
On the Foundations of Experimental
Statistical Sciences

Written July 1979

George Svetlichny1

1Departamento de Matm�atica, Pontif��cia Universidade Cat �olica, Rio de Janeiro,
Brazil
svetlich@mat.puc-rio.br http://mat.puc-rio.br/ � svetlich



2



Contents

1 Preliminaries 9

2 The Category of Convex Sets 21

3 The Canonical Vector Space Duality of a Statistical Triple 31

4 A More Extensive Formalism 33

5 Idealizations 51

6 The Category of Statistical Triples 55

7 On the Complexity of States 69

8 On Lattices of Propositions in Statistical Theories 101

3



4



PREFACE

The many attempts at trying to explain the extreme regularity of the set
of propositions referring to physical systems, exempli�edby the Boolean al-
gebra of subsets of phase space of classical systems, and theorthomodular
lattice of projections in a Hilbert space of quantum systems, has resulted in
various axiomatic foundations [1, 2, 3]. To a large extent, these have not been
totally satisfactory seeing that in all of them some of the axioms seem veryad
hoc and removed from any operational or phenomenological interpretation.
Rather than attempt yet a di�erent formulation, we investigate the proper-
ties that can be expected of a completely general statistical theory without
trying to impose assumptions that would lead to one of the standard physical
examples. The hope is that by understanding better the general theories, we
can perhaps see better what is so special about the special ones. Following
one line of investigation, we �nd that statistical theoriescan be manipulated
rather freely, being objects of a bicomplete monoidally closed category. In
a sense this provides more machinery than we use but it's unsuspected ma-
chinery with much potential. Another line of study leads to what is probably
the main result of this work: the identi�cation of those measuring procedures
that cannot be interpreted as involving ad hoc interferences by the experi-
menter. This leads to the result that theories with only two pure states can
be imbedded in Boolean theories with restriction on state production, adding
yet another example of statistical theories with a natural associated lattice
of propositions, a Boolean algebra in this case.

Our studies were originally motivated by physical examples, especially
by the challenging and deceitful guide of the foundations ofquantum me-
chanics, but the formalism is purposefully general, and we interpret many
of the objects in terms of other types of experiments. Mathematical mod-
elling in biology and psychology should be quite di�erent from either Boolean
or quantum modelling, and it is these sciences that we eventually hope to
bene�t.
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A brief description of the content of each chapter is as follows:
In Chapter 1 we set the stage by presenting mostly already well known

material, formalizing the notion of state and yes-no observation in terms of a
certain duality of convex sets. Nothing is really new exceptfor some exam-
ples and possibly some of the commentary. We follow this in Chapter 2 by a
presentation of convex set theory from the point of view of universal algebra.
This allows us to view convex sets as objects of a bicomplete monoidally
closed category. In Chapter 3 we imbed the convex set dualityintroduced
in the �rst chapter into a canonical vector space duality following a pattern
already established in the literature. Chapter 4 goes beyond the �rst chapter
in introducing into the formalism simultaneous measurements and many-exit
operations on states. We follow an axiomatic approach, introducing these as
primitive entities and axiomatizing all the properties they should have based
on their phenomenological interpretation. This is the essential formalism of
this work. The short Chapter 5 brie
y deals with the introduction of ideal
objects in statistical theories, that is, objects that are not physically real-
izable, but arbitrarily well approximated by physically realizable ones. We
use this notion mainly to be able to assume in subsequent chapters that
all convex sets are algebraically closed, although the notion of idealization
naturally appears in various other places. Chapter 6 returns to the simple
statistical theories introduced in Chapter 1 and using the categorical ma-
chinery of the second chapter shows that these theories forma bicomplete
monoidally closed category. This is a calculus of statistical theories. We also
introduce another category of theories, with not so many nice properties,
but one more realistically re
ecting the intuitive notion of strength of theo-
ries and providing for the formalization of localization. Chapter 7 contains
the most important results. we identify, by an analysis of the complexity of
states, those measuring procedures that cannot be interpreted as containing
interferences by the experimenter that would produce spurious complexity in
the observed data. In parallel with this we explore the notion of an entropy
function, stopping somewhat short however of a fully satisfying treatment.
The chapter also contains various passages related to quantum mechanical
models, pointing out the special nature of these. The last Chapter 8 takes
up the theme of lattices of propositions using the concepts of the previous
chapter. Scratching only the surface, we discover a Booleanalgebra of propo-
sitions in theories with only two pure states, and include some commentary
on the general case.

We diagram below the logical interdependence of the chapters. Dotted
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lines mean minimal dependence that can be successfully handled by recourse
to the indices of symbols and de�nitions provided at the end.
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Chapter 1

Preliminaries

In this work we consider the formal foundations of statistical experimental
sciences. Such a science involves the following type of experimentation: by
certain well de�ned procedures, we prepare a state of a�airsfor study, and
at some later time, according to other well de�ned procedures, we observe
whether the so obtained state of a�airs possesses or not a gives property.
What interests a statistical science is the asymptotic frequency with which
repeated preparations yield a given observation. We shall not here go into the
problem of bow we identify repeated executions of experimental procedures as
being a repetition of the same experiment. Such an identi�cation is necessary
in order to make valid sense of the frequency of occurrence ofsome property
and we suppose this problem is solved in some manner. A science may not
be wholly statistical. Psychology for example builds models of behavior on
other than statistical grounds, yet part of psychology can be handled by a
statistical theory. It has only to be recalled that the multivariate statistical
approach known as factor analysis was developed primarily by psychologists
of human behavior. In animal psychology also, the frequencyof a particular
type of behavior is often the subject of research, as in learning for example.
Thus a given non-statistical science can have a statisticaltheory associated
with it and a quantitative model can be built for this part. Certain properties
of this statistical part can be ascertained directly from experimental data,
independently of what model one uses for the presumed mechanisms by which
the data is produced. Such experimentally determinable properties should
shed light not only on the problem of model construction but also on the non-
statistical aspects as well. It is these properties that we wish to investigate.

At the minimum, we can say that any formalization of a statistical science
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must begin by introducing two setsS and O and a partial function h�; �i with
domain D � S � O and with values in the interval [0; 1]. Each � 2 S is
interpreted as a preparation procedure and eachp 2 O as an observation
procedure. If (�; p ) 2 D then p is applicable to� and h�; p i is the asymptotic
frequency of times the given property is observed under repeated preparations
of � and observations ofp. While strictly speaking, and according to this
formalism, not every observation procedure is applicable to every preparation
procedure (confronting a hungry rat with an optical collimator rather than
a T maze is not likely to be considered a legitimate experiment), we shall
immediately sidestep this issue by formally settingh�; p i = 0 if ( �; p ) 62D,
thus not bothering to formalize the notion of applicability. From now onh�; �i
is a total function.

We call S the set of statesand O the set of observations. It should be
stressed from the outset that every state should be considered as representing
an ensemble, that is, a hypothetical population that we can realize practi-
cally only in part by repeated preparations. In what followsa preparation
procedure shall be, at a convenient point in the discussion,identi�ed with
the ensemble it is hypothetically capable of generating, identifying thus pro-
cedures that generate the same ensemble. The state of a�airsresulting from
each particular preparation we shall call acopy of the state. Similar state-
ments hold for the observations. Each particular realization of a preparation
of a state a followed by a realization of an observation p, we call an execution
of the experiment (�; p ). Only by a repetition of a large number of such exe-
cutions can the numberh�; p i be computed since with a single execution the
result is simply yes or no. Each triple (S; O; h�; �i we shall call astatistical
system or systemfor short.

It may well happen that di�erent procedures yield the same state of af-
fairs. In such cases it must be true that if� 1 and � 2 really produce the same
state of a�airs, then within experimental error h� 1; pi = h� 2; pi for all p 2 O .
Similarly di�erent observation procedures can be connected with the same
property, and if p1, and p2 are two such, then again within experimental
error, h�; p 1i = h�; p 2i for all � 2 S. The notion of same state and property
generally come from extrastatistical grounds. Thus in 
ipping a coin there
is only one preparation: 
ip; there are two observations: heads (H) and tails
(T). Thus S can be taken as the one point setf�g and O as the two point
set f H; Tg and if the coin is fair we haveh�; Ti = h�; Hi = 1=2. Statistically
heads and tails are the same, but phenomenologically di�erent. At this stage
of the discussion however, we shall identify statisticallyequivalent elements,
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for the simplicity so obtained compensates for the loss of certain distinctions
which however we shall later to a large extent recover by a more thorough
formalism. In any case if (S; O; h�; �i ) is a system as introduced above, we
de�ne an equivalence relation inS and O as follows:

� � � 0 , 8 p 2 O ; h�; p i = h� 0; pi ;

p � p0 , 8 � 2 S; h�; p i = h�; p 0i :

Of course if S, O, and h�; �i are experimentally determinable objects,
such equalities hold only up to a certain error. We do not enter here into
the investigation of how to test hypotheses of the formh�; p i = h� 0; pi . In
any case, once these relations are introduced, we can pass tothe quotient
sets S=� , O=� and the corresponding function, still denoted by the same
symbol, h�; �i : S=� �O =�! [0; 1] de�ned by h[� ]; [p]i = h�; p i where from
now on we use the bracket to denote equivalence classes of elements. We
call (S=� ; O=� ; h�; �i ) the reduced system of (S; O; h�; �i ). We say that a
statistical system isseparatedif the families of functionsfh�; pi j p 2 Og and
fh�; �i j � 2 Sg separate points ofS and O respectively. The reduced sys-
tem is always separated. In a separated system states and observations are
determined entirely by their statistical behavior. Phenomenologically this
is not always the case as the coin tossing example shows. For rich systems
with complicated S and O we may encounter empirical separated systems.
This is believed to be the case of quantum mechanics for example, where in
principle only statistical behavior is observable. However, we have no means
of knowing when this should be the case, and should not make a principle of
it.

Once we are working with a separated system it is advantageous to intro-
duce further structure in the setsS and O. It makes sense to assume they
are convex in the sense that if� 1; � 2 2 S and 0 < � < 1 we can talk of the
element�� 1 + (1 � � )� 2 2 S. Given procedures for the preparation of� 1 and
� 2 this new state is prepared by the following procedure: choose a number
� randomly in [0; 1] from a uniformly distributed population (by a random
number table say); if it turns out that � < � prepare� 1 if � > � prepare� 2.
Certainly this is a practical procedure and we can assumeS is closed under
convex combinations. As before, we here gloss over some facts: in practice�
is a rational number while we are assuming the above can be carried out for
any � . Similar convex combinations can be introduced inO and we assume
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they have been. Remembering that we are in a reduced triple weshould note
that what is of practical importance is to able to identify a given state a as
being a mixture �� 1 + (1 � � )� 2, 0 6= � 6= 1 even though the preparation
leading to � may not involve such deliberate mixing procedures. An example
of this is furnished by physics of molecular beams. A beam of molecular hy-
drogen consists of a certain fractionf of orthohydrogen and a fraction 1� f
of parahydrogen . Hence we can write� = f � ortho + (1 � f )� para, yet the
preparation of � involved no random number table contingent decisions. Of
course it's possible to build apparatus to prepare pure orthohydrogen and
pure parahydrogen and these can be used along with a random number gen-
erator to recreate a state having identical statistical properties as� above.
This is not the main point, the main point is the importance ofidentifying
mixed states, as this implies a simpli�cation of the study oftheir statistical
behavior, the problem passing on to the components of the mixture. The
present work has to a large extent been in
uenced by the prototype of the
statistical behavior of beams of physical particles applying the ideas however
to far removed contexts. A \beam" then becomes simply an ensemble of pre-
pared states be they physical, biological, psychological or otherwise. In such
a way we propose to unify the study of statistical sciences, physics becoming
simply a particular case.

