reflection 1.

Let S C U, be an embedded minimal surface such that S U~ is a C° surface with
boundary. We assume that SU+y is the graph of a C° function x3 = f(xy,x3) for some
local coordinates (x1, o, x3) of M.
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We assume also that f restricted to the projection of S is a C? function with bounded
gradient.

Then the reflection of S about v gives rise to a C* continuation of S across v. That
is, SU~yUIL,(S) is a smooth immersed minimal surface which is a graph near .

We point out that a crucial tool in the proof of the above theorems is a Hélder gradient
regularity up to the boundary for solutions of Dirichlet problems for quasilinear elliptic
equations, see Theorems 2.4, 2.7 and Remark 2.8.

Acknowledgements. The second author wishes to thank the Departamento de Matemdtica da PUC-
Rio for their kind hospitality.

2. ANALYTIC AND GEOMETRIC BACKGROUND

2.1. Geodesic arc of reflection.
Throughout this paper, M is a connected C'* manifold of dimension three, equipped
with a C* metric g.

Definition 2.1. Let (M, g) be a complete C*° Riemannian three manifold.

We say that an open geodesic arc v C M admits a reflection if there exist an oriented
open subset U, C M containing v, and a non trivial isometry I, : (U,,g) — (U, 9)
such that

e [, is orientation preserving,

e [ (p) =p for any p € v,
(] 17 ©) I,y = IdUw-

Next we describe some relevant examples.

Example 2.2. (1) We denote by H? the hyperbolic plane and gy its hyperbolic
metric.
Let M = H? x R endowed with the product metric g := gy + dt>.
The natural reflections about vertical or horizontal geodesic lines in H? x R
satisfy the conditions of Definition 2.1. We observe that there is no other
geodesic lines of reflection.

(2) For any k < 0 we denote by M?(x) the complete and simply connected surface
with constant intrinsic curvature s.

We set M = E(k,7), K <0, 7 > 0, the simply connected and complete homo-
geneous three manifold, see for example [3]. More precisely, E(x, 7) has a four
dimensional isometry group, it is a fibration over M?(x), the canonical projec-
tion E(k,7) — M?(k) is a Riemannian submersion and the bundle curvature
is 7.

We treat separately the cases k < 0 and £ = 0.
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(a) Wesuppose k < 0, (in particular for k = —1 we have E(—1,7) = ﬁé-ig(R, 7).
We choose the disk model for M?(k), that is the open disk of radius 2/v/—x.
We denote : M? (k) := D(2/+/—k) provided with the metric

1
1+ mEE
Then we have E(k,7) = D(2/y/—k) X R provided with the metric

ds® = \*(z,y)(dx* + dy*), where A(z,y) =

12 2 2 T>\y 2_Tﬁ
g = \(de +dy)—|—< Vg + = )\dy+dt>

= N (d2* + dy?) + ()\T (ydx — zdy) + dt) .

The isometries of (E(k,7),g) are given by (setting z = = + iy)

F(z,t) = (f(2),t + 2?Targ%(z) +¢)

where f is a positive isometry of (D(2/v/—k), ds?), and

Glz.t) = (9(2), 1~ L arg 922 1 o)

where ¢ is a negative isometry of (D(2/y/—k),ds?), and ¢ € R. Observe
that any isometry is orientation preserving.

In particular F'(z,t) = (—z,t) is an isometry. Set Lo := {(0,¢), t € R}.
Observe that each point of Lg is a fixed point for F. Therefore Ly is a
geodesic line. Since F o F' =1d, F is a reflection about Lj.

Now let zp € D(2/+/—k) be any point. Let h be a positive isometry of
D(2/+/=k) such that h(zp) = 0. We set H(z,t) = (h(2),t + % arg 2%(z))
and L,, := {(z0,t), t € R}. Note that for any p € L,, we have H( ) € L.
Therefore setting I, := H ' o F o H we get for any p € L.,

L(p) = H™(F(H(p)) = H(H(p) = p.

We conclude as before that L., is a geodesic line and that I, is a reflection
about L, .

Now we set D, : {(0,y,0), —2/v/—r <y < 2/v/—k} C D(2/v/—k) x {0}.
We consider the isometry G(z) = (=%, —t). Observe that G(p) = p for any
p € D,. Therefore D, is a geodesic line and, since G o G’ = Id, we get that
G is a reflection about D,,.

For any 6 € [0, 7) we set Dy := {(se%,0), —2/v/—k < s < 2/+/—k}, thus
Dy = Dy/;. Observe that for any o € R the map R,(z,t) := (e"*z, 1) is
an isometry. Since R;/s_9(Dy) = D,, we get that the map Gy := R;/Q o ©
G o Ry /s fixes any point of Dy. Thus Dy is a geodesic line and Gy is a
reflection about Dy.



(b)

REFLECTION PRINCIPLE 5

We can prove in the same way that any horizontal geodesic admits a re-
flection.

We suppose now x = 0, therefore we have that E(0,7) = Nils(7) is the
Heisenberg group and it can be viewed as R?® with the metric

gr = da? + dy? + (1(ydx — zdy) + dt)*.
The isometries of (R3, g,) are (setting z = x + iy)

F(z,t) = (2 + a+ib,t + 7Im(a — ib)e” 2 + ¢)
and
G(z,t) = (e®Z + a+ib, —t — 7Im(a + ib)e 2z + ¢)

where a, b, ¢, € R are any real numbers. Observe again that any isometry
is orientation preserving.

Arguing as in the case k < 0, it can be shown that the Euclidean lines
L., == {(20,t), t € R} and Dy := {(se?,0), s € R} are geodesic lines
which admit a reflection, for any 29 = (x¢,%0) € R* and any 6 € [0, 7).
Any horizontal geodesic admits a reflection.

(3) At last, it is not difficult to construct smooth and non analytic three manifolds
having geodesic lines of reflection. For example let M? be a smooth Riemannian
surface.

(a)

Let v C M? be a geodesic arc. Assume that there exist an open oriented
neighborhood V' of v in M? and a non trivial isometry i, : V. — V such
that

e i, reverses the orientation,

* i\ (p) = p for any p € v,

L] ’L.7 o Z',y = ]dv
Then setting U = V x R € M? x R:= M? and I, (z,t) = (i,(x), —t), we
see that v admits also a reflection in the Riemannian product M? x R.
Now assume that there exist a point py € M2, an open oriented neigh-
borhood V' C M? of py and a non trivial isometry ¢ : V — V such
that

e ¢ is orientation preserving,

* ©(po) = po,

e pop=Idy.
Then setting U = V x R € M? x R := M? and L, (z,t) = (p(x),t), we
see that v := {po} x R admits also a reflection in the Riemannian product
M? x R.
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2.2. Boundary regularity.

