Critical sets of proper Whitney functions in the plane

Iaci Malta, Nicolau C. Saldanha, Carlos Tomei

Abstract: A characterization of critical sets and their images for suitable proper Whitney functions in the plane is given. More precisely, necessary and sufficient conditions are provided for the existence of proper Whitney extensions F of f :

C → R^2 such that C is the critical set of F . This result relies strongly on theorems

of Blank and Troyer.

Introduction

The purpose of this paper is to provide a characterization of critical sets and their images for suitable proper Whitney functions from the plane to the plane. Knowledge of the critical set of such a function F is essentially sufficient for the understanding of the global behaviour of F and is most useful for the numerical inversion of F (i.e., for the computation of all the solutions of the equation F (x) = y) by continuation methods. In [MST1], numerical inversion and a geometric description of F are provided for generic proper Whitney functions with bounded critical set. Interest in this last problem arose from the study of Rankine-Hugoniot equations for hyperbolic conservation laws as considered in [MT]. Given the motivation by the inversion problem, only functions from the plane to the plane are considered here. The results in this paper are described in a form suitable for eventual implementation of numerical inversion routines.

The numerical computation of the critical set of a function F often gives rise to the following situation: some critical curves have been found but it is possible, at least in principle, to infer the existence of additional unknown curves. A simple example of this phenomenon is when the signs of det(DF ) near neighbouring curves are not compatible. One is then led to the following purely topological question:

∘ In which conditions a given set C of smooth curves and a smooth function f : C → R^2 can be the critical set of a Whitney function F : R^2 → R^2 such that F |_C = f?

In other words,

∘ When is it possible to extend f : C → R^2 to a Whitney function F : R^2 → R^2 whose critical set is C?

In this paper, a complete answer to this question is provided for C being a finite union of smooth curves, f(C) having a finite number of cusps and intersection points, all of them being generic, and the additional requirement that the extension F be proper.

This problem can be reduced to two virtually independent issues: the existence of a local extension of f to a tubular neighbourhood of C and the existence of extensions

Research supported by MCT and CNPq, Brazil

to regular regions (the connected components of the complement of a neighbourhood of C) of proper immersions defined on their boundaries. The first issue was considered by Francis and Troyer ([FT1]) and admits a simple answer. The second one is subtler: for disks, it corresponds to Blank’s theorem ([Bl], [P] or, for our own slightly modified version, [MST2]). Troyer ([T], [MST2]) generalized Blank’s result for disks with finitely many holes. Analogous criteria for unbounded regions are obtained in this paper.

Many authors, among them Bailey, Ezell, Francis, Marx and Verhey ([Ba], [E], [EM], [F], [FT2], [MV]), extended Blank’s and Troyer’s theorems to functions form surfaces to surfaces, often allowing functions to have cusps or branch points. Our interest in proper functions from the plane to the plane leads us to consider in detail a highly singular point at infinity. Techniques related to more general domains and images don’t seem to be helpful for us and we thus stick to Troyer’s original approach, which, as seen in [MST1], is also conveniently implementable.

In section 1, we define nice functions F and adequate functions f, for which we later obtain a complete answer to the two questions above. We also review the results of Blank, Francis and Troyer.

In section 2 Troyer’s theorem is extended to unbounded regions in the plane with finitely many boundary curves, assuming finitely many intersection points in the image of the boundary. Immersions are assumed to be proper and the behaviour at infinity, which plays a central role, is described in combinatorial terms.

Finally, in section 3, we characterize critical sets. As with Blank’s theorem, this result is essentially constructive. Formulae for the topological degree and number of pre-images of a regular point are also given. Such formulae are specially convenient for the numerical inversion problem.

1. Preliminaries

In this section, we introduce notation and review some results of Blank, Francis and Troyer ([Bl], [FT1], [P], [T]).

Let C be a finite union of disjoint smooth curves in R^2 and let f : C → R^2 be a smooth proper function. Since C is to be the critical set of a Whitney function, curves in C are assumed to be images of smooth proper embeddings of S^1 or R in R^2 .

As mentioned in the introduction, to prove the existence of a proper Whitney extension F of f, we first extend f to a proper Whitney function f̃, defined in a thin closed tubular neighbourhood U of C whose critical set is C. We then extend f̃|_{∂U} to obtain a function F̃ which is a topological immersion outside C and is a Whitney function outside ∂U. To get the desired Whitney function F it is enough to regularize F̃ at ∂U, a standard procedure which we shall not discuss in this paper.

The existence of F is thus equivalent to:

(a) the existence of an extension f̃ of f as above,

(b) the existence of an immersion of a region in the plane with a prescribed behaviour at its boundary.

Item (a) was studied by Francis and Troyer ([FT1]); item (b) for bounded regions is Troyer’s theorem ([T]). In this section we review these results and in section 2 we discuss item (b) for unbounded regions.

Recall that a Whitney function is a smooth function whose critical points are all folds or cusps ([W]). A critical curve for a Whitney function F admits a natural orientation, which will be called the sense of folding, leaving nearby points with positive det(DF ) to the left of the oriented curve. For changes of coordinates preserving orientation, a cusp admits normal forms (x, y) → (x, ±y^3 − xy); the choice of sign indicates on which side of its critical curve the cusp acts. More precisely, if we take a smooth curve following parallel to the critical curve slightly to the left (resp. right), the image of the curve will form loops precisely at the cusps for which the sign in the above normal form is + (resp. −). A cusp is thus said to be effective to the left (resp. right) if the sign is + (resp. −).

Let γ be a critical curve of a Whitney function F , parametrized, according to sense of folding, by a smooth regular function g. Then α = F ∘ g satisfies α^{′′′} ∧ α^{′′} > 0 at all critical points of α. Francis and Troyer ([FT1]) proved that, if γ is an oriented proper curve embedded in R^2 and f : γ → R^2 is a smooth function then the following conditions are equivalent:

∘ There is an open neighbourhood U of γ and a Whitney function f̃ : U → R^2 extending f so that the critical set of f̃ is γ, with sense of folding corresponding to the orientation of γ.

∘ If g : R → γ is a smooth orientation preserving parametrization and α = f ∘ g then α^{′′′} ∧ α^{′′} > 0 at all critical points of α.

Furthermore, if these conditions hold, f̃ can be chosen so that cusps are effective to whichever side we prescribe. We call f : γ → R^2 suitable if it satisfies these conditions.

In this paper, we consider only certain very well behaved Whitney functions, or better, excellent functions with additional hypotheses of finiteness.

Definition 1.1: A smooth Whitney function F : R^2 → R^2 is called nice if it satisfies the following properties:

∘ F is proper.