It should now be noted that by the frequentistic interpretation of h�; �i
this function is bia�ne. That is:

h�� 1 + (1 � � )� 2; pi = � h� 1; pi + (1 � � )h� 2; pi ;

h�; �p 1 + (1 � � )p2i = � h�; p 1i + (1 � � )h�; p 2i

for all � , � , � 1, � 2, p1, p2. To see this, consider the �rst expression. Sup-
pose that we have made a large numberN of repetitions of the experiment
(�� 1 + (1 � � )� 2; p). In terms of mean expected behavior of theseN repeti-
tions, �N correspond to copies of� 1 and (1 � � )N to copies of� 2. Of these
�N instances of� 1 we obtain �N h� 1; pi positive observations ofp, and of the
(1 � � )N instances of� 2 we obtain (1� � )N h� 2; pi positive observations of
p. Thus the total number of positive responses is�N h� 1; pi + (1 � � )N h� 2; pi
meaning that the frequency is� h� 1; pi + (1 � � )h� 2; pi . By the frequentistic
interpretation this frequency is preciselyh�� 1 + (1 � � )� 2; pi demonstrating
the �rst equality. A similar argument works for the second equality.

In addition to the convex structure we can assume further additional
structure for O. Since eachp 2 O corresponds to ayes-noobservation we can
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consider the observation: p obtained by interchangingyes and no. We thus
assume thatO is provided with the map : : O ! O . By the frequentistic
interpretation we �nd, using the same methods as in the previous paragraph,
that

h�; : pi = 1 � h �; p i ;

: (�p 1 + (1 � � )p2) = � : p1 + (1 � � ): p2

for all � , � , p, p1, p2. From this it is also clear using the fact that the system
is separated that

:: p = p:

Thus : , which is callednegation, is an a�ne involution of O.
We further assume thatO is provided with a distinguished element1

having the property that h�; 1i = 1 for all � . We interpret 1 as being the
observation of a tautological property, or simply the observation that a state
has been prepared. The negation: 1 of 1 we denote by0 and this corresponds
to an observation of a contradictory property, and as an element of O satis�es
h�; 0i = 0 for all � .

We are thus able at this point to make a formal de�nition:

De�nition 1.1 A statistical triple is a separated statistical system(S; O; h�; �i )
whereS and O are convex sets andh�; �i : S � O ! [0; 1] is a bia�ne map,
such that the following axioms are satis�ed:

1. 8p 2 O ; 9: p 2 O such that8� 2 S; h�; : pi = 1 � h �; p i ,

2. 91 2 O such that8� 2 S; h�; 1i = 1:

We note that an easy consequence of (1) and separatedness is that : p
is unique and that the map: : O ! O is a�ne. We likewise deduce, as
has already been mentioned, the existence of the element0 2 O such that
8� 2 S; h�; 0i = 0.

We have deliberately avoided mentioning the vector spaces in which S
and O are to be considered as convex subsets. For our immediate purposes
it doesn't matter, and since we shall in the next chapter �rstly dispense with
them by an intrinsic axiomatization of convex sets and secondly reinstitute
them in a canonical manner, we gloss over the problem here, pausing only to
introduce the following terminology.
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The extreme points ofS are calledpure states, and the extreme points of
O, pure observations. States and observations that are not pure are called
mixed. We shall also at times refer toS as thestate �gure and to O as the
observation �gure.

We now present a few examples of statistical triples that have traditionally
been considered and a few that haven't.

Example 1.1 Kolmogorov Probability

Let (
 ; �) be any measurable space, where � is a� -algebra of subsets of

. Let S be the set of all probability measures in (
; �) and O be the set of
all measurable functionsf : 
 ! [0; 1]. We de�ne h�; �i by h�; f i = � (f ) =R

f (w)d� (w). The set of extreme points ofS are thedichotomous measures,
that is, such that for all A 2 �, � (A) is always either 0 or 1. There is a
map which associates to each point! 2 
 an extreme point of S given by
! 7! � ! where� ! is the Dirac measurede�ned by h� ! ; f i = f (! ). In general
this map is neither injective nor surjective. In many important cases though
it is bijective. The pure observations of any Kolmogorov triple are precisely
the characteristic functions� A of measurable subsets. The elements0 and 1
are the constant functions 0 and 1 respectively, and: f = 1 � f .

If � is a pure state thenh�; � A i = � (A) is either 0 or 1; in other words, a
pure state has a pure property either certainly or certainlynot. This is the
intuitive content of sharply de�ned states and sharply de�ned measurements.

In mechanics, 
 is taken to be the phase space of the physical system.
Statistical mechanics deals with certain canonically de�ned measures in 

such as the Gibbs and the microcanonical ensembles, classical mechanics
restricts itself to Dirac states, other measures are introduced only as auxiliary
objects.

An important di�erence between our viewpoint and the usual one is the
introduction of mixed observations. We have been motivatedby reference [5]
in this regard.

if 
 = f ! 1; : : : ; ! kg is �nite, then we can take for � the algebra of all
subsets of 
. Now every probability measure can be written as� =

P
i mi � ! i

wheremi = � (f ! i g) � 0 and
P

mi = 1. Thus S can be identi�ed with the
n � 1 simplex f m 2 Rn j mi � 0;

P
mi = 1g and identifying h�; �i with the

usual Euclidean inner product inRn we see thatO is identi�able with the
cube f p 2 Rn j 0 � pi � 1g. In this case1 is the point (1; 1; : : : ; 1) and 0 is
the origin; negation is given by: (p1; p2; : : : ; pk) = (1 � p1; 1� p2; : : : ; 1� pk).
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We can think of this system as that of in�nite messages in an alpha-
bet on k letters � 1; � 2; : : : ; � k which can be identi�ed as copies of the pure
states. A pure observation consists of verifying whether aninstance of one
of the letters falls within a predetermined subset of letters. We assume the
asymptotic frequency of such events exists. Such messages are produced by
the outcomes of Bernoulli trials. As every cryptanalyst knows, natural lan-
guages approximate such behavior, even though natural languages are not
Bernoulli processes. In natural languages, symbols at di�erent positions are
correlated, but for this example, such correlations are notpart of the obser-
vation procedures.

Example 1.2 Boolean triples

This is a system closely related to Kolmogorov probability,but with the
measure-theoretic troubles disregarded. LetB be a Boolean algebra. By
Stone's representation theorem [6],B is identi�able with the algebra of closed-
open subsets of a completely disconnected compact Hausdor�spaceX . We
let S be the set of all �nitely additive measures onB. We.let O be the
set of continuous functionsf : X ! [0; 1] and we seth�; f i =

R
f d� .

This is a �nitely additive integral and so perhaps deserves some explana-
tion. Consider the setF of simple functions f =

P
i ci � A i where the ci

are real andA i are closed-open sets. Such functions are continuous, and by
the Stone-Weierstrass theorem are dense inC(X ) considered as a Banach
space with the supremum norm. Forf 2 F we can de�ne the integral byR

f d� =
P

i ci � (A i ). It can be easily checked that this de�nes a norm con-
tinuous linear functional oncF and so can be extended to the closureC(X ).
Hence h�; �i is well de�ned. The extreme points ofS are Dirac measures
and the extreme points ofO are characteristic functions of closed-open sets.
Negation is given by: f = 1 � f and 0 and 1 are the constant functions 0 and
1 respectively. WhenB is a �nite Boolean algebra with k atoms, this triple
is isomorphic to the Kolmogorov triple with 
 being a set with k points.

Example 1.3 Two dimensional triples

This is the simplest non-trivial triple, that is one in which S is spanned by
two pure states� 0 and � 1. Thus S is a line segmentf � � = �� 1 + (1 � � )� 0 j
0 � � � 1g which we identify with the line segment between (0; 1) and (1; 0)
in R2. Hence now a� � = ( �; 1 � � ). We considerO � R2 and if we use the
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normal duality, O must be a subset of the square [0; 1]� [0; 1]. The existence
of negation means thatO is symmetric under inversion through the point
(1=2; 1=2) and the separation requirement means that besides the segment
[0; 1] there must be at least one more point inO (and by convexity, many
more). An example of such a set is given by the �gure below:

The boundary ofO consists of two parts, theupper boundary that lies above
the segment [0; 1] and the lower boundary that lies below. We include0
and 1 in both parts. In case the upper boundary is the graph of a function
we denote this function byb. This occurs if and only if 0 is the only point
of the form (0; y) on the boundary. If O is all of the square then we have a
Kolmogorov triple on a two point set, or equivalently a Boolean triple with
B having two atoms.

Example 1.4 Hilbert space quantum mechanical triple

Let H be a complex Hilbert space with inner product (�; �) We let S be the
set of positive trace class operators� of trace 1, and let O be the set of
operatorsA such that 0 � A � I . We de�ne h�; A i = Tr( �A ). The extreme
points of S correspond to pure quantum mechanical states, and these are
operators of the form (�; �)� where jj � jj = 1, � 2 H . Such a� is de�ned
only up to a multiplicative constant of modulus 1. The extreme points of
O are orthogonal projections. Negation is given by: A = 1 � A, and 0 and
1 are the operators 0 and 1 respectively. It is customary to call elements
of S density matrices. Just as for the Kolmogorov triple in mechanics, this
formalism di�ers from the usual one in the admission of mixedobservations.
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Example 1.5 Stochastic triples

Let (X; X ) and (
 ; �) be measurable spaces with� -algebrasX and �
respectively. LetPx be a family of probability measures in 
 indexed byX
and such that for all A 2 �, x 7! Px (A) is a X -measurable function onX .
We let ~S be the space of probability measures onX , and ~O be the set of mea-
surable functionsf : 
 ! [0; 1]. We de�ne h�; f i =

R
(
R

f (! )Px(d! )) d� (x).
The system (~S; ~O; h�; �i ) may not be separated; the stochastic triple is the
corresponding reduced system. This construction corresponds to stochas-
tic processes which of course have additional structure. Insuch cases 
 is
the path space,X the coordinate space of the process and� is the initial
distribution.

This triple is closely related to the Kolmogorov triple on (
 ; �), and can
be obtained from it by restricting the states to be the measures that can be
written as

R
X Px d� (x).