Definition 2.3. Let Q2 C R", n > 2, be a domain and let () be a second order
quasilinear operator of the following form

Qu) = Z a”(z,u, Du)Diju + b(z, u, Du),

ij=1

where z € €2, and the functions a”,b are defined and C' on Q x R x R™.
We assume that (a(z, z, p))1<i j<n is @ symmetric matrix for any (z, z,p) € O x RxR™.
We denote by A(z, z,p), respectively A(z, z,p), the minimum eigenvalue, respectively
the maximum eigenvalue, of the symmetric matrix (a”(z, z,p)).
We say that Q is an elliptic operator, if 0 < \(z, z, p) for any (z,z,p) € Q x R x R™.
Assume now that 2 is a bounded domain. Then, by continuity, for any K > 0, there
exist constant numbers 0 < \x < Ag and px > 0 such that

0< )\K < )\(x,z,p) < A(x,z,p) < AK)
(167D |+ D= [+ Dy a0 ) (. 2,p) <
for any z € Q and (z,p) € R x R” satisfying |z| + |p| < K.

A crucial ingredient in the proof of the Main Theorem is a uniform global Holder
estimates for the gradient for a solution of a general second order elliptic quasilin-
ear equation. This can be seen as an extension of the well-know Ladyzhenskaya and
Ural’tseva fundamental global a priori Holder estimates [13, Chapter IV, Theorem 6.3].

Theorem 2.4. Let Q CR", n > 2, be a bounded domain with C? boundary, and let Q
be a quasilinear operator as above with a”,b € C'(Q x R x R™).
Let u € C°(Q) N C?(Q) be a function satisfying

Q(u)=0 on Q,
u=¢ on 0L,

where p € C%(Q).

Assume there is K > 0 such that |u| + |Du| < K on Q.

Then, there exists a constant T € (0,1), such that u € CY7(Q).

More precisely, u € C*(Q) and there exist positive numbers C = C'(n, K, Az, jif, el @y, )

and 7 =7(n, K, A\, iz, |plc2)) € (0,1) such that for any x1,x2 € Q we have

(5) |Du(zq) — Du(xs)| < C'|zy — 22|,

where K = K + [l (a)-

Remark 2.5. We observe that the assumption that v has bounded gradient in Theorem
2.4 is crucial. Indeed, consider in R? a vertical catenoid C'. Assume that the neck of C
stays in the horizontal plane {3 = 0}. Thus the part of C' staying between the planes
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{z3 =0} and {x3 = 1} is the graph of a function u defined on an annulus in the plane
{z3 = 0}. The function u satisfies the minimal equation on this annulus of R? and the
gradient of u is not bounded near the inner circle of the annulus. Therefore u has not
extension C7 up to the boundary.

Proof. We present Trudinger’s proof, see [27, Theorem 4|, omitting the derivation of
certain assertions, but giving further details for the sake of clarity.
We set @ := u — ¢. Thus [4] + |Da] < K in Q, @ =0 on 09 and @ satisfies
> @ (x, @, Du)Dyji + b(x, @, D) = 0
ij=1
with

~

@ (z,4, Du) = a"”(z,7 + ¢, DU + D)

b(x, @, D) = b(x, @+ @, DU+ Do) + > @ (x,d, Du)Dyjep.

i,j=1

We consider the linear operator on €2
L(w) = Z o (z)Dyjw
1,

for w € C%(Q), where o/ (z) := @ (x,u(x), Du(x)). Observe that (a%(z)) is a bounded
and continuous symmetric matrix on 2. Furthermore we have 0 < Az < p(z) < Ap
for any = € Q, where p(x) is any eigenvalue of the matrix (' (z)).

Observe also that U satisfies L(@) = f(x), where f(z) := —b(z, @(x), Di(x)).
Next we state without proofs some structure facts that we use in the sequel.

For any vector d = (dy, ...,dy) € R¥ k € N*| we set |d| = \/d3 + - -+ + d2.

Let p € 02 be any boundary point. Since 0f) is a compact embedded hypersurface of
R" with C? regularity, we deduce first that there exists a constant A > 0 such that for
any p € 02 and for any normal curvature k,(p) of Q2 at p, we have |k, (p)|< A.

We deduce also that there exists a positive constant R < 1, depending only on the
geometry of 0€), and not on p, such that

e QN Bg(p) is connected, where Bg(p) is the ball centered at p with radius R.
e We choose orthonormal coordinates (yi,- - ,¥,) in R” such that p = 0 in those
coordinates and (8%1,. c 8yf_1) is a basis of the tangent space of 02 at p.
Then a neighborhood of p in 9 is the graph of a C? function h defined in a
neighborhood of 0 in {y,, = 0} containing the disk {|y|< R, y, = 0}. Moreover
h satisfies

— h(0) = 0 and Dh(0) =0,
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— |Dh|< 1/4 and | ;22 30; |< 8A on the whole domain where h is defined.

e The map F': Br(p) — ]R" defined by F(y) ==y —(0,...,0,h(y1,...,yn-1)) is
a C? diffeomorphism onto its image, satisfying F(p) = 0 and
— F(QN Bg(p)) € {yn > 0},

— F(9Q N Br(p)) C {y = 0},

— |DF;|< 2, where F' = (Fi,..., F,),

— |DysFi|<8A, ¢,s=1,....n

— for any positive r < R, setting B, := {y € R", |y|< r} and B = B, N
{yn > 0}, we have B, o C F(QN B.(p)) and B, ja(p) N C F~ (Bj/Z)

Thus, the function w := @ o F~! is defined on B; /o and satisfies the linear elliptic

equation

(6) = LA - fy) i B,
w=0 on aBR/2 N {y, =0},

where

. 5jj(y) 1= D 0s O (F 1 (y)) DoFj Dy F,
o« ) =-%, (zq (a7 (y)) Dy s ) Diw + [ (F (1)

Observe that we have (@) = DF (a”)!DF. Taking into account the definition of F', a

straightforward computation shows that we have 7[? < p(y) < 4Aj for any eigenvalue

p(y) of the matrix (a”(y)) and that |w|+|Dw|< (1 + 2v/n)K K
Since u has bounded gradient we observe that the function f is bounded on B,

R/2'
w(y)

Since u has bounded gradient we deduce from the proof of [9, Theorem 1.2.16] that there
exist real numbers Cy = Cy(n, K, |g0|cl A Ag) >0and o = a(n, K, [p|lcrq), Az, Ag) €
(0,1), such that for any positive r < § R and for any z,y € B;" we have

g
- 48nAA

We consider the function v(y) := on B}, Ry and we set § =

(™) [v(2) = o(y)] < e (sup [Dul + Rsup |]).
Bt Bt
R/2 R/2

Observe that in [9, Theorem 1.2.16] it is assumed that w € C’l(B;g/2 U Xgr/2) where
Yr/2 = Brjs N {y, = 0}. Nevertheless, what is required in the proof is that |Dw| is
bounded on B}, /2

It follows from Proposition 4.1 in the Appendix that the function v extends to a
continuous function on B;R /16 U Xsr/16- Moreover we obtain the boundary Holder
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estimates of Krylov: for any 2',y" € Xsp/64 we have

0 (") = /)| < T (sup D]+ Fsup )l /"

R/2 R/2
Thus the function w admits normal derivative along 3sz/32. Using Formula (8) it can

be shown that v is Holder continuous on B;R/%G U X5Rr/256, see Proposition 4.2 in the
Appendix.