∘ The critical set C is a union of finitely many curves (necessarily disjoint).

∘ There are only finitely many cusps.

∘ There are finitely many intersection points in F (C), i.e., points in F (C) with more than one pre-image in C.

∘ All intersection points are double, transversal and are not cusps, that is, all intersection points have precisely two pre-images in C, both of them being fold points, so that tangent vectors to C at these two points are taken by DF to linearly independent vectors.

Given a nice function F , with the curves in the critical set C of F oriented by sense of folding, the definition of a nice function imposes conditions on C and f = F |_C motivating the next definition.

Definition 1.2: Let C be a disjoint union of a finite number of embedded proper smooth oriented curves. A smooth proper function f : C → R^2 is called adequate if it satisfies the following conditions:

∘ Each connected component of R^2 − C admits an orientation such that the induced orientation on its boundary coincides with the given orientation in C.

∘ The restriction of f to each curve in C is suitable, with finitely many cusps. ∘ There exist only finitely many intersection points (i.e., points in f(C) with more than one pre-image), all of them being double (i.e., with two pre-images) and transversal (tangent vectors to C at the two pre-images are taken by f^′ to linearly independent vectors).

Except for the requirement that the number of intersections be finite (which is automatically satisfied if C is compact), adequate immersions correspond to what is known as normal immersions.

For a nice function F with critical set C oriented by sense of folding, F |_C is adequate. Thus, the precise question we answer in this paper is: when is it possible to extend an adequate function f : C → R^2 to a nice function F : R^2 → R^2 whose critical set is C?

As we have seen, it is always possible to extend an adequate f to a Whitney function f̃ defined on a neighbourhood U of C such that the critical set of f̃ is C; we may even choose to which side cusps are effective. Notice that U can be taken to be a tubular neighbourhood of C, with one connected component per curve and boundary made of smooth curves; furthermore, given f̃, U can be made smaller if necessary so that f̃|_{∂U} is an adequate immersion.

We now recall Troyer’s result ([T]) on the existence of extensions of boundary immersions for bounded regions in the plane. Blank’s theorem ([Bl], [P]) is a special case of Troyer’s where the region is a disk; in fact, Troyer’s theorem is proved by induction on the number of holes so that Blank’s result is the first inductive step. Our statement of Troyer’s theorem takes into account regions with arbitrary orientations.

Let A be a disk with k holes in the plane with orientation σ_A = ±1. Let f : ∂A → R^2 be an adequate immersion where ∂A is oriented consistently with A. Troyer’s theorem provides a criterion for the existence of an immersion F : A → R^2 with sgn(det(DF )) = σ_A extending f.

Let g : S^1 → R^2 be a locally injective continuous function and δ > 0 be such that g is injective in any interval of size δ. The turning of g, τ(g), is defined as the degree of the function θ → (g(θ + δ) − g(θ))/|g(θ + δ) − g(θ)| from S^1 to S^1. Notice that τ(g) does not depend on the choice of δ. In particular, if g is regular, τ(g) is the degree of θ → g^′(θ)/|g^′(θ)|, the usual tangent winding number (TWN). If γ is an oriented simple closed curve and f : γ → R^2 is continuous and locally injective, τ(f) is defined as τ(f ∘ g) where g is any orientation preserving smooth parametrization of γ by S^1. For a disjoint union C of oriented simple closed curves and f : C → R^2 a locally injective function, τ(f) is the sum of the turnings of the restrictions of f to the connected components of C. The following proposition, whose proof is omitted for being standard, shall be useful in our applications. As usual, χ(A) is the Euler characteristic of A.

Proposition 1.3: Let A be an oriented disk with holes and let ϕ : A → R^2 be an immersion such that sgn(det(Dϕ)) = σ_A. Then τ(ϕ|_{∂A}) = χ(A).

For a closed subset X of R^2 , we call the connected components of R^2 − X the tiles for X. A ray for f is a proper embedding r : [0, +∞) → R^2 which is transversal to f(C) and never goes through an intersection point in f(C). Images of rays, oriented by the given parametrization, are also called rays. A system of rays for f is a finite family of disjoint rays with the following properties:

∘ the origin of each ray is in some bounded tile for f(C),

∘ each bounded tile for f(C) contains the origin of a unique ray.

The orientations of f(C) and the rays induce orientations, or signs, for their intersections: when the curve crosses the ray from right to left, we call the intersection positive, otherwise negative. Each intersection also has a height associated to it: it is the number of other intersections on the same ray which are closer to its origin. Thus, the first intersection of a ray with a curve always has height zero. The Blank word for a curve γ in C is obtained following f(γ) once, respecting orientation, and writing down, at each intersection, a letter corresponding to the ray, the sign of the intersection (as an exponent) and its height (as an lower index). Blank words are defined only up to cyclic permutation: any intersection can be taken as the beginning of the word. In the example of Figure 1.1, the Blank words are Bw_0 = a^+_0 b^+_0 c^+_1 d^+_1 e^+_1 f^+_1 b^+_1 c^+_2 d^+_2 e^+_2 f^+_2 Bw_1 = c^−_0 d^+_0 e^−_0 f^−_0 .

A concatenation of two Blank words from a pair of intersections in the same ray z^− and z^+, one in each word, is obtained by cyclically permuting the two words so as to leave z^− at the right extreme and z^+ at the left extreme of their respective words, juxtaposing both words and eliminating the pair z^−z^+ produced at the juxtaposition. A concatenation is positive when the height of z^− is smaller than that of z^+. By concatenating a family of Blank words, we obtain a Blank word for the family.

A Blank word admits a simplification if there exists a pair of letters z^+, z^−, such that, after a cyclic permutation if necessary, there are no letters with negative exponent between z^+ and z^−. In this case, the simplification is obtained by deleting from the word z^+, z^− and the letters between them; we say that z^− was cancelled with z^+. A simplification is positive if the height of z^− is smaller than that of z^+. A Blank word groups (or admits a grouping) if we can sequentially simplify it until we get to a word with no negative exponents. A grouping is positive when all simplifications are positive. Finally, a family of Blank words groups positively if there exist positive concatenations giving rise to a single word which in turn groups positively.

Figure 1.1

The Blank words Bw_0 and Bw_1 group positively, with concatenation (f^−_0 f^+_1 ) and simplifications indicated by brackets as follows:

c^−_0 d^+_0 e^−_0 (f^−_0 f^+_1 )b^+_1 c^+_2 d^+_2 e^+_2 f^+_2 a^+_0 b^+_0 c^+_1 d^+_1 e^+_1 .

Notice that, in a grouping, brackets are not allowed to intersect.