Example 1.6 Empirical triple

The ideas presented here could be used as a basis for procedures in mul-
tivariate statistics. The setsS and O are experimentally determinable given
the results of observations of particular phenomena. Let thus Y1; Y2; : : : ; Ym

be a set of dichotomous random variables with possible values 0 and 1. Let
there be a sample ofN observations of them-tuple (Y1; Y2; : : : ; Ym). We
thus have in fact a matrix of observationsYij , i = 1; : : : ; m; j = 1; : : : ; N .
We wish to interpret the data according to the model that we are dealing
with a statistical triple ( S; O; h�; �i ) with the Yi corresponding to points inO
and each empirical observation being performed upon a certain state in S.
Although we have not developed the general statistical procedures to make
such an analysis, there is nothing in principle to prevent any set of data
from being treated in this way. Certain existing procedurescan already be
applied if we make somea-priori assumptions about the data. If the sample
can be divided into K sub-samples ofnk observations,k = 1; : : : ; K , each
one of which can be considered as corresponding to a single state � k , then by
averaging the variables within the subsamples we obtain thefollowing new
sample variables:

Ŷik =
1
nk

X

j

Yij
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where j runs over thek-th sample. We now consider thêYik as components
of a vector Ŷi �. On the basis of these we can perform an oblique axis factor
analysis [7] and �t a model of the form:

Ŷi � =
LX

`=1

ai` Z` � + bi

where theZ` � are picked to be certain of theŶi � and bi is the coe�cient of
the presumably always present factor1 of mean 1 and variance 0, that is,
the constant 1. Once this is done, consider inRL +1 the convex envelope of
the set of vectors

f (1; 0; : : : ; 0); (0; 0; : : : ; 0)g [ f (bi ; ai �); (1 � bi ; � ai �) j i = 1; : : : ; mg

and also the convex envelope of the set of vectorsf (1; Z �k) j k = 1; : : : ; K g.
These give the empirically determined setsS and O respectively. If the factor
analysis is well done in that one cannot reduce the number of factors and
preserve goodness of �t, the two sets of vectorsf (bi ; ai �) j i = 1; : : : ; mg and
f (1; Z �k) j k = 1; : : : ; K g are entire inRL +1 . The empirically determined inner
product that serves to de�ne the duality of the empirical triple is given by:

h
X

� k(1; Z �k);
X

� i (bi ; ai �)i =
X

i;`;k

� i ai` Z`k � k :

Note that even though the sums on the left hand side involve ingeneral sets
that are linearly dependent, the de�nition is consistent, for if any of the sums
vanish, the right hand side vanishes also. In this triple1 is (1; 0; : : : ; 0), the
origin is 0, and negation is given by: p = 1 � p.

More sophisticated statistical analysis must of course be made if we don't
have a-priori identi�cations of which observation is done in which state.

Normal factor analysis techniques usually con�ne themselves to the elab-
oration of a factor model, and after appropriate coordinatechanges to the
identi�cation of the factors with some naturally interpretable variables. Lit-
tle, if any, attention is paid to the geometrical shapes of the sets of empirical
points in the various spaces involved. A study of these shapes should give
clues as to the underlying mechanisms that could be involvedin producing
the observed data. To illustrate these remarks, consider the physics of a light
bench. The polarization states of light are well modelled bya Hilbert space
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triple with H = C2. If we usePauli spin matrices:

� 1 =
�

0 1
1 0

�
� 2 =

�
0 � i
i 0

�
� 3 =

�
1 0
0 � 1

�

we can write any 2� 2 matrix m as m = �I + ~� � ~� . We �nd that hermi-
tian matrices correspond to� , and ~� real. Now S is de�ned by � = 1=2,
j~� j � 1=2, and O by j~� j � min(�; 1 � � ) which is a four dimensional convex
region. Furthermore, Tr((�I + ~� � ~� )( 
I + ~� � ~� )) = 2( �
 + ~� � ~� ). Now if
the above mentioned factor analysis were done on a large number of opti-
cal bench experiments, the above convex �gures and duality,up to an a�ne
isomorphism, would be found. With su�cient knowledge on ourpart, we
would recognize them as coming from a Hilbert space model. Empirical data
can therefore in some systematic way call for certain model types. Now the
freedom to choose our coordinates arbitrarily implies thatonly the a�ne in-
variants of the setsS and O and of the pairing h�; �i : S � O ! [0; 1] are
intrinsic to the data. Based on this observation we now prepare to formulate
the study of convex sets independent of their possible imbeddings in linear
spaces and of any possible coordinate systems therein.
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Chapter 2

The Category of Convex Sets

Because of the role that convex sets play in the previous discussion, we
propose here to give a condensed development of convex set theory from an
intrinsic viewpoint. We want to consider a convex set as an object existing
apart from any vector space in which it may be embedded. To be able to do
this the best procedure is to develop convex set theory as an algebraic theory
and to investigate the category that is so formed.

De�nition 2.1 An abstract convex setC is a set endowed with the following
additional algebraic structure: To eachn � 1, and to eachn-tuple � =
(� 1; � 2; : : : ; � n ), of real numbers such that0 � � i � 1 and

P
i � i = 1 there

is given ann-ary operation � � : Cn ! C where for intuitive we write
P

� i x i

instead of � � (x1; x2; : : : ; xn ). These operations are subject to the following
axioms:

1. 1 � x = x.

2.
P

j � j (
P

i � j i x i ) =
P

i (
P

j � j � j i )x i .

3.
P

j � j (
P

i � j i x j i ) =
P

ij (� i � j i )x j i .

4. If 0 6= � 6= 1 and �x + (1 � � )y = �x + (1 � � )z, then y = z.

Easy consequences of these axioms are: (a) 1� x + 0 � y = x which implies
that in any expression of the form

P
� i x i we can simply drop any term with

� i = 0; and (b) that in order to de�ne the operations � � we need only know
how to form �x + (1 � � )y for any x, y and 0 � � � 1.
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Given two convex setsC and D a morphism� : C ! D is a set map that
is a homomorphism of the algebraic system; that is:

� (
X

i

� i x i ) =
X

i

� i � (x i ):

We shall call such a� an a�ne map .
We denote byConvthe category whose objects are convex sets and whose

morphisms are a�ne maps. The set of morphisms� : C ! D we denote by
Conv(C; D). The empty set and any singleton set are obvious objects of this
category.

Given any convex setC a subset D � C is called a convex subsetif
x; y 2 D ; 0 � � � 1 ) �x + (1 � � )y 2 D . The intersection of any family
of convex subsets is a convex subset, hence given any subsetS � C we can
de�ne its convex envelope conv(S) as being the intersection of all the convex
subsets that containS. This is the smallest convex subset that containsS
and consists of points of the form

P
i � i si with si in S.

A subset F of a convex setC is called aface of C if x 2 F; y; z 2 C; 0 �
� � 1; x = �y + (1 � � )z ) y; z 2 F . Clearly C is a face ofC. A point x
such that the singleton setf xg is a face is called apure, or extreme point.
All other points are called mixed. If � : C ! D is a morphism andG is a
face ofD then � � 1(G) is a face ofC.

The aim of this chapter is to show thatConv is a bicomplete monoidally
closed category [8]. To achieve this we must �rst construct an equivalent
category which is also of great utility because it interprets each convex set as
being canonically imbedded as a base of a cone in a functorially dependent
seminormed vector space.

We �rst note that Conv(C; D) can itself be considered as an object in
Conv by de�ning

P
i � i � i by the formula:

(
X

i

� i � i )(x) =
X

i

� i � i (x):

We shall write Ĉonv(C; D) for this object in Conv.
We further note that if Lin is the category of real linear spaces with

linear maps as morphisms, then there exists a functorLin ! Conv which
interprets each linear space as a convex set in the obvious manner.

To simplify notation, we give no names to the various identi�cation func-
tors that we are about to start using, letting the context supply the nec-
essary information. Note that if V is a real linear space, thenConv(C; V)
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can also be thought of as a real linear space; namely, de�nea� + b by
(a� + b )(x) = a� (x) + b (x) for a; b real.

Let C now be a nonempty convex set. We show thatConv(C; R) separates
points in C; that is, given x; y 2 C, x 6= y there is an a�ne map � : C ! R
such that � (x) 6= � (y). To show this we �rst imbed C by a rather laborious
construction into a real vector spaceVC in a way that the convex structure
of C becomes part of the linear structure ofVC In this way any a�ne map
C ! R will have an extension to a linear mapVC ! R, and conversely, the
restriction of any such linear map to the imbedded image ofC provides an
a�ne map C ! R. Thus using the fact that Lin (VC ; R) separates points of
VC we will conclude the needed result.

In order to understand the construction that follows, thinkof VC as being
formed by formal di�erences of the formax� by; x; y 2 C; a; b2 R; a; b > 0.

Consider the set of all quadruples of the form (x; y; a; b) 2 C� C� (0; 1 )�
(0; 1 ) and for intuitive reasons write such a quadruple asax � by. Introduce
now an equivalence relationax � by � a0x0 � b0y0 by �rstly requiring that
a + b0 = a0+ b; call this number D; and secondly by requiring

a
D

x +
b0

D
y0 =

a0

D
x0+

b
D

y

where of course the symbolic sums now refer to the algebraic operations
performed in the convex setC. Let VC be the set of equivalence classes
[ax � by] of these quadruples. We now de�ne a linear structure inVC . First,
we de�ne, choosing anyx0 2 C:

0 = [1x0 � 1x0]:

Given r 2 R, we de�ne scalar multiplication by:

r [ax � by] =

8
<

:

[(ra)x � (rb)y] if r i 0
0 if r = 0

[(� rb)y � (� ra)x] if r h0

and we de�ne addition by:

[ax � by] + [ a0x0 � b0y0] =
�
(a + a0)

�
a

a + a0
x +

a0

a + a0
x0

�
� (b+ b0)

�
b

b+ b0
y +

b0

b+ b0
y0

��
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where the sumsa + a0 and b+ b0 are to be interpreted inR, and the other
two as standing for the operations inC.

A tedious and totally unenlightening veri�cation shows that VC as so
de�ned is in fact a real vector space.

We now de�ne an imbeddingj C : C ! VC by:

j Cx = [2x � 1x]:

To see that j C is injective suppose that [2x � 1x] = [2y � 1y], then by the
de�nition of equivalence we must have (2=3)x + (1 =3)y = (2 =3)y + (1 =3)x
which by the axioms of convex sets is easily shown to be equivalent to x = y.
A further tedious veri�cation shows that j C is a�ne, hence we can identify
the convex structure in C as being induced by the linear structure inVC .
Let now � : C ! R be any a�ne map, we de�ne V� : VC ! R by setting
V� [ax � by] = a� (x) � b� (y). We have� = V� � j C . We conclude �nally, using
the argument already presented, thatConv(C; R) separates points inC.

Having established this, we can proceed in a more canonical fashion.
Consider the setC �� = Conv(Ĉonv(C; R); R). There is a natural a�ne map
j C : C ! C �� given by

(j C x)( � ) = � (x)

for � 2 Ĉonv(C; R), x 2 C. By the previous discussion we now know thatj C

is injective. In what follows, we drop the subscript inj C whenever convenient.
SinceC �� is naturally a vector space, we de�neV(C) as being the vector

space spanned by the image ofC by j . An element v of V(C) is therefore of
the form,

P
r i jx i . Let I be the set of indicesi such that r i > 0, and let K

be the set of indicesk such that r k < 0. Let D + = 1 +
P

f r i j i 2 I g, and
D � = 1 �

P
f r k j k 2 K g. Let x0 2 C be arbitrary. We have:

v = D +

 
1

D +
jx 0 +

X

I

r i

D +
jx i

!