More precisely there exist positive numbers Cy = Cy(n, K, |p|c1); Az, Az, R) and
B = B(n, K, |¢lcr), Az, Ag) < a < 1, such that for any z,y € B;“R/%G U Xsr/256 We
have

) () = )] < 5 (sup Dl + R sup |7l —

R/2 BR/2

We know from [13, Chapter IV, Theorem 6.1] and [6, Theorem 13.6] that we have
the Ladyzhenskaya and Ural’tseva a priori interior estimates for the function u on
). Namely, there exist positive constants C3,7 < 1 such that for any subdomain

O cOc Q, we have for any x,xy €

(10) |Dﬂ(x1) - Dﬂ(m2)|< 03 |JZ1 - lL‘2|n diSt(Q/, 89)_"

with C5 = Cs(n, K, i, Ag, |¢le2 ), diam(2) and n = n(n,ff, Lis Az |@lc2))- Note
that the dependence of |¢|c2(q) arises from the definition of b.

Now we extend the function w by odd reflection to the whole ball Bg/, setting for any

Y= (YY) € Bry2
T(y) = w(y) if y,, >0
—w(y', —yn) if y, < 0.

Observe that W is a continuous function and that @ € C*(Bg2\Xg/2). Consequently, v
extends also to a continuous function v on the whole ball Bsg /16 by setting v(y', yn) :=

WY, Yn ~
(y—y) for any y € Bsgyi6 \ Xsr/16 and v(y’,0) :=v(y/, 0) for any (y/,0) € Xsr/16-

From (9) we get that for any x,y € Bsgr/2s6 we have

- - C,
(11) [o(x) —o(y)| <2 B(sup |Dw|+Rsup )|z —yl°.
R gy B,

We set Ry := 0R/256. Using the a priori interior Holder estimates (10) for the gradient
of u and the Hoélder estimates (11) for v, Trudinger derived in the proof of [27, Theorem
4] that for any x,y € Bg, /4 we have

@z +y) +W(x —y) — 2w0(2)|< Culy|™,
where v := n/(1 +n) and Cy = Cy(n, K, iz, Az, [0|c2), ).
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Now consider a C'*™ function ¢ on the whole R™ such that
ly) =1 if [z[< Ri/32
0<y(x)<1l if R/32 < |z|<3R,/64
W(y) =0 if |z|> 3R,/64.

Then 9w is a continuous function defined on R™. It can be shown that there exists a
constant Cs = Cs(n, K, iz, A3, [¢|c2(q), ) such that for any z,y € R" we have

[w(z +y) + Yw(z — y) — 20w(x)|< sy

We deduce from [26, Chapter V, section 4, Propositions 8 and 9] that vw € C'7(R").
More precisely, Yw € C*(R™) and there exists a universal constant YT > 0 such that for
any z,y € R" we have

| Dyw(z) — Dyw(y)|< TCs|lz —y|".
U Xg,/32) and for any z,y € B§1/32 U Xk, /32 we have
|Dw(z) — Dw(y)|< YCslz —y|™.

Recall that @ = w o F on QN Bg, 64(p) and F (N Br, 6a(p)) C By, 5,-
any p € 09, the restriction of @ at QN B, /61 belongs to C'(Q2N Bg, /64(p)).
More precisely there exist positive constants Cs = Cg(n, K, Az, iz, |¢]c2), ), and

v =7, K, g, b, |¢lc2@)) < 1, but which do not depend on p € 9, such that for

Therefore, w € 01’7(351/32

Therefore for

any x1, T2 € QN Bg, /64(p) we have

(12) |Da(l’1> — Dﬂ(xg)] § 06 ’%1 — .TQl’y.
Thus 7 € C1(9).
Finally, since 0f) is compact, there exist a finite number of points py,...,pr € 02 such

that 9Q ¢ Jr_, QN Br, j128(pi)-
We set Q :=Q\ Ule QN Br,j128(pi), thus @ = Qy U (Uf=1 Qn BRl/64(pi)>‘

Considering the interior estimates (10) for 2’ = Qq, the boundary Holder estimates (12)
at each subset QN Bg, /64(pi), ? = 1,..., k, and a ball chain argument, we conclude that

Du € C™(9Q) where 7 := min(v,n). More precisely u € C*'(€) and there exist positive
constants C7(n, K, Az, g, [¢lc2), ), and 7(n, K, Az, iz, |¢|c2)) < 1, such that for

any xi,rs € {1 we have
|Du(x1) — Du(zq)| < Cr |2y — 22]".

Since ¢ € C*(Q), there exists a positive constant Cs = Cs(|¢|c2(q), 2, 7) such that
|Dp(1) — Dep(2)| < Cslar — |7,

for any x1, x5 € Q. -
Finally, since u = u + ¢, setting C' := C; + Cg, we have for any 1, x5 € )

|Du(zy) — Du(zs)| < C'|xy — 22|,
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where C' = C(n, K, Az, iz, || 20, 2). Thus we obtain that u € C17(Q) as desired.
0

We infer from the proof of Theorem 2.4 the following local version.

Theorem 2.6. Let Q C R™, n > 2, be a bounded domain with C? boundary, and let Q)
be a quasilinear operator as in Definition 2.3, with a”,b € C*(Q x R x R™).

Let T C 0 be a nontrivial C* domain of the boundary of Q. Let Qo C Q be a
subdomain with C? boundary such that QyNOQ C T.

Let u e CO(QUT) N C*(Q) be a function satisfying

Qu) =0 on Q,
u=¢ on T,

where ¢ € C2(QUT).

Assume there is K > 0 such that |u| + |Du| < K on €.

Then, there exists a constant T € (0,1), such that u € C7 ()

More precisely, u € C*(Q) and there exist positive numbers C' = C(n, K, Az, Az, [Ple@y) $o)
and 7 =1(n, K, \g, Az, [¢|c2 @) such that for any x1, 24 € Qo we have

|Du(x1) — Du(xq)|< Clay — 2|7,

where K := K + [eler @) -

Elliptic regularity leads to the following.

Theorem 2.7. Let 2 C R", n > 2, be a bounded domain with gk“ boundary, k > 0,
and let Q be a quasilinear operator as above with a,b e C*HQ x R x R").
Let uw € C°(Q) N C?(Q) be a function satisfying

Q(u) =0 on Q,
u=¢ on 08,

where p € C*2(Q)).
Assume there exists a constant K > 0 such that |u| + |Du| < K on Q.
Then, there exists a constant T € (0,1), such that u € C*17(Q), where

Proof. The proof proceeds by induction on k£ > 0.

For k£ = 0 this is Theorem 2.4.

The rest of the proof is a straightforward consequence of Schauder theory, see [6,
Theorem 6.19]. O
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Remark 2.8. There is a local version of Theorem 2.7. Namely let T" C 02 be a
nontrivial domain of the boundary of 2. Let us assume that ¢ € C¥*2(QUT).

Let Qy C Q be a subdomain with C**? boundary such that Qo N 9Q C T. Let
uwe C*Q)NC'QUT) satisfying Q(u) =0 on Q and u= ¢ on T.