Theorem 1.4: (Troyer) Let A be an oriented disk with k holes and f : ∂A → R^2 be an adequate immersion. Given a system of rays, consider the associated Blank words. Then there exists an immersion F : A → R^2 extending f with sgn(det(DF )) = σ_A if and only if

(a) τ(f) = χ(A),

(b) the Blank words group positively.

2. Boundary immersions for unbounded regions

In this section we extend Troyer’s theorem to unbounded regions. Let A be an open connected oriented subset of the plane with boundary given by a finite number of smooth curves, which are either smooth embeddings of S^1 or smooth proper embeddings of R. We divide such regions A into three types: A is of type I if bounded, of type II if unbounded with bounded boundary, and of type III if unbounded with unbounded boundary. As before, σ_A indicates the orientation of A, ∂A is compatibly oriented and f : ∂A → R^2 is assumed to be an adequate immersion. The bounded boundary components of A will be called γ_i, i = 1, . . . , k and the unbounded ones, β_j , j = 1, . . . , ℓ. We are concerned with the possible existence of an immersion F from A to R^2 extending f with sgn(det(DF )) = σ_A. Troyer’s result, Theorem 1.4, settles this for regions of type I; in this section, we present similar theorems for regions of type II and III.

In our proofs, we often make use of auxiliary closed curves. We define an enveloping curve in the domain to be a smooth simple oriented closed curve δ with the following properties:

∘ δ is oriented counterclockwise iff σ_A > 0. ∘ δ encloses the bounded components of ∂A. ∘ δ is transversal to ∂A.

∘ For each unbounded component β_j of ∂A (if any), β_j meets δ at exactly two points.

If A is of type II the two last conditions in the definition of δ are vacuosly satisfied. Similarly, an enveloping curve in the image is a smooth simple oriented closed curve ζ with the following properties:

∘ ζ is oriented counterclockwise.

∘ ζ encloses the image of the bounded components of ∂A. ∘ ζ surrounds the intersection points of the image. ∘ ζ is transversal to f(∂A).

∘ For each unbounded component β_j of ∂A (if any), f(β_j) meets ζ at exactly two points.

As before, if A is of type II the three last conditions are vacuosly satisfied. Let A be a region of type III and δ be an enveloping curve in the domain. The unbounded connected components of A − δ naturally correspond to the ends of A (see [S]). The set β_j − δ, on the other hand, has two unbounded connected components: following the orientation induced by β_j , one component, α_j , goes from infinity to δ, while the other, ω_j , goes from δ to infinity. The symbols α_j and ω_j shall be interpreted as names for the two ends of β_j . Tracing δ according to its orientation and keeping track of the ends of the β_j ’s, we build a cyclic word with letters α_j and ω_j , the word for the domain. This is a precise formulation of the rather geometric concept of order of arrival at infinity of the components of the boundary of A. It can easily be verified that this word is independent of the choice of the enveloping curve δ. We assume the curves β_j to be labeled so that the word for the domain is α_1ω_1α_2 . . . ω_ℓ. In particular, the boundary of an unbounded component of A − δ is composed of ω_j , an arc of δ and α_{j+1} (where β_{ℓ+1} = β_1). Similarly, using an enveloping curve ζ in the image and letters f(α_j) and f(ω_j), we define the order of arrival at infinity of the curves f(β_j ), or the word for the image W.

The cyclic word W induces a permutation π of {1, 2, . . . , 2ℓ − 1}. Turn W into a linear word leaving f(ω_ℓ) at the last position. The numbers π(2j − 1) and π(2j) give the positions of f(α_j) and f(ω_j) in the linear word, respectively. We now define ρ_A to be the number of runs of π ([K]), i.e., the number of maximal intervals in {1, 2, . . . , 2ℓ − 1} where π is increasing. Equivalently, ρ_A is the number of times required to go through W in order to pass sequentially by the letters f(α_1), f(ω_1), . . . , f(ω_ℓ), f(α_1). A more relevant interpretation is the following: let δ and ζ be enveloping curves in the domain and image, respectively. Consider orientation preserving immersions from δ to ζ taking α_j to f(α_j) and ω_j to f(ω_j ), i.e., taking the points in β_j ∩ δ to the corresponding points in f(β_j) ∩ ζ. The minimum degree (or turning) of such immersions is ρ_A.

In Figure 2.1, the word for the image is f(α_1)f(α_2)f(α_3)f(ω_2)f(ω_1)f(ω_3), the permutation π is given by π(1) = 1, π(2) = 5, π(3) = 2, π(4) = 4 and π(5) = 3 and therefore ρ_A = 3.

Figure 2.1

The turning of an oriented closed curve was defined in the previous section: we now define the turning of an unbounded oriented curve with a finite number of self-intersections. Take two points p and q on the curve, one on each unbounded connected component of the curve minus its self-intersections. Connect p and q by a simple arc which does not intersect the portion pq of the curve between p and q and consider the oriented closed curve formed by the arc and pq, respecting in pq the original orientation of the curve. There are two possible values, differing by 2, for the turning of the closed curve thus constructed, depending on the choice of the simple arc. The turning of the unbounded curve is by definition the average of these two values. In particular, a curve with no self-intersections has turning number 0 and the turning of the curve in Figure 2.2 is −2. We then define T(β_j) as the turning of f(β_j), where f(β_j) has the orientation induced by f and the orientation of β_j . Similarly, T(γ_i) = τ(f|_γi).

Lemma 2.1: Let A be a region of type II or III, F : A → R^2 a smooth proper immersion such that F |_{∂A} is an adequate immersion. Suppose that A is oriented so that σ_A = sgn(det(DF )). Let ζ be an enveloping curve in the image of f = F |_{∂A}. Then

(i) If A is of type II, the pre-image of ζ by F is a simple closed curve.

Figure 2.2

(ii) If A is of type III, then each connected component of the pre-image of ζ by F is a simple arc lying in A joining end ω_j to α_{j+1}.

Proof: Since F is a proper immersion, the connected components of the pre-image of a simple, closed, regular curve are either simple closed curves or simple arcs whose endpoints belong to ∂A. If this closed curve is the enveloping curve ζ, any arc must go from some ω_j to α_j0.

Let A be of type II. From the previous paragraph, the connected components of the pre-image of ζ are simple closed curves. It suffices to show that there is only one such component. We first show this for an auxiliary curve ζ̃, defined as follows. By properness of F , there is an enveloping curve δ bounding a disk D_δ which contains the pre-image of F (∂A). Notice that, since A is of type II, δ has to be contained in A. Now, let ζ̃ be an enveloping curve in the image surrounding F (D_δ) and ζ. The connected components of the pre-image of ζ̃ are necessarily simple closed curves surrounding the disk D_δ, by construction. The existence of two such components would give rise to a critical point of F in the annulus between them, contradicting the fact that F is an immersion. Thus the pre-image of ζ̃ is connected; the connectivity of the pre-image of ζ follows from the fact that, if R is the annulus bounded by ζ and ζ̃, the restriction of F to F^{−1}(R) is a covering map.