� D �

 
1

D �
jx 0 +

X

K

� r k

D �
jx k

!

which being of the formD + jx + � D � jx � ; D + ; D � > 0; x+ ; x� 2 C, is now
identi�able with the element [D + x+ � D � x � ] of the vector spaceVC con-
structed earlier. We thus recover our previous construction. We furthermore
note that any element ofV(C) can be written as ajx 1 � bjx2; x1; x2 2 C
and a; b > 0. We can clearly allowa or b to be zero, though in the above
manipulations we avoided this to be able to relateV(C) to VC .
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The spaceV(C) has considerable additional structure. LetK (C) be
the cone of elements of the formajx , a � 0, x 2 C; thus jC is identi�ed
with the base of this cone and we haveV(C) = K (C) � K (C). Given
v = ajx � bjy 2 V(C) we can de�ne the linear functional � C (v) = a � b.
Note that � is positive onK (C). We now de�ne the functional

pC (v) = inf f a + bj v = ajx � bjy; a; b� 0g

or better

pC (v) = inf f � (v1) + � (v2) j v = v1 � v2; vi 2 K (C)g:

One veri�es that pC is a seminorm that coincides with� on K (C); fur-
thermore � C � j C (x) = 1. Let now � : C ! D be an a�ne map. De�ne
V(� ) : V(C) ! V(D) by:

V(� )(ajx � bjy) = aj� (x) � bj� (y):

One checks thatV(� �  ) = V(� ) � V ( ), V (1C ) = 1 V (C) , and that the
diagram

V(C)
V(� ) - V(D)

@
@

@� C R 	�
�

�

� D

R

commutes.
For the omitted caseC = ; we set V(C) = f 0g, the zero dimensional

vector space. The rest of the structure can now be easily identi�ed.
We are now ready to de�neBsn, the category of based seminormed linear

spaces. The objects of this category are real vector spacesW endowed with
the following additional structure: a proper convex coneK such that W =
K � K (proper means that� K \ K = f 0g) and a positive linear functional�
such that x 2 K; � (x) = 0 ) x = 0. Morphisms in this category are positive
linear maps� : W ! Z such that the diagram

W
� - Z

@
@

@� W R 	�
�

�

� Z

R
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commutes (positive means� (K (W)) � K (Z )). Now Conv and Bsn are
equivalent categories. We have already exhibited a functorC 7! V(C);
� 7! V(� ) from Conv to Bsn. The functor in the other direction which
establishes the equivalence is:W 7! f v 2 K (W) j � (v) = 1 g; � 7! � jW.

Just as for the categoryConv we shall identify Bsn(W; Z) with an object
of Bsn. Now Bsn(W; Z) is a convex subset ofLin (W; Z) since � � � = �
and � �  = � imply � � (�� + (1 � � ) ) = � and �;  positive imply
�� + (1 � � ) positive. We thus de�ne B̂sn(W; Z) = V(Bsn(W; Z)) think-
ing of Bsn(W; Z) as a convex set. Now by equivalence we have a natural
bijection Bsn(V(C); V(D)) ' Conv(C; D) which is readily seen to be an iso-
morphism of convex sets. ThusV(Ĉonv(C; D)) ' V(Bsn(V(C); V(D)) '
B̂sn(V(C); V(D)) a fact that will be useful later so we dignify it to be a
lemma.

Lemma 2.1 There is a naturalism Bsn isomorphism:

V(Ĉonv(C; D)) ' B̂sn(V(C); V(D)):

We also need the following technical result in a subsequent demonstration.

Lemma 2.2 Let � 2 B̂sn(W; Z) then we have the equality

� Z (� (w)) = �
B̂sn(W;Z )

(� ) � � W (w):

Proof: Suppose� = a� � b� ; a; b� 0; �; � 2 B̂sn(W; Z), then � Z (� (w)) =
� Z (a� (w) � b� (w)) = a� Z � � (w) � b�Z � � (w) = a� W (w) � b�W (w) = ( a �
b)� W (w) = �

B̂sn(W;Z )
(� ) � � W (w). Q.E.D

The advantage of usingBsn instead ofConv is that we can use the linear
structure to manipulate the convex structure.

Theorem 2.1 Conv is a bicomplete monoidally closed category.

The proof will proceed by stages. To show bicompleteness we need to
prove the existence of products, equalizers, coproducts, and coequalizers. To
prove monoidal closure we will exhibit a tensor productC 
 D of convex sets
and a natural bijection Conv(C 
 D; E ) ' Conv(C; Ĉonv(D; E )).
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1. Existence of products

Let C� be a family of convex sets and letC =
Q

C� be the set theoretic
product and � � : C ! C� be the set theoretic projections. We furnish
C with the following convex structure: � (x � ) + (1 � � )(y� ) = ( �x � +
(1 � � )y� ). To show that C is the product in Conv is now trivial.

2. Existence of equalizers

Let � 1; � 2 : C ! D be two a�ne maps. Consider the subsetE =
f x 2 C j � 1(x) = � 2(x)g. Now E is a convex subset and the inclusion
map � : E ! C is the set theoretic equalizer, which being a�ne is easily
seen to be the equalizer inConv.

3. Existence of coproducts

Let C� , be a family of convex sets. Consider the familyV(C� ) of the
corresponding vector spaces. LetV =

Q
V(C� ) be the vector space

coproduct, that is, the subspace of the vector space productde�ned
by (v� ) 2 V , v� 2 V(C� ) and v� = 0 for all but a �nite number of
indices. We de�ne� � : C� ! V by: � � (x) = ( y� ) where

y� =
�

j C� x if � = �
0 if � 6= �:

Let C = conv(
S

� � � (C� )) be the convex envelope of the union of the
images of all theC� , by the maps � � . Continue to call by � � the
injections C� ! C. We show that C is the coproduct inConv. Clearly
each � � is a�ne. Let � � : C� ! D be a family of a�ne maps. Now
eachx 2 C can be uniquely written asx =

P
f � � � � (x � ) j � 2 F g where

F is a �nite set of indices, � � � 0,
P

� a = 1, and x � 2 C� . We wish
to establish the existence of a unique a�ne map : C ! D such that
 � � � ; = � � but by a�nity and the factorization requirement we see
that  must be given by (x) =

P
F � � � � (x � ) which is readily shown

to satisfy the requirements.

4. Existence of coequalizers

Let � 1; � 2 : C ! D be two morphisms inConv. Consider the convex set
D � D. An equivalence relationR � D � D is said to beconvexif it is a
convex subset ofD � D. Seeing that the total relationD � D is a convex
equivalence relation, and that an intersection of an arbitrary family of
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convex equivalence relations is also a convex equivalence relation, we
conclude that the set of convex equivalence relations is a complete
lattice. The smallest element is equalityE = f (x; y) j x = yg. Thus,
let R be the smallest convex equivalence relation containing allpairs of
the form (� 1(x); � 2(x)), x 2 C. The passage to the quotient spaceD=R
is compatible with the convex structure inD; and we can introduce a
convex structure in the quotient by setting� [x] + (1 � � )[y] = [ �x +
(1 � � )y]. The set theoretic canonical map� : D ! D=R is easily
seen to be a�ne. Let now  : D ! F be a morphism such that
 � � 1 =  � � 2; we note that ( �  )� 1(E) is a convex equivalence
relation in D, and since it contains all pairs of the form (� 1(x); � 2(x)),
it contains R. Thus  is constant on the equivalence classes ofR and
so there is a unique factorization =  ̂ � � ;  ̂ is easily shown to be
a�ne showing that K is the coequalizer.

5. Existence of tensor product

To show that Conv has a tensor product, its enough to show that
the equivalent categoryBsn has a tensor product. LetV and W be
based seminormed vector spaces and consider the linear space tensor
product V 
 W. De�ne a cone in this space as being the convex cone
K generated by elements of the formv 
 w, v 2 K (V), w 2 K (W).
Since any element ofV 
 W has a representation

P
x i 
 yi and since

we can writex i = vi � v0
i ; yi = wi � w0

i ; vi ; v0
i 2 K (V); wi ; w0

i 2 K (W);
we conclude thatV 
 W = K � K . De�ne � : V 
 W ! R by the
universal diagram:

V � W
� 
 � - V 
 W

@
@

@� R 	�
�

�

�
R

where� (x; y) = � V (x)� W (y). If � (v) = 0 for v 2 K , then v =
P

x i 
 yi ;
x i 2 K (V), yi 2 K (W) and

P
� (x i )� (yi ) = 0. Since each term is

positive we have� (x i )� (yi ) = 0 for all i , that is, for all i , either x i = 0
or yi = 0, hencev = 0. We conclude that K is a proper cone and that
V 
 W has a naturalBsn structure. We now show there is a natural
bijection

Bsn(V;B̂sn(W; Z)) ' Bsn(V 
 W; Z):
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A Bsn morphism � : V ! B̂sn(W; Z) coincides with aLin morphism
�̂ : V ! Lin (W; Z) which in turn de�nes a unique Lin morphism
� x : V 
 W ! Z . We need show that� x is a Bsn morphism. Let
x 
 y 2 V 
 W then � x(x 
 y) = ( �̂x )(y) so � Z � x(x 
 y) = � Z (( �̂x )(y))
which by Lemma 2.2 is equal to�

B̂sn
(W; Z)( �̂x )� W (y) which in turn

is equal to � V (x)� W (y) since �̂ is actually a Bsn morphism. As this
last number is � V 
 W (x 
 y) we conclude that � Z � � x = � V 
 W . Fur-
thermore, if x 2 K (V), y 2 K (W), then � x(x 
 y) = � (x)(y), but
since � (x) 2 Bsn(W; Z) we have� (x)(y) 2 K (Z ), showing that � x is
positive. We conclude from all this that � x is a Bsn morphism. We
have established one side of the bijection however, using the same equa-
tions the argument is reversible and we conclude thatBsn has a tensor
product. Returning to Conv we de�ne C 
 D to be the base of the
cone in theBsn tensor productV(C) 
 V(D), establishing thus a nat-
ural isomorphismV(C 
 D) ' V (C) 
 V(D). Therefore C 
 D is the
convex envelope of the set of points of the formj C x 
 j D y; x 2 C,
y 2 D. We now have using Lemma 2.1,Conv(C; Ĉonv(D; E )) '
Bsn(V(C); B̂sn(V(D); V(E))) ' Bsn(V(C) 
 V(D); V(E)) '
Bsn(V(C 
 D); V(E)) ' Conv(C 
 D; E ) where each bijection is nat-
ural. Thus Conv is a monoidally closed category and we conclude the
proof of our theorem. Q.E.D.

The tensor product of two convex sets is generally hard to compute.
For example [0; 1] 
 [0; 1] is a�nely isomorphic to the tetrahedron, but
this requires some work to establish.

As a �nal observation on the theorem we note that the initial object in
Conv is the empty set ; where the unique initial morphism; ! C is the
empty map. As has already been notedV(; ) = f 0g is the initial object in
Bsn. The �nal object in Convis any singleton setf�g . Note that V(f�g ) ' R
where j � = 1.
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Chapter 3

The Canonical Vector Space
Duality of a Statistical Triple

By a statistical pairing, or pairing for short, we shall mean a system
(C; D; h�; �i ) where C and D are convex sets andh�; �i : C � D ! [0; 1] is
bia�ne. Given a pairing, we can imbed C in its Bsn spaceV(C). We
can now think of eachd 2 D as de�ning a linear map V(C) ! R by
�jc � �jc 0 7! � hc; di� � hc0; di . Thus D is mapped to a subset of the algebraic
dual of V(C). Let V0(D) be the subspace of this dual spanned by the image
of D. Thus we have a pairing ofV(C) with V0(D) and we continue to write
h�; �i for the bilinear form de�ning this pairing. Note that if P = ( C; D; h�; �i )
is a pairing, then so isJP = ( D; C; h�; �i J ) where hd; ci J = hc; di . Hence we
can also pairV(D) with V0(C) de�ned analogously.

In case a pairing is separated, we call it astatistical duality, or duality for
short. In this case the correspondencesd 7! h�; di and c 7! hc;�i imbed D as a
subset ofConv(C; [0; 1]) and C as a subset ofConv(D; [0; 1]), identi�cations
that we will normally use without mention.