Then we have u € CFULA(Qp), where B8 = B(n, K, g, uz, l¢lc2@,)) and

K= K +[ploimy)-

3. PROOF OF THE MAIN THEOREM

3.1. Minimal equation.

We first give the minimal equation for a graph x5 = u(z1,x2) in some arbitrary local
coordinates (xq,xq,x3) of M, following Colding-Minicozzi [2, Equation (7.21)] and
Gulliver [7, Section 8§].

Let u be a C* function defined on a domain {2 contained in the z1, x5 plane of coor-
dinates. Let S C M be the graph of u.

We use the usual convention for the partial derivative of a C? function u: u; = %,
Uij = 65?87;‘, i,7 = 1,2. We denote g;; € C°, 1 < 4,5 < 3, the coefficients of the
10T

Riemannian metric g in the local coordinates (xi, 22, x3) and we call G the 3 x 3
matrix (g;;). Up to restricting the local coordinates, we can assume that the matrix G
is bounded.

Let IV} € C be the Christoffel symbols of the Riemannian metric g, 1 < 7,7, m < 3.
We set 0; ,1=1,2,3. Then, X; := 0; + u;05, © = 1, 2, is the adapted frame ﬁeld
generating the tangent plane of S.

Let h;; be the coefficients of the metric induced on S, that is h;; = ¢(X;;Xj;),
1<i,j<2.

Let N := ). N;0; be the unit normal field on S with N3 > 0. We set W :=1/g(N; 0s).
We have

u,
N;O) = ——, i=1,2.
g(N;0) = =357,
Note that the coordinates of N are given by
Ny 1 !
N2 = —Gil — U2
N3 1

Since g(N, N) = 1 we obtain

2_ g8 —QZUzngJFZu’u]g ,

i,7=1

where G = (¢") is the inverse matrix of (g;;).
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The mean curvature H of S is given by

2
2H = > h7g(N; VX)),

1,j=1

where (h7) is the inverse matrix of (h;;) and V is the covariant derivative on (M, g).
We define

2
F(x,u,uy,us, uyq, Uiz, Uz) := Z [hij (uij + I‘?j + uil"gj + ujfgi + uiujfgg)

i,j=1
2
3k (U7 4wl + T+ wgu T } .
m=1

Then by a computation it follows that the minimal equation (H = 0) reads as
(13) F(,u,uy, ug, uin, uia, ug) = 0.

Since hi; = g(Xi; X;), (hi;) is a symmetric and positive matrix. This implies that (h")
is also a symmetric and positive matrix and, therefore, the equation (13) is an elliptic
PDE. Furthermore, if u has bounded gradient then the equation (13) is uniformly
elliptic. This means that there exist two positive constants A < A such that for any
z € Q and for any eigenvalue p(z) of the matrix (h"(z)), we have 0 < XA < p(z) < A.

Remark 3.1. Let M be an analytic three manifold, and let S C M be a minimal
surface with an analytic open arc + on its boundary. We assume that S U~y is a C*
surface with boundary.

Then for any p € v there exists a neighborhood U C M of p in M such that UN S is a
graph z3 = u(z1, xs) in some local coordinates (z1, z9, x3) at p, of an analytic function
u defined on a domain 2 C {x3 = 0}, containing an analytic arc 7y on its boundary.
Furthermore 7y, is the projection of v and u € C1(Q2 U ).

We infer from Theorem 2.7 that u € C*(QU~y) for any k € N, and then u € C**(QU~y)
for any p € (0,1). We conclude from [19, Theorem 5.8.6°] that u is analytic on 7y and
extends analytically across y. Therefore, S can be extended analytically across v as
a minimal surface.

3.2. Proof of Theorem 1.1.

Let p be any point on the geodesic arc v. We are going to construct convenient local
coordinates (z1, xe, x3) of M near p € 7.

First we choose a parametrization by arc lenght, x; € (—¢,¢), of a open subarc of 7:
7 : (—e,e) — 7, such that 7(0) = p.

Recall that by assumption, S U~ is an embedded C* surface with boundary.
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Let v, be the unit inner tangent vector of S U~ at p, orthogonal to 7. We denote by v
the parallel vector field along « such that v(p) = v,. By abuse of notation we denote

v(zy) = v(y(z1)).
We set

Y= {F(xl,xg) = expﬁ(xl)azgz/(xl), T, %o € (—5,5)}.
Clearly, if ¢ > 0 is small enough, then > C M is a properly embedded C*°-surface.
Furthermore, > and S U~ share the same tangent plane at p.

Let n be a C'*° unit normal vector field along 3. Thus if € > 0 is small enough the map
(—e,e) X (—€,6) X (—g,8) — M
G(x1, 22, 73) 1= CXPF(z1,32) L37;
is a C* proper embedding. Therefore GG provides local coordinates of M near p, and
we have G(0,0,0) = p. We set
U. = {(:L'l,xg,xg), X1, Ta, X3 € (—5,5)} C R3.
We define

thus V. is an open neighborhood of p in M.
Observe that by construction we have

L, (G(z1,22,0)) = G(21,—22,0) and L, (G(21,0,23)) = G(x1,0, —3)
for any x1, x5, x3 € (—¢, ). Therefore by a continuity argument we get that
L (G(z1, 22, 23)) = G(21, —22, —x3)
for any x1,z9, 23 € (—¢,¢).
Now we establish that S can be locally extended near p by reflection across v as a
minimal surface.
By abuse of notations we identify V. with U, and a point G(x1, e, z3) with (x1, xs, z3).
Therefore X is identified with (—e,e) x (—¢,€) x {0}. Observe that the reflection I,
reads as
I’y(xla T2, 93'3) = (33'1, —Z2, —1’3),
for any (x1, 29, x3) € U,.
Note that by construction we have 7,3 = T,,(SU~). Therefore if € > 0 is small enough
then G=*((SU~) N V.) is the graph x5 = u(z1,22) of a C' function u defined on
Y= {(z1,22), x1 € (—¢,€), 29 € [0,2)}, using the identification V. = U..
Observe that by assumption u is C? on (—¢,¢) % (0, €) and satisfies the minimal equation
(13).
Since by assumption v is C' on X7, we get that u has bounded gradient. Hence from
Remark 2.8 we obtain that u is C* on ©* for any k € N.
We define a function v on ¥~ := {(x1, z2), 21 € (—¢,¢), 22 € (—¢,0]} setting

v(xy, x9) = —u(xy, —x2).
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By construction u(z1,0) = v(z1,0) = 0 for any z; and u;(0,0) = 0 = v;(0,0), i = 1,2.
Then we define a function w on ¥, identified with {(z1,zs), 1,29 € (—¢,¢)}, setting

(w1, 73) = u(wy, o) if (21, 29) € BT
bz v(xy, @) if (21, 29) € X7

We have that v is C? on ¥~ and w is C* on .