Let A be of type III. Construct in the domain an enveloping curve δ surrounding F^{−1}(D_ζ ). Let ζ̃ be an enveloping curve in the image surrounding F (D_δ). We first prove (ii) for the auxiliary curve ζ̃. Remember that since δ is an enveloping curve in the domain, each connected component of A − D_δ is an end bounded by ω_j and α_{j+1}. Thus, from the fact that ζ̃ surrounds F (D_δ) it is clear that any connected component of F^{−1}(ζ̃) is contained in one of these ends. Arcs must therefore join ω_j to α_{j+1} and it remains to prove that there are no closed curves in the pre-image of ζ̃. Indeed, the image of the disk bounded by such a closed curve would be D_{ζ̃} , which contains D_ζ , contradicting the fact that F^{−1}(D_ζ ) is contained in D_δ. In order to transfer the result from ζ̃ to ζ, consider a smooth non-zero vector field in the annulus contained between ζ and ζ̃ transversal to these two curves, coming in through ζ and going out through ζ̃ and tangent to F (β_j ). The pullback of this vector field by F defines a smooth non-zero vector field on the pre-image of the said annulus. Each connected component of this pre-image must therefore be a disk with boundary consisting of an arc in ω_j , a connected component of F^{−1}(ζ̃), an arc in α_{j+1} and a connected component of F^{−1}(ζ), in this order. Item (ii) is therefore proved for ζ. From the above proof, the inverse image of the disk D_ζ bounded by ζ is a disk with finitely many holes. The outer boundary γ_∞ of this pre-image is simply the pre-image of ζ if A is of type II. If A is of type III, γ_∞ is formed by arcs which are alternatedly connected components of F^{−1}(ζ) and segments of β_j ; these segments come in the order indicated by the indices. In either case, the inner boundaries are the γ_i. We orient γ_∞ so that it is positively oriented iff σ_A > 0; define T(γ_∞) = τ(F |_γ1).

Let F and A be as in the previous lemma. If A is of type II, let d be the number of pre-images of an arbitrary point on an enveloping curve in the image; clearly, this number is independent of the point or the curve. We define the degree at infinity of F by deg(F ) = sgn(det(DF ))d (notice that degrees are thus taken with respect to the usual orientation of R^2 , not that of A). Any continuous function extending F to the plane has topological degree equal to the degree of F at infinity.

If A is of type III, we assign a non-negative integer d_j (somewhat similar to d) to each end E_j of A, where E_j is enclosed between ω_j and α_{j+1}. Consider an arbitrary enveloping curve ζ in the image and let p be the only intersection of ζ with F (ω_j). The number d_j is defined to be the number of pre-images of p in the interior of the connected component of the pre-image of ζ corresponding to the end E_j . Clearly, d_j thus defined does not depend on the choice of ζ since there are d_j pre-images of F (ω_j ) (i.e., connected components of F^{−1}(F (ω_j))) in the interior of E_j. We call sgn(det(DF ))d_j the partial degree of F at E_j.

For example, the behaviour at infinity of a nice proper polynomial function from R^2

to R^2 can be determined by methods such as Newton polygons. This yields the number

of unbounded critical curves, the extrema of such curves, their order of arrival at infinity and the partial degrees at each end.

Lemma 2.2: Let A be an oriented region of type II or III and F : A → R^2 be an immersion such that sgn(det(DF )) = σ_A and F |_{∂A} is an adequate immersion. Let ζ be an enveloping curve in the image and consider γ_∞ as above. Then

T(γ_∞) = d if A is of type II, ∑ j T(β_j) + ∑ j d_j + ρ_A if A is of type III.

Also, T(γ_∞) + ∑ i T(γ_i) = χ(A).

Proof: The first identity is easy for A of type II (be careful with orientations). For A of type III, if all d_j and T(β_j) are zero the curve F (γ_∞) can be deformed without changing turning numbers to the orientation preserving immersion from γ_∞ to ζ with minimum degree taking α_j and ω_j to F (α_j) and F (ω_j), respectively, hence the formula in this special case. Clearly, changing a d_j amounts to introducing extra turns to the above immersion.

Finally, the additive property of turnings takes care of the T(β_j), thus proving the first identity for A of type III. The last identity follows from Proposition 1.3.

In order to obtain generalizations of Theorem 1.4 to regions of type II or III we make use of Blank words. We first generalize the notion of systems of rays for an adequate immersion f defined on the boundary of an unbounded oriented region A.

For regions of type II, a system of rays for f is defined exactly as in Section 1. For regions of type III, a system of rays for f is again a finite set of embeddings of the closed positive half-line, with the same properties of disjointness and transversality to the image of the boundary curves as described in Section 1 plus the additional condition that a ray may only intersect f(∂A) finitely many times. Also, there must be one ray with origin at each of the (finitely many) bounded tiles for the image of the curves. In each case, Blank words for each bounded curve in ∂A are constructed exactly as in Troyer’s theorem but we now need an extra ingredient: the word at infinity.

Consider a system of rays for f as described above. Let ζ be an enveloping curve in the image surrounding all intersections of rays with f(∂A) crossing each ray transversally and exactly once. Tracing ζ counterclockwise and keeping track of intersections with rays and images of boundary curves, we build a cyclic word W^⋆ with the letters used for the rays, f(α_j) and f(ω_j), describing the order of arrival at infinity of rays and images of unbounded boundary curves (if any). This word is independent of the choice of ζ (with the properties above). Notice that, for A of type III, by ommiting the letters for rays we obtain the word for the image W.

We first consider regions of type II. Let d be a positive integer (the absolute value of the degree at infinity of the desired extension of f). The word at infinity is made up of d juxtaposed copies of the word of W^⋆ giving all letters a positive sign and height index equal to ∞ (indicating that such heights are always greater than those of intersections with f(∂A)).

For A of type III, given non-negative integers d_j (the absolute value of the partial degrees at E_j of the desired extension), we first construct auxiliary strings S_j and R_j . The string S_j is obtained by following f(β_j ), keeping track of oriented intersections with the rays as before. The string R_j is constructed by following W^⋆ starting at ω_j and reaching α_{j+1} (or α_1 if j = ℓ) after making d_j full turns around W^⋆, ignoring α’s and ω’s. Finally, the word at infinity is obtained by concatenating S_1, R_1, S_2, R_2, . . . , S_ℓ, R_ℓ, in this order. Letters in the strings S_j receive height indices as before while letters in the strings R_j have height indices equal to ∞. An example is provided immediately after the statement of Theorem 2.4.