A statistical triple ( S;O; h�; �i ) is clearly a duality, and in this case we
note that 0 is mapped to the origin ofV0(O). We have in this case:

Theorem 3.1 The pairing of V(S) with V0(O) is separated.

Proof: Suppose �rst that haj� � bj� 0; r i = 0 for all r 2 V0(O), then in
particular for r = 1 we concludea = b. Thus if a 6= 0 we have that for all
p 2 O , hj� � j� 0; pi = 0, or h�; p i = h� 0; pi and hence� = � 0 since triples are
separated. In any case thereforeaj� � bj� 0 = 0 and the pairing separates
points of V(S).
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Suppose nowhj�;
P

r i pi i = 0 for all � 2 S, then as before we can writeP
r i pi = ap � bq; p; q 2 O , a; b > 0. Thus we haveah�; p i = bh�; q i .

One of the ratios a=b or b=a must lie in [0; 1], say b=a. Hence h�; p i =
(b=a)h�; q i = h�; (b=a)p + (1 � b=a)0i . Since triples are separated we have
p = ( b=a)q + (1 � b=a)0 but then in V0(O), ap � bq= ( a � b)0 = 0, and so
the pairing separates points ofV0(O). Q.E.D

We note that in �ve of the examples in the �rst chapter, the statistical
triples were thought of as being already within their respective linear duali-
ties. For example, in quantum mechanics,V(S) is the space of all trace class
matrices, andV0(O) the space of all self adjoint bounded operators with the
pairing given by Tr(P A) where P is trace class andA is bounded and self
adjoint.



Chapter 4

A More Extensive Formalism

Various experiences in trying to develop the formal foundations of quantum
mechanics [9] have demonstrated that the scheme so far introduced is too
restrictive in two aspects. We rarely perform simply a single yes-no ob-
servation, we generally observe several properties at the same time, or use
instruments with scales whose response is some real number and is not re-
stricted to merely registering yes-no alternatives. Furthermore, the act of
observation does not normally mean the end of experimentation; observation
could be part of preparation of the state. That is, some stateis prepared,
then observed, and if it satis�es certain conditions it's kept for further ob-
servations, and if not, it's rejected and the state preparation procedure is
aborted and considered a failure. An example of such a procedure would be
an initial screening of subjects for a psychology experiment by administering
certain tests.

In previous works these two ampli�cations of the formalism has been done
within an already existing statistical triple (S; O; h�; �i ). That is, instruments
and operations were de�ned within an already mounted formalism and then
their properties studied.

The point of view we shall follow here is to introduce these notions as
primitive, to formalize the properties that we intuitively feel they have in
their concrete realizations in experiments, and to show that in doing so, we
can, under certain phenomenological assumptions, construct in the end a
statistical triple ( S; O; h�; �i ) within which the given structure can be repre-
sented.

Consider a measuring instrument with a scale, such as a voltmeter, a
balance, a yardstick, or an apparatus for measuring visual thresholds. Such
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an instrument does not provide us with a yes-no alternative but with a family
of such. We think of the scale as an abstract setX such that each point
x 2 X represents a possible reading of the instrument. IfA � X is in some
sense a su�ciently regular subset, we can associate toA a yes-no observation
described by: the reading of the instrument fell withinA. If it is meaningful
to attach such yes-no observations to the setsA; B � X , then it's equally
meaningful to attach them toX nA, A [ B , and A \ B . Thus we can assume
these subsets form a Boolean algebra.

Without further ado we introduce a setI of instruments. To eachI 2 I
is associated a certain Boolean algebraBI the algebra of events in thescale
of the instrument. (For the scale we can take the Stone representation space
of BI ) We still assume that we have a convex setS of states. Given� 2 S,
I 2 I , and A 2 BI we denote byh�; I (A)i the asymptotic frequency that in
the state � the instrument has a reading in the eventA of the scale. We must
assume by the frequentistic interpretation that for each� 2 S, A 7! h�; I (A)i
is a measure onBI Of special interest are the instruments in whichB is �nite,
say a Boolean algebra withn atoms. In practice, due to technical limits on
resolution of observations, we can always assume the scale of an instrument
to be divided into a �nite number of mutually disjoint subsets. Other types of
scales are idealizations introduced for ease in theoretical investigations. It's
easier in physical theories for example, to talk about an abstract length with
values in [0; 1 ) instead of actual metersticks, microcalipers, interferometers,
planetary orbits, and other length measuring instruments and methods as
mathematical objects formalized within the theory. For foundation studies
however, these generalizations to in�nite algebras are cumbersome to handle,
and we shall therefore assume for the rest of this work thatB is always a �nite
Boolean algebra. If nowB hasn atoms, we can assume it to be the Boolean
algebra of subsets of the setf 1; 2; : : : ; ng. This latter set we denote byn. and
the associated Boolean algebra byBn . The trivial algebra f;g we denote by
B0. For ease of notation, we denote the atomf kg of Bn simply by k. We can
now think of I as being the simultaneous observation ofn mutually exclusive
properties. We shall refer to these properties as theatomic observations,
or simply atoms of I . A copy of a state can posses only at most one of
these properties, which one however, can vary from copy to copy. In these
circumstances we can also introduce the property which is the conjunction of
the negations of the given set of properties. That is, we can add to B one more
atom and now assume that in addition to having a set of mutually exclusive
properties we also have a set of mutually exhaustive ones. This procedure
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we callexhaustionof the instrument I . If we denote by $ the largest element
of B then we say that I is exhaustiveif h�; I ($)i = 1 for all � 2 S. The
exhaustion of any instrument is clearly exhaustive. A �nal convenient way
of intuitively thinking of I with B �nite with n atoms is the following: think
of I as an apparatus with a panel ofn lights, when applied to a copy of the
state � any one of the lights may register, but never more than one. When I
is exhaustive then there is always some light that does register. Every event
A � B is a subset of lights, andh�; I (A)i is the asymptotic frequency with
which a light registers within the subsetA when applied to a state� . Let
now A l ; A2; : : : ; Ak be a set ofk mutually disjoint subsets of the atoms ofBn .
We can now consider the instrumentJ on Bk de�ned as follows: ifS � k,
then h�; J (S)i =

P
fh�; I (A j )i j j 2 Sg. We call J a condensationof I and

I a re�nement of J . In terms of properties, thej -th atomic property of J is
the logical disjunction of the atomic properties ofI that lie in the subset A j .
In terms of a panel of lights we consider the event of any lightregistering in
the subsetA j as triggering of the registration of thej -th light on the panel of
J . For eachA j that is empty we therefore have a dummy light on the panel
of J that never registers. Note that the union of theA j is not necessarily all
the atoms ofBn , certain atoms may thus be simply ignored. Such a situation
may turn an exhaustive instrument into one which is not.

Least the reader be led terribly astray, we must warn him or her that the
above notion of simultaneous observations is rather di�erent from the same
called notion as is commonly considered in quantum mechanics. The actual
physical mechanism that leads to the assignment of one of theproperties
of an instrument to a copy of a state could involve interactions with the
copy over a prolonged time interval. What is essential is that only one of the
properties is a�rmed of the copy in the end. We shall explore in Chapter 7 the
relationship that our notion has to the one of the usual quantum mechanical
models.

Consider now anoperation, that is, an observation followed by either
rejection or an acceptance as a new state. Given such an operation � and
a further observation p, we can consider the situation from two points of
view, as diagrammed below (note thatp is not the observation involved in
the mechanism of the operation, it is a subsequent one):
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� � p- -

| {z }
new prepartion

procedure
new state

� � �

@
@

@I

� � p- -

| {z }
new observation

�p

The two viewpoints are equivalent, though for certain purposes the sec-
ond is more convenient, for if� rejects every copy of� , then � � � strictly
speaking doesn't exist, yet�p continues to make sense. Now this type of
reasoning, though extensively treated in the literature onthe foundations of
quantum mechanics, su�ers from the same defects that lead tothe consider-
ation of instruments instead of isolated observations. If we now admit that
the observation needed to de�ne an operation can be performed by an in-
strument, then instead of rejecting or accepting, we can classify according to
the response of the instrument. A more adequate re
ection ofactual practice
would be diagrammed as follows:

�-�

-
-

-

1

2

...

k

That is, a copy of a state is prepared and observed with an instrument; on
the basis of the result, the copy is either rejected or is classi�ed as belonging
to one ofk possible new states. We say the operation hask exits. In terms
of beam physics parlance,� is a beam splitter, for other situations however
this is merely a metaphor. In a psychological experiment forinstance, the
subject can be given a preliminary test, and on the basis of the result he



A More Extensive Formalism 37

or she is classi�ed within any one of k categories. Note that we are not
assuming that after such a classi�cation the subject continues to be a copy
of the original state; the fact of having been tested could certainly in
uence
subsequent behavior, and such in
uences must be part of the formalism.

Note that outputs of operations can be inputs to others so that a com-
plicated array can be constructed. For example:

� 1

� 2

� 3

� 4

-

-

-

-

-

- -

- -
-
-

-

In terms of a collection of tests, we can consider such an array as a system
comprising an initial test and contingent subsequent testsby which a subject
is prepared for �nal observations in any one of the six categories at the
end. Furthermore, anywhere along the line any one of the operations could,
depending on its functioning, reject the subject from the system. Note that
in the above diagram, the double entries in� 3 and � 4 are merely apparent,
since a given copy of the state makes its way only along one route, and by
the very interpretation of the formalism, there is never anysimultaneous
entries or exits. We can think of the whole array above as itself being a
single operation with six exits.

Given an operation� with k exits, we can place a di�erent instrument at
each exit:

�-

-
-

-

I 1
I 2

...

I k

| {z }
new instrument
� (I 1; I 2; : : : ; I k)
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If each I i is based onBn i , the combined system is now a new instrument
� (I 1; I 2; : : : ; I k) based onBn , n =

P
ni . Of course even if eachI i is exhaus-

tive, the new instrument may not be, since� may reject some copies.
We must now introduce into our scheme something that would corre-

spond to the convex combinations of observations introduced in the �rst
chapter. Let � = ( � l ; � 2; : : : ; � n), � i � 0,

P
� i = 1 be a probability mea-

sure on n points. We de�ne an operation � � that functions according to
the following prescription: Divide the unit interval [0; 1] into the following
subintervals [0; � 1), [� 1; � 1 + � 2), [� 1 + � 2 + � � � + � j ; � 1 + � 2 + � � � + � j +1 ),
[� 1 + � 2 + � � � + � n� 1; � 1 + � 2 + � � � + � n ] There aren such intervals, some of
which may be empty. Whenever a copy of a state� is presented to� � pick
a number randomly in [0; 1] from a uniform distribution there and classify
the copy of � as belonging to classi if this number fell within the i -th inter-
val. Since the operation� � does not involve any interaction with the copy of
� , and in fact the result can be decided even before that particular copy is
prepared, we must admit that at each one of the exits of� � the given copy
continues to be a copy of the same state. In other words� � simply classi�es
a-priori in a random manner a fraction� i of the population � as belonging
to classi without basing the classi�cation on any characteristics of� at all.
We call � � a stochastic splitter.

There is yet another sort of operation that must be introduced into any
formalism because it can always be performed in practice. Let I be an
instrument with n atoms and� 1; � 2; : : : ; � n 2 S. We can de�ne and operation
as follows: Observe a state� with I , if I does not register, destroy the copy
of the state, if the k-th property of I registers, destroy the copy of the state
and prepare state� k considering this as the outcome of the operation. Notice
that here the transformed copy of the state� k could have absolutely nothing
to do with the original copy of � since the preparation can be performed
independently of anything to do with� . We call this operation asubstitution
operation and denote it by � I

� where � = ( � 1; � 2; : : : ; � n ). It could better
be called asleight of hand operationbeing a type of operation by which a
magician puts a bottle of champagne in a hat and then pulls outa rabbit.
We use both names in this work.