In order to check that w is C? on X it is enough to prove that the partial derivatives up
to the second order of u and v agree along the arc X" NYX~ = {(x1,0), 21 € (—¢,¢)}.
For any (z1,x2) € ¥~ we have

V1 (21, T2) = —ur (21, —2), Va1, 22) = uz(21, —22)

and

v (21, x2) = —un (21, —x2), vi2(x1, T2) = w21, —T2), Va2(T1, Ta) = —Uge (21, —22).

Note also that «;;(0,0) =0, 4,5 =1,2.
Therefore we deduce from the previous identities that along the geodesic line {zy = 0}
we have

F(x,u,uy, Uy, U1y, Urz, Us) — F (2,0, 01, Vg, V11, V12, Uaz) = h**(uga (1, 0) — vag(21,0)).
Since u and v satisfy the minimal equation (13) we infer
U2 (21,0) = va(21,0) =0
for any z; € (—¢,¢). Therefore u;; = v;; along the arc ¥+ NX~.
Thus we deduce that the function w is C? on the whole domain ¥, satisfying the
minimal equation (13). Thereby, the graph of w, denoted by S, is a minimal surface.
Of course, observe that, by construction, S is invariant by reflection across ~.

We obtain therefore a minimal continuation, S , of S across 7, embedded near . This
accomplishes the proof of the theorem. O

Proof of the Main Theorem bis. By assumption, f is defined on a domain 2 in the
coordinates plane {z3 = 0}. Moreover the boundary 9 contains a C*° open arc
such that ~ is the graph of f over .

Since, by assumption, f has bounded gradient, the proof follows readily using the
regularity Theorem 2.4 as in the proof of the Main Theorem 1.1. ([l

At last, we discuss several general remarks about the geometry of minimal surfaces.

Remark 3.2. We use the notations of the Main Theorem 1.2 bis.

Assume that the coordinates system (z1,x2,z3) containing the minimal surface S has
the following property: For certain (small enough) domain € contained in the coor-
dinates plane {x3 = 0}, we can uniquely solve the Dirichlet Problem for the minimal
equation given any (small enough) continuous data on 0f.
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Then we can drop the assumption that f has bounded gradient in the Main Theorem
bis 1.2. For example this property occurs in R3 H? x R (see [24, Lemma 3.6]), and
Nils (see [20, Theorem 4.1 and Corollary 4.3]).

Remark 3.3. Let us consider the particular case where the ambient space M is an-
alytic. Let S C M be an embedded minimal surface such that S U~ is a C* surface
with boundary, where ~ is an open geodesic arc of M which admits a reflection.

SAince v is an analytic arc, S U~ is analytic and can be extended as an analytic surface
S across 7, see Remark 3.1

Now we can apply either Theorem 1 in [15] or Theorem 1.1 to infer that in a neigh-
borhood of any point of ~, the extended surface S is invariant by reflection across
.

The following result have been applied in homogeneous three spaces by many authors
to construct complete minimal surfaces, see for example [22], [1], [18], [L7].

Proposition 3.4. Let (M, g) be a C* Riemannian three manifold and letT" be a Jordan
curve. Assume that I' contains an open geodesic arc v which admits a reflection. Let
S be an area minimizing solution of the Plateau problem, if any.

Then, as in Theorem 1.1, the reflection of S about v gives rise to a C'™° continuation
of S across . That is, SU~y U L,(S) is a smooth immersed minimal surface which is
embedded near .

Proof. We set
B:={(v,y) eR* 2*+y* <1} and B:={(z,y) €R* 2* +y* < 1}.
By assumption, there exists a map X € C°(B, M) N C?(B, M) such that

e X(B) =9, and X maps monotonically 0B onto I

e ¢(0,X;0,X) —g(0,X;0,X) = ¢9(0,.X;0,X) =0,

© Ouatj + Oy + Y1y Ty (Ouwr Oy + Oyai0yy) =0, j = 1,2,3,

e X minimize the functional area among all maps verifying the above properties,
where I', stands for the Christoffel symbols, 0, = 2 and so on.
Let 79 C B be an open arc such that X (yy) = 7.
Since 7 is of class C®, at least, we get from [5, Theorem 4-(ii), Section 2.3] that
X € C*(BU~y, M). Since X is area minimizing we know from [7, Theorem 8.1] that
X has no true branch point on B. We get from [10, Conclusion (ii) of Theorem] that X
has, possibly, isolated boundary branch points on 7, and has no branch point (neither
true nor false) in a neighborhood of 7 in B. We are going to prove that X has no
boundary branch point on 7.
Let p € v and pg € 7o be such that p = X(py). Up to a conformal transformation we
can assume that D" := {(u,v) € R?, u?+v* <1, and v > 0} is a neighborhood of py
in B U7y, with py corresponding to 0 and ~y, to dg := {(u,0), |u|< 1} C OD™.
By an abuse of notation we assume also that X is defined on D*. Furthermore, up to
reducing the neighborhood of py, we can assume that X has no boundary branch point
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on dy except, possibly, at 0 and has no branch point on D"\ . Thus X : DT\dg — M
is a C? minimal immersion, X (dy) = v, X(0) = p and X is of class C? up to dy.

We deduce from [10, Conclusion (ii) of Theorem| that the surface S has a well-defined
tangent plane at any point of 7, even at boundary branch point.

Let v, be unit tangent vector of S at p € 7v. We consider the coordinates (z1, z3, 3) €
(—&,€) on a neighborhood of p in M constructed in the proof of Theorem 1.1. Thus
p corresponds to (0,0,0), v corresponds to xo = x3 = 0, and the reflection about ~y
(which is assumed to exist) reads as I, (z1, z2, x3) = (z1, —%2, —23).

We set

D™ :={(u,v) €R* v*+v* <1, v<0}and D = DTUD™ = {(u,v) € R? v*+v* < 1}.

We are going to show that X can be extended to a C? map Z : D — M verifying

e Z=Xon DT,
i g(@uZ, 8UZ) - g(avz; avZ> = g(@uZ, avZ> = 07
® Ouuzj + Oz + 22’1:1 Fil(ﬁuzkauzl + avzkavzl) =0,7=1,2,30n D.

Then using [8, Theorem]| we obtain that 0 is not a branch point of Z and consequently,
0 is not a boundary branch point of X. Using Theorem 1.1 we can deduce that
S U~vUIL(S) is a smooth immersed minimal surface which is embedded near 7 as
desired.

Recall that we can assume that X has no branch point on d, except, possibly, at 0.

We define the map Y : D~ — M setting for any (u,v) € D™ : Y (u,v) := L (X (u, —v)) =
(1, =29, —x3) (U, —v).

Then we define the continuous map Z : D — M setting

X fu>0,
Z(u,v) = (u,v), ifv >0
Y(u,v), if v <0.
We have y; (u,v) = z1(u, —v), ya(u,v) = —z2(u, —v) and y3(u,v) = —x3(u, —v) on D~.

We want to show that partial derivatives of X and Y are equal along dy up to second
order, this will prove that Z is C? on D.

Since X (dg) = v we have xs(u,0) = x3(u,0) = 0 along dy. So that Jyxp(u,0) =
Ouyr(u,0) = 0 along 0o, k = 2,3. Since Oyyx(u,v) = Opyxx(u, —v) on D™, k = 2,3, we
deduce that z, and z3 are C! on D.