Thus, for unbounded regions, we have, given an adequate function and a system of rays, a Blank word for each bounded boundary curve and the word at infinity. The notions of adjunction and grouping are exactly as in Section 1 taking into account both kinds of words.

Theorem 2.3: Let A be an oriented region of type II and f : ∂A → R^2 be an adequate immersion. Given d > 0 and a system of rays, consider the associated Blank words. Then, there exists a proper immersion F : A → R^2 extending f, with sgn(det(DF )) = σ_A and degree at infinity equal to σ_Ad if and only if (a) d + ∑ 1≤i≤k T(γi) = χ(A), (b) the Blank words together with the word at infinity group positively. Theorem 2.4: Let A be an oriented region of type III and f : ∂A → R^2 be an adequate immersion. Given non-negative integers d_j , j = 1, . . . , ℓ, and a system of rays, consider the associated Blank words. Then, there exists a proper immersion F : A → R^2 extending f with sgn(det(DF )) = σ_A and partial degree at E_j equal to σ_Ad_j if and only if (a) ρ_A + ∑ j d_j + ∑ j T(β_j) + ∑ i T(γ_i) = χ(A), (b) the Blank words together with the word at infinity group positively.

Before proving the theorems, we describe an example. Consider the region A of type III in Figure 2.3(a) with image of the boundary under an adequate immersion f shown in 2.3(b). We assign to the two ends of A partial degrees d_1 = 0 and d_2 = 2; orientation and ends of curves are indicated in the figures. We then have T(γ_1) = −5, T(β_1) = +1 and T(β_2) = 0. The word at the image W is f(ω_1)f(α_2)f(α_1)f(ω_2) and the corresponding permutation is π(1) = 3, π(2) = 1 and π(3) = 2, whence ρ_A = 2. Condition (a) in Theorem 2.4 holds, since χ(A) = 0. For the rays in the picture, the Blank word for f(γ_1) is b^+_0 c^−_0 d^−_0 e^−_0 f^−_0 g^−_0 h^−_0 and the substrings which concatenate to yield the word at infinity are S_1 = a^+_0 b^+_1 c^+_1 d^+_1 e^+_1 f^+_1 g^+_1 h^+_1 , R_1 = (empty word), S_2 = a^+_1 b^+_2 c^+_2 d^+_2 e^+_2 f^+_2 g^+_2 h^+_2 , R_2 = a^+_∞b^+_∞c^+_∞d^+_∞e^+_∞f^+_∞g^+_∞h^+_∞a^+_∞b^+_∞c^+_∞d^+_∞e^+_∞f^+_∞g^+_∞h^+_∞a^+_∞b^+_∞c^+_∞d^+_∞e^+_∞f^+_∞g^+_∞h^+_∞.

The reader is invited to check that these words indeed satisfy condition (b) in Theorem 2.4. An immersion F extending f therefore exists and the proofs of the previous theorems show how to construct it; we shall see a related example in Section 3. Proof of Theorem 2.3: We apply Theorem 1.4 to a bounded region A_0 ⊆ A, with the same inner boundaries as A and outer boundary given by a simple closed curve γ_0, which we now construct.

Consider a closed regular curve γ̃_0 in the image, parametrized by g̃_0 : [0, 1] → R^2 with g̃_0(0) = g̃_0(1) satisfying the following properties (see Figure 2.4, where d = 3 and ∂A = C).

∘ The curve γ̃_0 turns d times conterclockwise around a fixed enveloping curve in the image.

∘ The curve γ̃_0 intersects each ray transversally exactly d times. ∘ The curve γ̃_0 has exactly d − 1 self-intersections, all transversal.

We initially prove that if an immersion exists, then items (a) and (b) hold. By continuation, there is a g_0 : [0, 1] → R^2 with g̃_0 = F ∘ g_0 for any choice of g_0(0), a preimage of g̃_0(0). We want to show that g_0 is the parametrization of a simple closed curve.

Figure 2.3

Figure 2.4

Indeed, let us first prove that there are no proper loops. A loop has to surround ∂A since its image surrounds an enveloping curve and therefore the turning of the restriction of F to the loop has to be equal to the turning of F |_γ1, which is d. The image of a proper loop must of course have smaller turning than d, a contradiction. If g_0(0) ≠ g_0(1), continue the inversion process until g_0 comes back to g_0(0), which it must eventually do since F is proper. The turning of F ∘ g_0 is greater than d since F ∘ g_0 traces γ̃_0 more than once. Let γ_0 be the image of g_0.

In order to obtain a system of rays for the new problem, it suffices to add to the old system a few rays starting from the tiles created by γ̃_0 with positive intersections only. The Blank word for γ_0 in the new problem is therefore, up to irrelevant new letters, equal to the word at infinity. Conditions (a) and (b) of our proposition follow from the corresponding conditions in Theorem 1.4.

To prove the converse, let γ_0 be any enveloping curve in the domain. We define f_0 : γ_0 → R^2 as an orientation preserving regular parametrization of γ̃_0. Let A_0 be as above and apply to it Theorem 1.4. Clearly, heights for letters in the Blank word of γ_0 are greater than the height of any other intersection on the same ray with any other curve, so that the existence of a positive grouping is unaffected by the change of word. Therefore, conditions (a) and (b) of the proposition imply conditions (a) and (b) in Theorem 1.4. There exists then an F_0 extending simultaneously f and f_0 to A_0. The existence of an F_∞ extending f_0 to A − A_0 is trivial. By gluing F_0 and F_∞ we obtain an extension F of f to A which may be non smooth, but which can easily be rendered smooth.

Proof of Theorem 2.4: The proof is similar to that of Proposition 2.3: we apply Theorem 1.4 to a bounded region A_0 ⊆ A with the same inner boundaries as A and with outer boundary given by a curve γ_0 similar to γ_∞, i.e., composed of big chunks of β_j ’s together with arcs ξ_j (to be constructed) connecting ω_j ⊆ β_j to α_{j+1} ⊆ β_{j+1}.

Let ζ be an arbitrary enveloping curve in the image. For each j take an oriented arc ξ̃_j outside D_ζ with the following properties (see Figure 2.5):

∘ ξ̃_j goes from f(ω_j) to f(α_{j+1}),

∘ ξ̃_j intersects any f(ω) transversally from right to left and any f(α) transversally from left to right,

∘ ξ̃_j intersects any ray transversally from right to left,

∘ the intersection of the closed arc ξ̃_j with f(ω_j) has exactly d_j + 1 points,

∘ the arcs ξ̃_j are simple and disjoint.