Now except for sleight of hand operations, we shall usually in what fol-
lows abandon all mention or investigation of the instrumentneeded in the
mechanism of the operation. All that matters are the resultsof applying the
operation to a state � . In fact in many operations, such as light �lters for
example, the instrument is not made accessible to the experimenter, the oper-
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ation performs its classi�cations automatically, making the said instruments
something that is only virtually present.

We now formally de�ne a statistical theory:

De�nition 4.1 A statistical theory consists of the following:

1. A convex setS called theset of states.

2. A set I called theset of instruments. This set is a disjoint union of
subsetsI n , n = 1; 2: : : where if I 2 I n we sayn is the sort of I and
call it the number of itsatomic observation, or atoms for short.

3. A set R called theset of operations. This set is a disjoint union of
subsetsR n , n = 1; 2: : : where if � 2 R n we sayn is the sort of � and
call it the number ofexits of the operation.

These objects are subject to the following laws:

Axiom 4.1 Each I 2 I n is a function I (�) : Bn ! Conv(S; [0; 1]). We call
I (A) the property of the reading ofI to fall within A. The numberh�; I (A)i
has the frequentistic interpretation of being the asymptotic frequency with
which the eventA occurs in the state� when viewed withI . According to
this interpretation we must assume thatha; I (�)i is a measure onBn for all
� .

Axiom 4.2 Each � 2 R k is a map � : I k � I . We call � (I 1; I 2; : : : ; I k) the
instrument constructed by placingI j on the j -th exit of � . If nj is the sort of
I j , then the sort of � (I 1; I 2; : : : ; I k) is n =

P
nj . We identify Bn with � Bn j

via the injections Bn j ! Bn that sends the atomm of Bn j into the atom
m +

P j � 1
i =1 ni of Bn .

Axiom 4.3 For any k � 1 and any k-tuple � = ( � 1; : : : ; � k) of numbers
such that � i � 0,

P
� i = 1; there is an operation � � 2 R k such that

h�; � � (I 1; I 2; : : : ; I k)(A)i =
P

� i h�; I i (A \ Bn i )i where A \ Bn i is the pro-
jection of A 2 Bn onto the summandBn i . We call � � a stochastic splitter.
For k = 1 we have� 1(I ) = I and we call� 1 by Id being the identity map
I ! I .
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Axiom 4.4 For any I 2 I k and any � = ( � 1; � 2; : : : ; � k) 2 Sk there is an
operation � I

� such thath�; � I
� (I 1; : : : ; I k)(A)i =

P
i h�; I (f ig)ih� i ; I i (A \ Bn i )i

with the same notation as in axiom 4.3. We call� I
� a substitution or sleight

of hand operation.

Axiom 4.5 The setR is closed undercompositions. That is, given � 2 R m

and 1; : : : ;  m in R n1 ; : : : ; R nm respectively, there is an operation� f  1; : : : ;  m g
in R n1+ ���+ nm which satis�es:

� f  1; : : : ;  mg(I (1)
1 ; : : : ; I (1)

n1
; I (2)

1 ; : : : ; I (2)
n2

; : : : ; I (m)
1 ; : : : ; I (m)

nm
) =

� ( 1(I (1)
1 ; : : : ; I (1)

n1
);  2(I

(2)
1 ; : : : ; I (2)

n1
); : : : ;  m (I (m)

1 ; : : : ; I (m)
nm

)) :

This allows us to form systems of operations. For example, the system shown
on page 37 is

� 1f � 2f Id; � 3f Id; � 4gg; � 3f Id; � 4g; � 4; Idg:

Axiom 4.6 We assumeI is closed undercondensation. That is, if I 2 I m

and � : Bn ! Bm is a lattice morphism, thenI � � 2 I n . We call I � � the
condensation ofI along� . The condensation de�ned by the map� : B1 ! Bm

which sends the only atom1 of B1 into the largest element$ of Bm is called
a total or full condensationof I . It corresponds to forming the conjunction
of all the atomic properties ofI .

Axiom 4.7 We assumeR is closed undercondensations of exits, that is any
subset of exits can be considered as a single exit. Let� 2 R n and � : n ! m
be any map. Then we must have� � � 2 R m where

� � � (I 1; : : : ; I m ) = � (I � (1) ; : : : ; I � (n)) � � x

and where� x : � m
j =1 Bn j ! � n

i =1 Bn � ( i )
is the lattice morphism de�ned by

� x(A \ Bn j ) =
S

i f A \ Bn � ( i )
j j = � (i )g.

Hence to condense the �rst two exits of a three exit operationwe must de�ne
what would happen if we place an instrumentI on the condensation of the
two exits an instrument J on the third. Place therefore a copy ofI on the
�rst two exits, J on the third, and condense the corresponding atoms of the
two copies ofI .
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We also include under this axiom the act ofignoring an exit, which we
consider as a type of condensation. Thus we assume that if� 2 R n then
�� 2 R n� 1 where �� (I 1; I 2; : : : ; I n� 1) is that condensation of� (I 1; I 2; : : : ; I n )
which ignores all the atoms ofI n . Operationally this corresponds to rejecting
every copy of a state that leaves by the last exit.

Axiom 4.8 We assume thatI is closed underexhaustion. If I 2 I n , then
its exhaustionÎ 2 I n+1 is de�ned on sayBn � B1 by:

h�; Î (A)i =
�

h�; I (A)i if A \ B1 = ;
h�; I (A \ Bn )i + 1 � h �; I ($)i otherwise.

For any instrument I consider now the total condensation of̂I This is an
instrument 1 of sort 1 with the property that h�; 1i = 1 for all � . Consider
now 1̂ and condense by ignoring the �rst atom; this is now an instrument 0
of sort 1 such that h�; 0i = 0 for all � . With these two special instruments
we can now proceed with the axiomatization.

Axiom 4.9 We assume that the exits of an operation can be viewed as new
state preparations if when applied to a state� , a positive fraction of times
the particular exit is used. Let� 2 Rn and consider thosei for which � i (� ) =
h�; � (0; 0; : : : ; 0; 1; 0; : : : ; 0) 6= 0 where1 stands in thei -th place. We must
now allow that there exists a state� (i )

� � such that for all I 1; I 2; : : : ; I n ;

h�; � (I 1; : : : ; I n )(A)i =
X

f � i (� )h� (i )
� �; I i (A \ Bn i )i j � i (� ) 6= 0g:

Note that � i (� ) is the fraction of times a new state exits throughi when �
is applied to � . By convention we will write sums of the form above ranging
over all i having it understood that if � i (� ) = 0, the corresponding term is
not present since no state leaves by that exit.

We have in particular for � = � I
� that � i (� ) = h�; I (f ig)i and � (i )

� � = � i ,
and for � = � � that � i (� ) = � i , � (i )

� � = � .

Axiom 4.10 Instruments separate states. That is, ifh�; I (A)i = h� 0; I (A)i
for all I and A, then � = � 0.

We note that de�ning I 2 I n as a mapBn ! Conv(S; [0; 1]) and � 2 R n

as a mapI n ! I we are a already identifying as being n identical any two
realizable instruments or operations that have identical statistical behavior.
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This is similar to the assumption previously made about the setsS andO, but
now that we have a greater variety of mathematical objects werecover certain
distinctions that previously we lost. For example, for tossing a balanced coin,
we can introduce the instrument that looks at the two exclusive possibilities
of heads and tails, though we still can't tell which is which.

The complexity of the above formalization is its major drawback, fortu-
nately some simpli�cation is possible. We proceed to reformulate the theory
to make it more manageable.

Having a statistical theory, we de�neO as being a subset ofConv(S; [0; 1])
consisting of the union of all images ofI 2 I :

O =
[

f I (A) j A 2 BI ; I 2 Ig :

Proposition 4.1 O is identi�able with I 1 that is with the instruments of
sort 1.

Proof: If I 2 I 1 then we identify I with the image I (1) of the only atom
1 of B1. If now p = I (A), I 2 I n , A 2 Bn , then condensing along the map
� : B1 ! Bn de�ned by 1 7! A we obtain an instrument of sort 1 which
corresponds exactly top. Q.E.D

Proposition 4.2 O is a convex subset of Conv(S;[O;1]).

Proof: Let p1; p2 2 I 1 be two elements ofO and 0 � � � 1. Con-
sider the stochastic splitter � (�; 1� � ) and let q be the total condensation of
� (�; 1� � )(p1; p2). Then q = �p 1 + (1 � � )p2 Q.E.D

Proposition 4.3 O is closed undernegation, that is, if p 2 O then there is
a : p 2 O such thath�; : pi = 1 � h �; p i for all � .

Proof: Let p 2 I 1 and let I be the exhaustion ofp; then : p is the image
of the new atom ofI . Q.E.D

We have already shown on page 41 the following:

Proposition 4.4 O contains an element1 such that for all � , h�; 1i = 1.

We have thus shown that (S; O; h�; �i ) is a separated statistical triple where
h�; �i is the restriction of the natural duality betweenS and Conv(S; [0; 1])
to S � O .
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We can now consider eachI 2 I n as being a mapI : Bn ! O and thus
interpret each instrument within the triple (S; O; h�; �i ) as is usually done.

There is still a more cogent way of viewingI n ; it can be interpreted as a
subset ofOn by the identi�cation I 7! (I (1); I (2); : : : ; I (n)).

Proposition 4.5 I n is a convex subset ofOn .

Proof: Let 0 � � � 1; I; J 2 I n . As an element ofOn , �I + (1 � � )J
is equal to the condensation of� (�; 1� � ) (I; J ) which identi�es corresponding
atoms of I and J . Q.E.D

Let now � : n ! m be any partial map and consider the induced map
� � : V0(O)n ! V0(O)m given by � � (a1; : : : ; an ) = ( b1; : : : ; bm ) where bj =P

f ai j � (i ) = j g. The condensation axiom for instruments now becomes:

Proposition 4.6 � � (I n ) � I m .

Here of course we identifyI nwith its corresponding subset ofV0(O)n .
Consider now the mape : V0(O)n ! V0(O)n+1 given by e(a1; : : : ; an ) =

(a1; : : : ; an ; 1 � a1 � a2 + � � � � an ) The exhaustion axiom for instruments now
becomes:

Proposition 4.7 e(I n ) � I n+1 .

We now proceed to interpret each operation� within the triple. Let
� 2 R n and de�ne � (i ) : O ! O by the following formula: givenp

h�; � (i )pi = � i (� )h� (i )
� �; p i

where in case� i (� ) = 0, the right hand side is by convention zero. We
�rst need to show that � (i )p 2 O . But we have from axiom 4.9 that� (i )p is
the total condensation of� (0; : : : ; 0; p;0; : : : ; 0) where p is in the i -th place.
Furthermore, axiom 4.9 shows thatO is completely determined by the� (i )

since the equation there can be written as:

h�; � (I 1; : : : ; I k)(A)i =
X

h�; � (i ) I i (A \ Bn i )i :

Let Q be the set of all� (i ) for all � 2 R .