By construction we have 0,21 (u,0) = 0,y (u,0) along d.

Since X is a conformal map up to &y, we have 9,z - 9,21 = 0 along dy. Using the fact
that 9, X does not vanish along 9y, except possibly at 0, we get that 0,21 = 0 along .
Since O,y (u,v) = —0yx1(u, —v) on D~, we get that 0,x1(u,0) = dyy1(u,0) = 0 along
8o and therefore Z is a C! map on D.

By construction for & = 2,3 we have 0., yx(u,v) = Oy (u, —v) on D™, so that Oy, 2o
and 0,23 are well defined and continuous on D.
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Since d,x1 = 0 along dy, we have Oy,x1(u,0) = 0 too for any u. With the relation
Ouot1 (U, V) = —0yp1(u, —v) on D~ we get that 0,2, is well defined and continuous on
D.

Furthermore we get by construction that 0,,22, Ouu23, Ouuz1 and 0,,21 are continuous
on D, so that z; is a C? function.

It remains to show that that 0,,29 and 0,,23 are well defined and continuous on D.
Since X is a minimal and conformal immersion of DT\ §y and X has C? regularity up
to 0y, we have on DT, for 7 = 2, 3:

3
Ouuj + Ovoj + Y T4 (0uri0uz + 0p1i0pmr) = 0,

k=1

where the Christoffel symbols are evaluated at (1, za, 3)(u,v), (u,v) € DT.
Using the previous considerations, we get for j = 2 and for any (u,0) € Jy:

Dpo2 (1, 0) +T3,0,21 (1, 0)* + 150,22 (u, 0)? + T'350,23(u, 0) + 21'5,0,200,23(u, 0) = 0,

now the Christoffel symbols are evaluated at (xl(u, 0),0, O).
By the way the coordinates x1, x5 and 3 are chosen, we have I'?, (z1,0,0) = 0 for any
a1, k=1,2,3.

Moreover a computation shows that 'z, = Oz3922 on 7. Since I, is an isometry for

1
2922
the metric g we have goo(z1, —9, —x3) = gggg(xl,:cg, x3) so that 0,,¢e2(21,0,0) = 0 for
any .

Thus Oyyxa(u,0) = 0 along dy, we deduce that Jy,y2(u,0) = 0 also and then 0,29 is a
well defined and continuous map on D. This shows that 2, is a C? map on D.

We prove in the same way that 23 is a C? map on D. This achieves the prove. 0
We write now a typical example in H? x R, see [23, Corollary 4.1].

Example 3.5. Let T C H? be a geodesic triangle with sides A, B and C. We assign
constant value a, b, ¢ respectively on interior(A), interior(B), interior(C).

We solve the corresponding Dirichlet problem for the vertical minimal equation as in
[23, Corollary 4.1]. We call f the solution and S the graph of f. Thus, S is a minimal
surface of H? x R.

It is a matter of fact that the boundary I'" of S is constituted of the union of three
horizontal segments and three vertical segments. It turns out that S is the unique
minimal surface having I" as boundary. Therefore S is the solution of the Plateau
problem for the boundary data I'.

Henceforth, by Proposition 3.4, we can extend S as a minimal surface by reflection
across any horizontal or vertical lines of I'.

We refer to [23, Example 4.4] for a simple construction of a complete minimal surface
of H? x R, by solving a certain Dirichlet problem and using reflections about horizontal
geodesics. The readers are also referred to [25].
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4. APPENDIX

We recall some notations.

For any vector d = (di,...,d;) € R*, k € N*, we set |d| = \/d} + --- + d3.

We identify R"™! with {z € R", z, = 0}, that is with R"™' x {0}. Therefore we
identify any y' € R"! with (3/,0) € R™.

We note also for any x € R" : x = (2, x,,) where 2’ € R"! and z,, € R.

For any R > 0 and for any 3/ € R"!, we set

B} :=Bpn{z, >0} ={z eR", |z| <R, z, >0}

Yp:=BgN{zr,=0}={z€R" |z|<R,x,=0}
BE(y) ={z=(2',z,) €R", |z —y| <R, x, >0}
Saly) = Bi(y') 0 {z = 0.

We recall that w € C*(B};

R/2) ﬁC’O(B;g/2 UX /o) satisfies the linear elliptic equation (6).

Furthermore w = 0 on Xg/, and the function v(y) := w( ) defined on B}, /o satisfies
Yn

the estimate (7). We set 0 := see the proof of Theorem 2.4.

48A’

Proposition 4.1. The function v can be extended to a continuous function on
B;R/lﬁ U Xsr/16. Moreover, for any o',y € Xsr/ea we have

v(2') —v(y')| < == (sup [Dw| + Rsup |f])]z' — /|,
B g, B},

where C1 > 0 and a € (0,1) are the constants given in the inequality (7), that is
Cy = Ci(n, K, |g0|01(9), Mg, Ag) and o = a(n, K, |g0|c1(g), A, Ag).

Proof. First observe that for any y = (v, y,) € By, 116 We have

B (y) C B%% (v') and B%ﬁ(y) C B;%_/2

Consequently, from the inequality (7) applied to the function w on the half-balls B (y')
and Brj4(y'), we deduce that for any x € B, (y') we have

C -
(14) [v(2) = v()] < 27 i (sup |Dw| + Rsup | f]).
Bl Bl

Let (tx) be a non increasing sequence of positive real numbers converging to 0. For any
p < ¢ € N large enough we deduce from (14) (applied to the half-ball Bj; (v')), that

Cy o, ~
(Y tp) — vy tg)| < —;tq (sup [Dw| + Rsup |f]).
R gy B,

Therefore (v(y',tx)) is a Cauchy sequence. Consequently the sequence (v(y/,tx)) con-
verges to some real number, momentarily denoted by h(y’). Moreover, the above
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inequality shows also that the limit A(y’) does not depend on the positive sequence ()
converging to 0.

Now let (zx) = ((«},%ky,)) be a sequence in B;R/lﬁ converging to (y',0). We set
O = |zx — (3, 0)]. Since x € By, (¢), we deduce from (14) that for & large enough
we have

o) = h(y)| < |v(@k) — oy, 200)] + vy, 26) — A(y')]

< —— (20¢)* ('sup |[Dw| + R sup \ﬂ) + oy, 20) — h(y)|.
R BE/Q B;/2

Therefore we have that v(xy) — h(y"). Thus we can extend v to a continuous function
on B;_R/lﬁ U Z(;R/lﬁ.

Consider now z’,y € Xsg/64. Observe that

Bg,_y,l(y/) C ng(y/) and BR/4( " C BR/2

Therefore, we get from the inequality (7) that for any 2,2’ € B, , (y/) we have

|z"—y/|
C N ~
lv(z) —v(2)] < R(ll = (sup |Dw| + R sup ]f\)
2 B,

Now let (z},) be any sequence in ¥,/_,(y’) converging to 2’ and let (t;) be a sequence
of positive real numbers converging to 0 such that (z,tx), (¢, tx) € B|z _y(y') for any
k. Therefore, we deduce from the previous inequality that for any k we have

/ O /o ]
[o(a, te) = (' t)| < &5 2" =/ |*(sup [Dw| + R sup [ f]).