Figure 2.5

First we prove that the existence of F implies (a) and (b). For each j take by continuation a pre-image ξ_j of ξ̃_j , starting at the only pre-image of the beginning of ξ̃_j in ω_j ; the process can get started since F preserves orientation. This will of course produce a simple arc entirely contained in the end E_j. We have to prove that this arc ends at α_{j+1} and that its image is the entire arc ξ̃_j. The continuation process cannot fail before we reach the end of ξ̃_j since we would then have less than d_j pre-images of f(ω_j) in the interior of E_j, contradicting the fact that d_j is the corresponding partial degree. On the other hand, the process must end by reaching α_{j+1}: otherwise, extend ξ̃_j respecting sense of intersections until we reach ω_j and we have d_j + 1 pre-images of f(ω_j) in the interior of E_j, again a contradiction. We thus have the curve γ_0 constructed from these arcs ξ̃_j and chunks of β_j ’s, oriented consistently with the β_j (and thus, automatically, consistently with the ξ̃_j ). As usual, let T(γ_0) = τ(F |_{γ0} ). Clearly, since F is an immersion, T(γ_0) = T(γ_∞), where γ_∞ is obtained from ζ and F , and so Lemma 2.2 implies item (a). Again, in order to apply Theorem 1.4 to A_0 we need to add new rays but these can be taken with positive intersections only and are therefore irrelevant when considering grouping. The Blank word for γ_0 is, except for these new positive letters, the word at infinity; item (b) follows.

For the converse, let ξ_j be arbitrary simple arcs contained in E_j joining ω_j to α_{j+1}. We have thus defined the curve γ_0 and f is defined on those parts of it coming from β_j . In order to extend f to γ_0, define homeomorphisms from ξ_j onto ξ̃_j respecting endpoints. In order to apply Theorem 1.4 to A_0 we first observe that the curve γ_0 and f on it were constructed in order to guarantee that

T(γ_0) = ρ_A + ∑ j (T(β_j) + d_j ),

similarly to Lemma 2.2. Item (a) in Theorem 1.4 now follows from our item (a). Item (b) follows from our item (b) since again we need to introduce a few irrelevant rays and then the word for γ_0 is essentially the word at infinity. As in the previous theorem, the extension to each end is trivial; the overall smoothing is again done by classical methods.

3. The main theorems

In this section, we finally characterize critical sets of nice functions (Theorem 3.1) and provide formulae for degree and number of pre-images in terms of the critical set (Theorem 3.2).

Recall that for a closed subset X of R^2 the connected components of R^2 −X are called tiles for X. Let C be the union of disjoint oriented curves γ_i, 1 ≤ i ≤ k and β_j , 1 ≤ j ≤ ℓ, where γ_i and β_j are images of proper embeddings of S^1 and R respectively. We assume that these curves are consistently oriented, i.e., that any tile S for C can be oriented so that the induced orientation in ∂S ⊆ C is consistent with that of C: we then say that S is consistently oriented with C. Notice that if ℓ = 0, we have bounded tiles (regions of type

I) and a single unbounded one (of type II). On the other hand, if ℓ > 0, all unbounded tiles are regions of type III and there are at least two of them.

As we saw in Section 1, cusps of a Whitney function can be effective to the right or to the left of their critical curves. The function f alone does not determine to which side of a critical curve a cusp will be effective and it is thus natural to consider this information as another given of the problem. We therefore assign indices l or r to cusps indicating if they are to be effective to the left or right, respectively, for the desired Whitney function F . Thus, a cusp labeled l (resp., r) will be called effective in S if S is the tile for C immediately to the left (resp., right) of the cusp.

Again, we begin by constructing the Blank words. A ray for f|_{∂S} is now a proper embedding r : [0, +∞) → R^2 with the previous properties and the extra requirements that, except possibly at the origin, the ray does not meet images of cusps. Similarly, a system of rays for f|_{∂S} (or, for simplicity, a system of rays for S) is a finite system of disjoint rays with the following properties:

∘ Given a bounded connected component of R^2 − f(∂S), there exists exactly one ray such that its origin lies in this connected component.

∘ Given a effective cusp in S, there exists exactly one ray whose origin is the image of this cusp; furthermore, the ray leaves the cusp to the right of f(∂S).

∘ Rays start either in a bounded component of R^2 −f(∂S) or at the image of an effective cusp in S.

Given a system of rays for S of type I, we now construct a Blank word for each γ_i. If S is of type II (resp. III), given also d > 0 (resp. d_j ≥ 0 (1 ≤ j ≤ ℓ^S)), we construct, besides the Blank words for each γ_i, an additional word at infinity. The words for each such γ_i are constructed by following f(γ_i), keeping track of oriented intersections with the rays, as before. Letters corresponding to intersections at images of cusps receive a minus sign and a height index 0, by definition. The word at infinity is constructed as before, again assigning to letters corresponding to cusps a minus sign and a height index 0.

Given a tile S for C, let κ(S) be the total number of effective cusps in S and T(S) be the sum of the turning of f at each boundary curve of S.

Theorem 3.1: Let f : C → R^2 be an adequate function and let labels l and r be assigned to the cusps of f. Consider a system of rays for each tile S for C. Then there exists a proper Whitney function F extending f to R^2 having critical set C, with sense of folding corresponding to the given orientation of C and such that a cusp is effective to the left (resp., right) if its label is l (resp., r) if and only if, for each tile S (consistently oriented with C), the following condition holds:

∘ For S of type I, the identity T(S) − κ(S) = χ(S) holds and the Blank words group positively.

∘ For S of type II, we have that the number d, defined by

T(S) − κ(S) + d = χ(S) is strictly positive and the associated Blank words group positively (in this case, d = | deg(F )|).

∘ For S of type III, with ends E_j , 1 ≤ j ≤ ℓ^S, there exist non-negative integers d_j , 1 ≤ j ≤ ℓ^S , with ρ_S + T(S) − κ(S) + ∑ 1≤j≤ℓS d_j = χ(S), such that the associated Blank words group positively (d_j is the absolute value of the partial degree of F at the end E_j).

Figure 3.1

As an example, consider C and f(C) as in Figure 3.1, (a) and (b), respectively. The tiles in the domain are S_1, S_2, S_3 and S_4, the first three being of type III and the last one of type I. The orientations of C and f(C) (which are to be the sense of folding) are indicated, as are the labels for cusps and partial degrees. We now check the condition in Theorem 3.1 for tile S_1. It is easy to see that κ(S_1) = 6 and that T(γ_1) = 1, T(β_1) = 1 and T(β_2) = 0, whence T(S_1) = 2. Since the behaviour at infinity of this example for tile S_1 is identical to that of the example shown in Figure 3.3, we have ρ_{S1} = 2 and the same word at infinity. The expression for χ(S_1) = 0 therefore holds. Also, the Blank word for γ_1 is identical to that for the example in Figure 2.3, and again the words group positively. The reader will easily check that the remaining tiles also satisfy the appropriate conditions in the above theorem. Thus, there is a proper Whitney function F extending f with prescribed critical set C, partial degrees and senses of cusps.