Proposition 4.8 Q is identi�able with R 1.
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Proof: Clearly if � 2 R 1, then � is immediately identi�able with � (1) 2 Q .
Let therefore � 2 R n , n > 1, and consider the condensation of� obtained by
rejecting all exits other than i . As an element ofR 1 this operation is now
identi�able with � (i ) . Q.E.D

With obvious changes in notation we proceed.

Proposition 4.9 Each � 2 Q is an a�ne map.

Proof: For each� 2 S, h�; � (�p + (1 � � )q)i = � (� )h� � �; �p + (1 � � )qi =
�� (� )h� � �; p i + (1 � � )� (� )h� � �; q i = � h�; �p i + (1 � � )h�; �q i =
h�; ��p + (1 � � )�q i . Hence� (�p + (1 � � )q) = ��p + (1 � � )�q Q.E.D

We have immediately from the de�nitions.

Proposition 4.10 � (� ) = h�; � 1i .

In particular we see that in all casesh�; �p i � h �; � 1i .
If now �; � 0 2 R 1 then �� 0 corresponds exactly to the operation� f � 0g.

Hence we have:

Proposition 4.11 If �; � 0 2 Q , then �� 0 2 Q .

We thus see thatQ is a semigroup; in fact it is a monoid with zero, since
Id is the identity and the map p 7! 0, the zero, can be identi�ed with the
condensation of the stochastic splitter� (0;1) obtained by ignoring the second
exit.

Proposition 4.12 Q is a convex set.

Proof: If � 1; � 2 2 Q and 0 � � � 1, then �� 1 + (1 � � )� 2 is the full
condensation of� (�; 1� � ) f � 1; � 2g. Q.E.D

We can now identifyR k with a subset ofQk by the map� 7! (� (1) ; : : : ; � (k))
Since every� 2 Q has an obvious extension, still called� , to a linear map
V0(O) ! V0(O) we can thus also think ofQk as a subset of (Lin (V0(O); V0(O))) k .

Proposition 4.13 R k is a convex subset ofQk .

Proof: If �; � 0 2 R k and 0� � � 1, then �� + (1 � � )� 0 can be identi�ed
with the condensation of� (�; 1� � ) f �; � 0g which identi�es corresponding atoms
of � and � 0. Q.E.D

The existence of stochastic splatters now becomes:
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Proposition 4.14 If 0 � � i ,
P k

i =1 � i = 1, then (� 1Id; � 2Id; : : : ; � k Id) 2 R k .

The existence of substitution operations now becomes:

Proposition 4.15 Let I = ( p1; : : : ; pk) 2 I k and � = ( � 1; : : : ; � k) 2 S k , then
(h� 1; �i p1; : : : ; h� k ; �i pk) 2 R k

The axiom of composition now becomes:

Proposition 4.16

If ( � 1; : : : ; � m ) 2 R m and ( j
1; : : : ;  j

n j
) 2 R n j ; j = 1; : : : ; m then

(� 1 1
1; � 1 1

2; : : : ; � 1 1
n1

; � 2 2
1; : : : ; � 2 2

n2
; : : : ; � m  m

1 ; : : : ; � m  m
nm

) 2 R n

wheren = n1 + � � � + nm .
Let now � : n ! m be any partial map and consider the induced map

� 0 : (Lin (V0(O); V0(O))) n ! (Lin (V0(O); V0(O))) m given by� 0(A1; : : : ; An) =
(B1; : : : ; Bm ) where B j =

P
f A i j � (i ) = j g. The condensation axiom for op-

erations now becomes:

Proposition 4.17 � 0(R n ) � R m .

The fact that operations act on instruments to produce otherinstruments is
now expressed by:

Proposition 4.18 If (� 1; : : : ; � k) 2 R k and I j = ( pj
1; : : : ; pj

n j
) 2 I n j ,

j = 1; : : : ; k then (� 1p1
1; : : : ; � 1p1

n1
; : : : ; � kpk

1; : : : ; � kpk
nk

) 2 I n where n =
n1 + � � � + nk .

In view of the above propositions we now rede�ne a statistical theory as
follows:

De�nition 4.1 0 A statistical theory T is a statistical triple (S; O; h�; �i )
endowed with the following additional structure:

1. For eachn � 0 there is given a convex subsetI n � O n .

2. There is given a convex subsemigroupQ of Ĉonv(O; O) containing
Id and 0.

3. For eachn � 1 there is given a convex subsetR n � Q n .
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This collection of objects satis�es the following axioms:

Axiom 4.2 0 The statement of Proposition 4.18

Axiom 4.3 0 The statement of Proposition 4.14

Axiom 4.4 0 The statement of Proposition 4.15

Axiom 4.5 0 The statement of Proposition 4.16

Axiom 4.6 0 The statement of Proposition 4.6

Axiom 4.7 0 The statement of Proposition 4.17

Axiom 4.8 0 The statement of Proposition 4.7

Axiom 4.9 0 Given � 2 S and � 2 Q , then:

1. If h�; � 1i 6= 0, 9 � � � 2 S such that8 p 2 O , h�; �p i = h�; � 1ih� � �; p i .

2. If h�; � 1i = 0 then 8 p 2 O , h�; �p i = 0.

We note that there is no axiom correspondent to Axiom 4.1 since the
content of that axiom is already implied in the de�nition; likewise for Axiom
4.10.

Let (� 1; � 2; : : : ; � k) 2 Q k be anyk-tuple. Given instruments I 1; I 2; : : : ; I k ,
with I i based onBn , consider the mapI : � Bn i ! Conv(S; [0; 1]) given by

h�; I (A)i =
X

h�; � i I i (A \ Bn i )i : (4.1)

This map may or may not be an instrument. If for every set of instruments
I 1; I 2; : : : ; I k ; I is an instrument, we say that (� 1; : : : ; � k) is consistent.

The question now arises whether given a consistentk-tuple (� 1; � 2; : : : ; � k)
if there is an operation � 2 R k such that � i = � (i ) . Given instruments
(I 1; : : : ; I k) the existence of the instrumentI above means operationally that
it can be physically realized to any degree of approximation. The ability to
do so by means other than the existence of an operation� with � i = � (i ) is
hard to imagine but is not to be excluded. We thus propose to introduce
a simplifying assumption at this level of our formalization, noting however
that it is a phenomenological assumption.
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We say that a statistical theory isoperational if every consistentk-tuple
(� 1; � 2; : : : ; � k) is of the form � i = � (i ) for some � 2 R k . Noting that for
any such� the k-tuple (� (1) ; : : : ; � (k)) is always consistent we see that in an
operational theory the setsR k are completely determined by the setsI and
Q.

We note that the basic phenomenological assumption which distinguishes
operational theories from more general ones is the following: If instruments
exist whose behavior in relation to other existing instruments and to exist-
ing operations is given by formula (4.1), then it's possibleto construct a
many exit operation such that placingI 1; : : : ; I k on the exits we obtain the
instrument I . The introduction of this hypothesis rests on certain concep-
tual distinctions. We can conceive of two types of operations, those that are
immediately followed by observations at each exit and whichare so tightly
bound to their observing instruments that it doesn't make sense to detach
them, and those in which we can e�ect further operations at the exits by de-
taching the instruments. We can conceive that the �rst type be possible and
the second type not. The �rst type is not essentially distinguishable from
just another type of instrument and it only e�ectively acts as an operation
with instruments on the exits. Saying that an actual operation exists means
that we allow for the possibility of removing some of the exitinstruments
and substituting them by others or by further operations. Ofcourse, there
is no reason why a statistical science be operational in these terms. It seems
to us though that operational statistical theories is the next simplest level of
formalism beyond statistical triples.

We close this chapter with the demonstration that a statistical triple
(S; O; h�; �i ) has associated to it a canonical operational statistical theory that
in a certain sense admits the maximum family of instruments and operations.

Let (S; O; h�; �i ) be given. We de�neI n as the set of all maps of the form
I : Bn ! O where n � 1, and h�; I (�)i is a measure onBn . For further
use we enlarge on this. The Boolean algebraBn can be viewed as the set
of characteristic functions onn. That h�; I (�)i is a measure for all� means
that we can extendI by convexity to the set of all functionsf : n ! [0; 1]
by setting I (f ) =

P
f (i )I (f ig). Thus an instrument can be viewed as an

a�ne map from the set of observationsO(Bn ) of the Boolean triple based
on Bn to O with the two absurd observations corresponding. We shall thus
also considerI as an a�ne map O(Bn ) ! O . Let now Q be the set of all
a�ne maps � : O ! O that satisfy axiom 4.90 . We reinterpret I n now as
being a subset ofOn and one easily shows thatI n is convex and Axioms 4.6
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0 and 4.80 are satis�ed. We de�ne R n � Q n as consisting of consistent
n-tuples (� 1; : : : ; � n ). We �rst show that Q is convex and that Axiom 4.90 is
satis�ed. To do so we �rst establish a lemma.

Lemma 4.1 Let � i 2 Q ; r i � 0, i = 1; : : : ; k; � 2 S. Interpret each � i as a
linear transformation of V0(O). Then if D =

P
r i � � i (� ) 6= 0 there is a state

� � 2 S such that for all p 2 O , h�;
P

r i � i pi = Dh� � ; pi .

Proof: We have: h�;
P

r i � i pi =
P

r i h�; � i pi =
P

r i � � i (� )h� i � �; p i . Hence
we can take for� � the state

P
(r i � � i (� )=D)� i � � . Q.E.D

To establish convexity ofQ we need only note that if�; � 0 2 Q ; 0 � � � 1;
then clearly �� +(1 � � )� 0 2 Conv(O; O). Lemma 4.1 now shows that Axiom
4.90 is satis�ed by this convex combination.

To establish Axiom 4.70 let (� 1; : : : ; � n ) be consistent and� : n ! m be a
partial map. We can always assume that� is surjective, since (� 0� ) j = 0 for j
not in the image of� and hence doesn't contribute. Since� can be factored
into a product of surjections, each one of which is injectiveexcept on a
single pair of points, we can reduce the probem by induction and relabelling
to showing that � 1 + � 2 2 Q and that (� 1 + � 2; � 3; : : : ; � n ) is consistent.
Now consistency will follow from the axiom on condensationsof instruments,
which already has been established. We �rst show therefore that � 1 + � 2

mapsO into O. Let p 2 I 1, by de�nition of consistency, � (p; p;0; : : : ; 0) is an
instrument, and its total condensation gives� 1p+ � 2p. Hence� 1+ � 2 : O ! O .
Lemma 4.1 now establishes Axiom 4.90 and the condensation axiom for
operations is proved.