R B}, B},
Letting k go to +00 we get
o o ~
o)~ o(y/)] < Brla’ /1" (sup [Dwl + R sup | 7).
B+ B+
R/2 R/2
as desired. O

For the next result we recall that ¢, K and K are defined in Theorem 2.4 and that A 7
and Ap are defined in Definition 2.3.
We note also that, since w satisfies the linear elliptic equation (6), the function v(y) =

w(y)

Yn

(15) = Y Z a(y)Dijo +2 Z a"(y) Dy = f(y)

1,j=1

satisfies on BE /2 the linear elliptic equation
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Proposition 4.2. There exist positive numbers Co = Cy(n, K, [p|c1(q), Az, Az, R) and
B = Bn, K, |plciq), Ag, Ag) < a < 1, such that for any x,y € B;R/%G U Xsr/256 we
have

(16) o) ~ )] < 35 (sup Dwl + R sup |Fl) e~ o

+
R/2 BR/2

Proof. We are going to consider successively the cases z,y € Xsr/s6, T € 2sr/256
ye B;R/ZE)G and x,y € B;_R/256'

Case T,y € EéR/256.

We identify x = (2/,0) with 2’ and y = (2/,0) with v/’

Thanks to Proposition 4.1 we have

C’ ~
lv(z') —v(y)| < R—i( sup |Dw| + R sup )" = o],

B B

R/2 R/2

Case x € Ysp/256 and y € B;R/%G.
We identify x = (2/,0) with 2’. Using inequality (14) and Proposition 4.1 we have

[0(2") —v(y)l < Jv(@) —v@)] +[v(y) —v(y)]

¢ = C .
< R_i‘( sup |[Dw| + R sup |f|)]z" — ¢'|* + R—iy:;( sup |Dw| + R sup |f])
Bt Bt Bt Bt
R/2 R/2 R/2 R/2
C -
< 2 (sup [Dw| + Rosup | )| —y|”.
+ +

B

R/2 R/2

Case 1,y € B;R/%ﬁ.
We can assume that z,, < y,.
We are going to consider separately the cases |z — y| < y,,/4 and |z — y| > y,, /4.

Assume first that |z — y| < y,/4.
Thus we have

Bio—y(y) C By, j2(y) C Bsy,s5(y) C By

Recall that v satisfies the linear elliptic equation (15).

We are going to apply the extension of the Krylov-Safonov Holder estimate done by
Gilbarg and Trudinger, Corollary 9.24 of [6], to the function v with Q, Bg, and B (of
Corollary 9.24) substituted respectively by Bsy, /5(y), By, 2(y) and Bj,_(y) (that is
Ry =y,/2 and R = |z — y|).

Following the notations of [6, Section 9.7], the principal part of ZO is given by the
symmetric matrix (z,0%(2)), z € Q = Bsy, /5(y). The functions b;,i = 1,...,n, are

given by b; = 2a™ (therefore |b;| < 8Ag, see Equation (6)), and ¢ = 0. For any

A
2 € ) = By, /5(y) we set A\o(2) = znTK and Ag(z) = 42,Ap. Thus, for any eigenvalue
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po(z) of the symmetric matrix (z,a"(z)), we have Xo(z) < po(z) < Ao(2), see the
7=238

discussion after Equation (6). Therefore we can choose to achieve

5 |w>>

For any z € 2 = B, /5(y) we have

(2’ <

Therefore we can choose v :=n (

3

2 2
(o2 <3 2
In A g Y2

2
As .
K @ to achieve
)‘]? Yn

|—b| i <v

X/

N2
Thus, in Corollary 9.24 of [6] we have vR% = 400n (i—{‘) , since Ry = y,/2. Therefore,
K

on B3yn/5(y)-

using Corollary 9.24 of [6] we obtain

x —y|" ~
(17) lv(z) —v(y)| < C{l nyl 0SCB, ,,(y)V + w2 sup | f]
yn Byn/Q(y)
where w, is a constant depending only on n, and C] > 0 and n € (0,1) are constant
N2
real numbers depending only on n, v and v(y,/2)* = 400n </;—}f> , that is depending
K
only on n and /;—ff
K
On the other hand we have
0SCB,, y(w)V = 05¢B, () (V= v(Y))
<2 sup u(z) —o(y)]
ZeByn/Q(y)
<2 sup  Ju(z) —o()[+2 sup () —w(y)],
2€By, /2(y) 2€By,, /2(y)

where z = (2/, z,,).
Observe that since y € By, /256 We have

Yy.2(y') C Ssryea-
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Consequently, for any z € By, /2(y) we deduce from Proposition 4.1

’ / C r / /o
W@)—Myﬂ<ﬁﬁﬁgﬂDw%%Rﬂpvmz—y!

BR/2 BR/2

C ~
< —;yg‘( sup |[Dw| + R sup |f]).
R Bt Bt

R/2 R/2

Note that for any 2z € By, /2(y) we have

BI (¢) C Bfx(¢)) and Bj ( )CBR/2.
4 4
Moreover, by Proposition 4.1 v extends continuously to z’. We deduce from the in-
equality (7) that for any z € By, 2(y) we have

Cy . ~
o() = u(=)] < 7 22 (sup [Dul + Rsup | )
By By

3\“ C
<(2) =2 (sup ]DwH—Rsupm)
2) R~ Bt

R/2 Bf, R/2
Therefore we obtain

C ~
(18) 0SCB, 1)V < 5R_i‘ yf{( sup |Dw| + R sup |f|)
Bt Bt
R/2 R/2
Now we set 5 = min(a,n). Since |z — y| < y,/4 we have
z—y|” _ |z —yl° Yn _ YUn
< d = g =
yl{ = y;b; o R> ~ RS
Therefore we deduce from (17) and (18) that
/ |$ — y|5 1 7
v(z) = v(y)| < C1—— ynmeM+mem+M&zpr|
yn BR/2 yn/Q( )
<Oz —yl? sup |Dw| + R sup |f|) T w2 sup |f]
BR/2 yn/2(y)
< il =yl

sup |Dw| + R sup |f|) +w, R sup |f]
BR/2 yn/Q()
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Consequently, setting C7 = C] (501 + wnR), we obtain

"

CY
|M@—W@H<}w(wpwwH4%mﬂfﬁx—mﬁ

BR/2

where C7 = Cf(n, K, |p|lci), Az, Az, R) > 0 and 8 = B(n, K, |¢lcr), Az, Ag) €
(0,1), 8 < a.

Assume now that |z —y| > vy, /4.
Recall that we are also assuming that z, < y,.
Observe that

B} (¢') C Bfa(2') C B(;R/16 and BE/S(x') C BR/27
8

s
1

B (y) C ng (¥) C Bigpe  and  By(y) C By,

Since v can be extended to a continuous function on B;R 16 Y Y5r/16 we get from the
inequality (7) applied successively on the half balls B} (') and B, (¢/)

o) — (@) < T2 (sup |Dul + R sup |7])
Bt Bt

R/2 R/2

/ C a Y
lo(y) —v(y')| < R—iyn( sup | Dw| + R sup | f]).