In order to provide a geometric description of F , we show F^{−1}(F (C)) in Figure 3.2(a). Five of the six tiles for F (C) are simply connected and thus diffeomorphic by F to the connected components of their pre-images, which are tiles for F^{−1}(F (C)). The pre-image of the tile for F (C) surrounding F (γ_1) has three connected components in which F is a diffeomorphism and a fourth where F is a five-fold covering map.

Proof of Theorem 3.1: Since f is adequate, it can be extended to a Whitney function f̃ defined on a thin tubular neighborhood U of C. In order to prove the existence of F , it

Figure 3.2

therefore suffices to extend to each tile S immersions which are already defined near the boundary.

Let S be a tile and let its boundary be composed of bounded curves γ^S_i , 1 ≤ i ≤ k^S, and unbounded curves β^S_j , 1 ≤ j ≤ ℓ^S. We denote by κ^S (γ^S_i ) (resp., κ^S (β^S_j )) the number of cusps on γ^S_i (resp., β^S_j ) which are effective in S. Thus,

T(S) = ∑ 1≤i≤kS T(γ^S_i ) + ∑ 1≤j≤ℓS T(β^S_j )

and κ(S) = ∑ 1≤i≤kS κ^S (γ^S_i ) + ∑ 1≤j≤ℓS κ^S (β^S_j ).

Let S^⋆ ⊆ S be a closed set whose boundary is composed of smooth curves γ^⋆_i and β^⋆_j which are sufficiently near the corresponding curves in ∂S and contained in U. Orient γ^⋆_i and β^⋆_j as the nearby γ^S_i and β^S_j , so that they form the oriented boundary of S^⋆, which is oriented positively or negatively according to the constant sign of det(Df̃) in S ∩ U. For S of type I, II or III, we apply to S^⋆ Theorem 1.4, Theorem 2.3 or Theorem 2.4, respectively. We now show the equivalence between the conditions in Theorem 3.1 and the hypotheses of these theorems.

From the local behaviour of cusps, each effective cusp creates a little loop in f(γ^⋆_i ) or f(β^⋆_j ), always negatively oriented (see the paragraph immediately following the proof for an example) and if γ^⋆_i and β^⋆_j are sufficiently near γ^S_i and β^S_j these are the only new intersections. This implies τ(f̃(γ^⋆_i )) = T(γ^S_i ) − κ^S (γ^S_i ) and τ(f̃(β^⋆_j )) = T(β^S_j ) − κ^S (β^S_j ).

Also, the connected components of R^2 − ( ⋃ i f̃(γ⋆_i ) ∪ ⋃_i f̃(γ⋆_i )) coincide with those of

R^2 − (^⋃_i f(γ^S_i ) ∪^⋃_i f(γ^S_i )) except that one small disk has been created by the loop around

the image of each effective cusp. As an example, Figure 2.3 shows S^⋆_1 for the example in Figure 3.1. The Blank words (with cusps) as constructed for our theorem are therefore the Blank words for S^⋆. Thus, the hypothesis of the appropriate theorem for the type of S^⋆ hold and the desired immersion exists. If we take the immersions for all tiles and smooth out the resulting function we obtain the proper Whitney function F .

Conversely, if F exists, its restriction to S^⋆ as above is an immersion and the same theorems show that the conditions in our theorem hold.

The next result gives formulae for the topological degree of F and for the number of pre-images of an arbitrary regular value. In the formulae, we use either information about the behaviour of the function near infinity (such as ρ_S or d_j) or finite information (such as T or κ).

For a closed oriented parametrized curve α : S^1 → R^2 and a point p not on the image of α let w(α, p) be winding number of α around p (i.e., the topological degree of θ → α(θ) − p/|α(θ) − p|). We extend this concept for parametrized curves of the form

α : R → R^2 , where α is a proper continuous function injective in the complement of a

compact interval I. Consider a circle around the origin such that α(I) and p are in its interior. Taking the maximal arc of α which contains α(I) and is in the interior of the circle, we construct two oriented closed curves by using two complementary arcs in the circle. We define the winding number w(α, p) as the average of the two winding numbers of these auxiliary closed curves around p. Notice that w(α, p) independs on the choice of the circle and is always in Z+1/2. In Figure 2.2, we have w(α, p_1) = 1/2, w(α, p_2) = −1/2 and w(α, p_3) = −3/2.

Let F be a nice function with bounded critical curves γ_i and unbounded critical curves β_j , always oriented by sense of folding. Consider a connected component T of R^2 − ⋃ β_j .

Let σ(T ) be the sign of det(DF ) in the unbounded tile S contained in T , ρ_T = ρ_S and d_T be the sum of the absolute values of the partial degrees of F on the ends of S. Let κ be the total number of cusps of F and T(C) be the sum of all T(β_j) and T(γ_i). For T as above, we define κ(T ) to be the number of cusps which are in the interior of T or are effective in the unbounded tile of T . Similarly, let T(T ) = ∑ γi⊆T T(γ^i); notice that only

bounded critical curves are taken into account.

Theorem 3.2: The topological degree of F is

deg(F ) = ∑ T σ(T )(ρ_T + d_T ) = ∑ T σ(T )(κ(T ) − 2T(T ) + 1) and the number of pre-images of an arbitrary regular value p is

#F^{−1}(p) = ∑ T (ρ_T + d_T ) + 2 ∑ j (w(F (β_j ), p) − 1/2) + 2 ∑ i w(F (γ_i), p) = 1 + κ − 2T(C) + 2 ∑ j w(F (β_j), p) + 2 ∑ i w(F (γ_i), p) where T ranges over all connected components of R^2 − ⋃ 1≤j≤ℓ βj . For instance, the degree of F given in Figures 3.1 and 3.2 equals 2 and the number of pre-images in each tile for F (C) is indicated in Figure 3.2(b).

Proof of Theorem 3.2: We use the same notation for the boundary of a tile S as in the proof of Theorem 3.1.