+ +
Br/a Bra

Moreover, since x',y" € Ysgr/64, Proposition 4.1 gives

4
(@) —o(y)] < Ra(sup |Dw| + R sup IEETIE
BR/Z BR/2
Therefore, using the above inequalities, x, < Y, ¥y, < 4|z — y| and |2’ — | < |z —y|,
we get

o) = vly)] < Jola) — o)+ fo(a’) = o()] +0(6) — o)
< EE @+ = 1% (sup 1Dl + Rsup 1)

B /o By /o

4
< QR_( sup [Dw| + R Sup )=yl
B B

R/2 R/2

Ch
<945 (sup [Duw| + Rsup | )|z — ),

+
BR/2 BR/2

since

R«
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Setting C; := max (901,01’ ) and considering each case, we conclude that for any
T,y € B;R/%G U Xsr/256 we have

Cs
[v(2) —v(y)l < 75 =1 sup |Dw| + R sup |f]) |z —y|°.
R/2 BR/2

By construction, Cy depends on n, K, [¢|c1(q), Ag, Az and R, and 3 depends on n, K,
|olc1(), Ag and A, as desired. O

REFERENCES

[1] U. ABRESH, H. ROSENBERG. Generalized Hopf differentials, Mat. Contem. 28 (2005), 1-28.

[2] T. H. CoLpING, W. P. MINICOZZL. A course in minimal surfaces. Graduate Studies in Math-
ematics, 121. American Mathematical Society, Providence, RI, 2011.

[3] B. DANIEL. Isometric immersions into 3-dimensional homogeneous manifolds. Comment. Math.
Helv. 82 (2007), 87-131.

[4] U. DIERKES, S. HILDEBRANDT, F. SAUVIGNY. Minimal surfaces Revised and enlarged second
edition. With assistance and contributions by A. Kiister and R. Jakob. Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 339. Springer,
Heidelberg, 2010.

[5] U. DIERKES, S. HILDEBRANDT, A. J. TROMBA. Regularity of minimal surfaces. Revised and
enlarged second edition. With assistance and contributions by A. Kiister. Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 340. Springer,
Heidelberg, 2010.

[6] D. GILBARG, N. S. TRUDINGER. Elliptic partial differential equations of second order, Reprint
of the 1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001.

[7] R. D. GULLIVER. Regularity of minimizing surfaces of prescribed mean curvature, Ann. of
Math. (2) 97 (1973), 275-305.

[8] R. D. GULLIVER, F. D. LESLEY. On boundary branch points of minimizing surfaces. Arch.
Rational Mech. Anal. 52 (1973), 20-25.

[9] Q. HAN. Nonlinear elliptic equations of the second order. Graduate Studies in Mathematics,
171. American Mathematical Society, Providence, RI, 2016.

[10] E. HEINZ, S. HILDEBRANDT. Some remarks on minimal surfaces in Riemannian manifolds.
Comm. Pure Appl. Math. 23 (1970), 371-377.

[11] S. HILDEBRANDT, H. MOSEL. On Lichtensteins theorem about globally conformal mappings,
Cale. Var. 23 (2005), 415-424.

[12] D. HorrFmaN, H. KARCHER. Complete embedded minimal surfaces of finite curvature. In:
Geometry V, R. Osserman, Ed. Springer, 1997.

[13] O. A. LADYZHENSKAYA, N. N. URAL'TSEVA. Linear and quasilinear elliptic equations. Trans-
lated from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis Academic
Press, New York-London 1968.

[14] B. LawsoN. Complete minimal surfaces in S®, Annals Math. 92 (3) (1973), 335-374.

[15] D. LEUNG. The reflection principle for minimal submanifolds of Riemannian symmetric spaces,
J. Diff Geom. 8(1973).

[16] H. LEwY. On the boundary behavior of minimal surfaces. Proc. Nat. Acad. Sci. U. S. A. 37,
(1951), 103-110.

[17] L. MazeT, M. M. RODRGUEZ, H. ROSENBERG. The Dirichlet problem for the minimal surface
equation, with possible infinite boundary data, over domains in a Riemannian surface. Proc.
Lond. Math. Soc. (3) 102 (2011), no. 6, 985-1023.



26
[18]
[19]

[20]

S
=

)

R. SA EARP AND E. TOUBIANA

A. MENEZES. The Alexandrov problem in a quotient space of H? x R. Pacific J. Math. 268
(2014), no. 1, 155-172.

C. B. MORREY. Multiple integrals in the calculus of variations. Reprint of the 1966 edition.
Classics in Mathematics. Springer-Verlag, Berlin, (2008).

B. NELLI, R. SA EArpP, E. TOUBIANA. Minimal graphs in Nil3: existence and non-existence
results. Calc. Var. Partial Differential Equations 56 (2017), no. 2, Paper No. 27, 21 pp.

R. OSSERMAN. A survey on minimal surfaces, Dover Publications, New York, 1986.

H. ROSENBERG. Minimal surfaces in M? x R. Illin. J. Math. 46 (4) (2002), 1177-1195 .

R. SA EArP, E. TOUBIANA. An asymptotic theorem for minimal surfaces and existence results
for minimal graphs in H? x R, Mathematische Annalen, 342 (2) (2008), 309-331.

R. SA EArp, E. TOUBIANA. Minimal graphs in H” x R and R"!, Annales de IInstitut Fourier
60 (7) (2010), 2373-2402.

R. SA EARP, E. ToUBIANA. Concentration of total curvature of minimal surfaces in H? x R.
Mathematische Annalen, 369 (3) (2017), 1599-1621.

E. STEIN. Singular integrals and differentiability properties of functions. Princeton University
Press (1970).

N. TRUDINGER. Boundary value problems for fully nonlinear elliptic equations. Miniconference
on nonlinear analysis (Canberra, 1984), Proc. Centre Math. Anal. Austral. Nat. Univ., 8, Austral.
Nat. Univ., Canberra, (1984), 65-83.

DEPARTAMENTO DE MATEMATICA

PonTiFiciA UNIVERSIDADE CATOLICA DO RIO DE JANEIRO
R10 DE JANEIRO

22451-900 RJ

BRrAZIL

E-mail address: rsaearp@gmail.com

INSTITUT DE MATHEMATIQUES DE JUSSIEU - PARIS RIVE GAUCHE
UNIVERSITE PARIS DIDEROT - PARIS 7

EQuiPE GEOMETRIE ET DYNAMIQUE, UMR 7586

BATIMENT SOPHIE GERMAIN

Casg 7012

75205 PARris CEDEX 13

FRANCE

E-mail address: eric.toubiana@imj-prg.fr



	1. Introduction
	Acknowledgements

	2. Analytic and geometric background
	2.1. Geodesic arc of reflection
	2.2. Boundary regularity

	3. Proof of the Main Theorem
	3.1. Minimal equation
	3.2. Proof of Theorem 1.1

	4. Appendix
	References