Take a curve ζ in the image which is enveloping for every tile and consider its pre-image by F , a curve δ which is, up to orientation, an enveloping curve for every tile in the domain. For each unbounded tile S construct γ^S_∞ as in Section 2. The turning of F (γ^S_∞), T(γ^S_∞), can be interpreted as the degree of a function ϕ^S from γ^S_∞ to ζ. In order to construct ϕ^S , first smooth out the curves F (β^S_j ) near cusps without introducing new intersections and bend them near ζ so that they become tangent to ζ, with counterclockwise orientation in ζ corresponding to the sense of folding in F (β^S_j ). Clearly, T(γ^S_∞) coincides with the turning of this deformed curve. Now define ϕ^S (p) = F (p) for p ∈ δ and ϕ^S (p) as the direction of the normal vector to the auxiliary curve above near F (p) for p ∈ β^S_j . By construction, the degree of ϕ^S is the turning of the deformed curve and so deg(ϕ^S ) = T(γ^S_∞).

Clearly, the topological degree of F is the degree of F |_δ as a function from the oriented curve δ to the oriented curve ζ. Thus,

deg(F ) = ∑ unbounded S

(σ(S) deg(ϕ^S )) = ∑ unbounded S

(σ(S)T(γ^S_∞)),

where each γ^S_∞ is oriented according the sign of det(DF ). The first formula for deg(F ) then follows from Lemma 2.2 since the terms T(β) cancel out.

Now, for an arbitrary unbounded tile S we have, from Lemma 2.2 and Theorem 3.1,

T(γ_∞) = χ(S) + κ(S) − ∑ 1≤i≤kS T(γ^S_i ).

On the other hand, for a bounded tile S^′, again from Theorem 3.1,

0 = χ(S^′) + κ(S^′) − ∑ 1≤i≤kS0 T(γ^S0_i ).

Adding all these equations over the tiles contained in a given T , we obtain

T(γ_∞) = χ(S) + κ(S) − ∑ 1≤i≤kS T(γ^S_i ) + ∑ S0_{⊆T} χ(S^′) + κ(S^′) − ∑ 1≤i≤kS0 T(γ^S0_i ) .

Notice that the Euler characteristics add up to χ(T ) = 1. Also, for each bounded critical curve γ ⊆ T , T(γ) appears twice in the above expression. Finally, each cusp is counted exactly once since it is effective in one tile only. Thus, the above identity reduces to T(γ^S_∞) = κ(T ) − 2T(T ) + 1, completing the proof of the degree formula.

Let p be a regular point. The number of pre-images of p in a bounded tile S is given by the sum of w(F (γ_i), p) over all boundary components γ_i of S (each γ_i being oriented, as usual, by sense of folding), as the sign of det(DF ) inside S is constant equal to σ_S. Similarly, the number of pre-images of p in an unbounded tile S is given by the sum of all w(F (γ_i), p) (again over all bounded boundary components) with w(F (γ^S_∞), p). We have, however, w(F (γ^S_∞), p) = ρ_T + d_T + ∑ 1≤j≤ℓS (w(F (β_j), p) − 1/2);

the proof of this identity is similar to that of Lemma 2.2 and is left to the reader. By adding all these terms, we get the first formula for the number of pre-images of a regular point.

For the other formula,

#F^{−1}(p) = 1 + ∑ T (ρ_T + d_T − 1) + 2 ∑ j w(F (β_j ), p) + 2 ∑ i w(F (γ_i), p)

and by Theorem 4.1,

ρ_S + d_S − 1 = χ(S) − T(S) + κ(S) − 1,

for the unbounded tile S contained in T and

0 = χ(S^′) − T(S^′) + κ(S^′)

for bounded tiles S^′ contained in T . Adding the identity for S and the identities for all S^′, we have ρ_T + d_T − 1 = − ∑ j T(β^S_j ) − 2 ∑ i T(γ^S_i ) + κ(T )

whence ∑ T (ρ_T + d_T − 1) = −2T(C) + κ,

yielding our theorem.

Bibliography

[Ba] Bailey, K. D., Extending closed plane curves to immersions of the disk with n handles, Trans. Amer. Math. Soc., 206 (1975), 1-24.

[Bl] Blank, S. J., Extending immersions of the circle, Ph.D. Dissertation, Brandeis University, 1967.

[E] Ezell, C. L., Branched extensions of curves in compact surfaces, Trans. Amer.

Math. Soc., 259 (1980), 533-546.

[EM] Ezell, C. L., Marx, M. L., Branched extensions of curves in orientable surfaces, Trans. Amer. Math. Soc., 259 (1980), 515-532.

[F] Francis, G. K., Spherical curves that bound immersed disks, Proc. Amer. Math.

Soc., 41 (1973), 87-93.

[FT1] Francis, G. K., Troyer, S. F., Excellent maps with given folds and cusps, Houston Jr. of Math., 3 (1977), 165-192.

[FT2] Francis, G. K., Troyer, S. F., Continuation: excellent maps with given folds and cusps, Houston Jr. of Math., 26 (1982), 53-59.

[K] Knuth, D., The art of computer programming, vol. 3, Addison-Wesley, 1973. [MST1] Malta, I., Saldanha, N. C., Tomei, C., The numerical inversion of functions from the plane to the plane, preprint.

[MST2] Malta, I., Saldanha, N. C., Tomei, C., Funções do Plano no Plano, course text for the 19^o Colóquio Brasileiro de Matemática, IMPA, 1993.

[MT] Malta, I., Tomei, C., Singularities of vector fields arising from one dimensional Riemann problems, J. Diff. Eq., 94 (1991), 165-190.

[MV] Marx, M. L., Verhey, R. F., Interior and polynomial extensions of immersed circles, Proc. Amer. Math. Soc., 24 (1970), 41-49.

[P] Poénaru, V., Extending immersions of the circle (d’après Samuel Blank), Exposé 342, Séminaire Bourbaki 1967-68, Benjamin, NY, 1969.

[S] Spivak, M., A comprehensive introduction to differential geometry, vol. 1, Publish or Perish, Berkeley, 1979.

[T] Troyer, S.F., Extending a boundary immersion to the disk with n holes, Ph. D.

Dissertation, Northeastern U., Boston, Mass., 1973.

[W] Whitney, H.: On singularities of mappings of Euclidean spaces, I: mappings of the plane into the plane, Ann. of Math. 62 (1955), 374-410.

Iaci Malta, PUC-Rio malta@mat.puc-rio.br Nicolau C. Saldanha, PUC-Rio, IMPA nicolau@impa.br; http://www.impa.br/∼nicolau/ Carlos Tomei, PUC-Rio, IMPA tomei@impa.br

Departamento de Matemática, PUC-Rio Rua Marquês de São Vicente, 225 Rio de Janeiro, RJ 22453-900, Brasil IMPA Estr. Dona Castorina, 110 Rio de Janeiro, RJ 22460-320, Brasil