Let �; � 0 2 Q and assumeh�; � 1i 6= 0. We have h� � �; � 0pih�; � 1i =
h�; �� 0pi . Set p = 1 and we have

h� � �; � 01ih�; � 1i = h�; �� 01i :

Supposeh�; �� 01i 6= 0 then h� � �; � 01i 6= 0 and soh� � �; � 0pi = h� 0
� � � �; p ih� � �; � 01i

henceh� 0
� � � �; p ih� � �; � 01ih�; � 1i = h�; �� 0pi or h� 0

� � � �; p ih�; �� 01i = h�; �� 0pi
which means that in this case (�� 0)� � = � 0

� � � � . Now under the hypoth-
esis that h�; � 1i 6= 0 we see from the displayed equation above that if
h�; �� 01i = 0 then h� � �; � 01i = 0 hence for allp, h� � �; � 0pi = 0 which amounts
to h�; �� 0pi = 0. Suppose nowh�; � 1i = 0 then by de�nition h�; �� 01i = 0
and still by de�nition we have for all p, h�; �� 0pi = 0. We have thus shown
that �� 0 2 Q , and soQ is a semigroup. Clearly the maps Id and 0 :p 7! 0
belong to Q and these serve as the identity and zero of the semigroup.
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The other axioms are now easily established. Axiom 4.30 is true since
if � i � 0,

P
� i = 1; i = 1; : : : ; n; then (� 1Id; : : : ; � n Id) is consistent. Axiom

4.20 follows directly from the de�nition of consistency. To establish Axiom
4.40 , let I = ( p1; : : : ; pk) be an instrument, � = ( � 1; : : : ; � k) 2 S k , and
I j = ( pj

1; : : : ; pj
n j

) be any instrument for j = 1; : : : ; k. We must show that

h� 1; p1
1i p1; : : : ; h� 1; p1

n1
i p1; h� 2; p2

1i p2; : : : ; h� 2; p2
n2

i p2; : : :

: : : ; h� k ; pk
1i pk ; : : : ; h� k ; pk

nk
i pk

are atoms of an instrument. ConsiderI as an a�ne map O(Bk) ! O and let
 : O(� Bn i ) ! O (Bk) be the a�ne map given by sending the characteristic
function of f mg into h� a; pa

bi times the characteristic function off ag where
n1 + � � � + na� 1 < m � n1 + � � � + na and b = m � (n1 + � � � + na� 1). It is
readily checked that  is indeed well de�ned and that I �  de�nes as an
instrument precisely the set of atomic observations displayed above.

To show Axiom 4.50 , let � = ( � 1; : : : ; � m ) and  j = (  j
1; : : : ;  j

n j
); j =

1; : : : ; m be consistent. Placing any instruments of the exits of the j we
obtain by consistency instrumentsI j , placing these now on the exits of� we
obtain by consistency of� an instrument I which however is the instrument
obtained by placing the original instruments on the exits of� f  1; : : : ;  m g
showing the consistency of this last combination.

The statistical theory that we constructed above from a statistical triple,
we call thecanonical statistical theoryassociated to the triple. It is the most
generous theory that a triple can possess.

We have thus introduced the following levels of generality:1) Statistical
triples, 2) Operational statistical theories, and 3) Statistical theories. We
have also shown that each type can be taken to be a particular case of the
higher type. Each new type introduces distinctions which the earlier one
ignores. An operational statistical theory does not admit that any map
I : Bn ! O for which for all � , h�; I (�)i is a measure, is necessarily a
realizable measuring process. It does however admit that the realizability of
certain instruments implies the realizability of certain many exit operations.
General theories remove this �nal assumption.
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Chapter 5

Idealizations

Mathematical models of phenomena generally have a great di�culty con-
structing mathematical objects that correspond to actual phenomenal rela-
tions. Models generally give simple relations among idealized objects, and
these in turn can only be approximated by actual situations.In quantum
mechanics, for example, we formalize the possibility of precise measurements,
that is we assume that to a certain projectionP corresponds a certain ob-
servation procedure. Now actually, the physically realizable observation pro-
cedure does't correspond toP due to inherent errors and ambiguities in the
construction of the apparatus. The projection is an idealized measurement.
The actual measuring apparatus would,within a Hilbert space model appear
as an operatorA, 0 � A � 1, but which particular operator this is, is not
at all easily determinable. We must admit therefore that a phenomenolog-
ically constructed statistical theory could for theoretical reasons be looked
upon as beng imbedded within another in which ideal objects can appear,
and whose appearance is justi�ed by the relative ease by which they can be
treated mathematically. To formalize this notion we �rst make the following
observation: Given a statistical theory, we can place onS the initial topology
with respect to a family of functions of the form:� 7! h�; p i . Dually, we can
place onO the initial topology with respect to some family of functions of
the form: p 7! h�; p i . Since eachI n can be considered as a subset ofOn we
can place onI n the topology induced by the product topology onOn , and I
can be considered as a topological sum of theI n . Finally on R n we can place
the topology of pointwise convergence onI n seeing thatR n is a set of maps
I n ! I . We now viewR as the topological sum of theR n . Let there now be
two statistical theories T = ( S; I ; R) and T0 = ( S0; I 0; R 0). we say that T0
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is an idealization of T if there are given inclusionsS � S 0, I � I 0, R � R 0

such that in T0 both h�; I (A)i and � (I 1; : : : ; I n ) coincide with their values in
T when all objects belong toT, and such thatS, I , and R are dense inS0, I 0,
and R 0 in the following topologies: the topology onS0 is the initial one with
respect to the family f � 0 7! h� 0; pi j p 2 Og, and the topology onO0 is the
initial one with respect to the family f p0 7! h�; p 0i j � 2 Sg. The topologies
on I 0 and R 0 are then constructed as explained above. The intuitive content
of this density requirement is that ideal objects can be approximated by real
ones to any degree of approximation that can be de�ned by a �nite number of
real objects. Stronger criteria of approximation can of course be considered.
The study of the class of all idealizations of a given theory is an important
undertaking since it should provide us with a way of conceiving all possible
ideal theoretical frameworks for a given empirical situation. we don't pursue
this question further, but point out that except for the explicitly empirical
triple discussed in the �rst chapter, all of the examples so far considered
should be thought of as already being idealizations of some unspeci�ed but
more phenomenological theories.

One idealization that can always be carried out is to assume each of
the convex setsS, I n , R n to be algebraically closed. We call a convex set
Calgebraically closedif each morphism� : [0; 1) ! C can be extended to a
morphism �� : [0; 1] ! C. Each convex set is contained in an algebraically
closed set �C such that if D is any algebraically closed set, and : C ! D
is a morphism, then there is a unique extension� : �C ! D. To see this
we note that the Conv inclusion � : [0; 1) � [0; 1] is a bimorphism, for as a
Set map we can identifyV(�) : V ([0; 1)) ! V ([0; 1]) with R2 ' R2 which
certainly gives a bimorphism inBsn. This means that any two extensions
of � : [0; 1) ! C to [0; 1] are equal. From this we can conclude that the
intersection of any family of algebraically closed sets is algebraically closed.
Thus let �C be the intersection of all algebraically closed sets containing jC in
V(C). We see that �C � f x 2 V(C) j � (x) = 1 g since the latter hyperplane is
algebraically closed. If : C ! D is a morphism into an algebraically closed
convex setD we have by the fact thatV(C) is algebraically closed that given
any morphism � : [0; 1) ! V ( )� 1jD there is a commutative diagram:
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[0; 1]
�� 2 - V(C)

�
�

�
�

�
�

�

�
�

�
�

�
��

[0; 1]
� - V( )� 1jD V (D)

V( )

?

�
�

�
�

�
�

�D

�

[0; 1]

�

? �� 1 - jD

V( )

?

Now V( ) � �� 2 � � = �D � �� 1 � � ) V ( ) � �� 2 = �D � �� 1 since� is an epi-
morphism. This shows that �� 2([0; 1]) � V( )� 1jD , that is, that V( )� 1jD
is algebraically closed, hence�C � V( )� 1jD and V( ) �C � jD , proving the
claim.

The reader can now straightforwardly, though laboriously,check that
replacing S, I n , and R n by their algebraic closures we can uniquely extend
all of the de�ning morphisms of a statistical theory to act within the algebraic
closures, thus passing to an idealization where all of the de�ning convex sets
are algebraically closed.
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Chapter 6

The Category of Statistical
Triples

Any statistical theory embodies only a partial knowledge ofthe world. As
we pursue our investigation of phenomena, we may embody our knowledge in
various separate statistical theories. Assuming a certainfundamental unity
in nature, we expect that this fragmented knowledge can be combined into a
uni�ed viewpoint. Thus we expect a certain calculus of statistical theories by
which they can be related and combined. The main result of this chapter is
that statistical triples form a certain bicomplete monoidally closed category,
providing us therefore with some of the necessary operations for such a cal-
culus. Because of the complexities involved, we've not investigated whether
statistical theories as de�ned in Chapter 4 form a similar category in any
natural way. If so, it would be a strong argument for the adequacy of the
concepts, and if not it should be cause for a search for modi�cations.

To prove our result we �rst establish a more general one and then spe-
cialize to statistical triples.

Let P = ( C; D; h�; �i ) and P0 = ( C0; D 0; h�; �i 0) be two dualities and f :
C ! C0 and a�ne map. We then have an induced morphismf � : D 0 !
Ĉonv(C; [0; 1]) given by (f � d0)c = hfc; d0i 0. In casef � D 0 � D we sayf is
a morphism of dualities and we have: hfc; d0i 0 = hc; f � d0i . We denote by
Dual the category whose objects are dualities and whose morphisms are the
maps just described. Note that aDual morphism f : P ! P0 is also aConv
morphism f : C ! C0 and also aSet morphism of the underlying sets. The
context will generally supply the needed interpretation. We also have two
functors C; D : Dual ! Conv which using the above notation are de�ned as
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follows: C(P) = C, C(f ) = f ; D(P) = D, D(f ) = f � . Of these functors C is
covariant and D is contravariant. We also have the contravariant involution
J : Dual ! Dual already de�ned on page 31; clearlyJ (f ) = f � .

We denote byTrip the full subcategory ofDual of statistical triples.

Theorem 6.1 Dual is a bicomplete monoidally closed category.

Proof: Let � be a diagram in Dual with a typical arrow � ij : Pi ! Pj .
We are then provided with two diagrams C� and D� in Conv with typical
arrows� ij : Ci ! Cj and � �

ij : D j ! D i respectively. SinceConvis bicomplete
consider the limit C of C� with projections � i : C ! Ci and the colimit D �

of D� with injections � i : D i ! D � Let now c 2 C and de�ne the morphism
	 C : D � ! [0; 1] by universality from the following diagram:

D i
� i

- D �

@
@

@h� i c;�i i R 	..
...

..

	 C

[0; 1]

and let h�; �i � : C � D � ! [0; 1] be given byhc; di � = 	 c(d). We must
show that h�; �i � is bia�ne. The a�nity in d is trivial, we show a�nity in
c: 	 �c 1+(1 � � )c2 � � i = h� i (�c 1 + (1 � � )c2); �i i = � h� i c1; �i i + (1 � � )h� i c2; �i =
� 	 c1 � � i + (1 � � )	 c2 � � i = ( � 	 c1 + (1 � � )	 c2 ) � � i which by universality
implies 	 �c 1+(1 � � )c2 = � 	 c1 + (1 � � )	 c2

We now make a few observations. Since� i : C ! Ci , we have a map
� � : C !

Q
Ci . As this map is injective as a map of sets wheneverC is

a product of equalizer, we see that it's injective for any diagram. Likewise
from � i : D i ! D � we obtain a map�

`

:
`

D i ! D � and as this is surjective
as a map of sets whenD � is a coproduct or coequalizer, it's surjective for
any diagram.

Assume now that 	 c1 = 	 c2 thus 	 c1 � � i = h� i c1; �i i = h� i c2; �i i = 	 c2 � � i .
Since eachPi is separated we have� i c1 = � i c2 for all i and hence� � c1 =
� � c2 ) c1 = c2 since� � is injective.

On the other hand h�; �i � may not separate points ofD � . Let P =
(C; D; h�; �i ) be the reduced system associated to (C; D � ; h�; �i � ). We show
that P is the limit of �. Let � : D � ! D be the canonical morphism
and de�ne 
 i = � � � i . We �rst show that 
 i = � �

i ; this is equivalent to
h� i c; di i i = hc; 
 i di i , but 
 i di = [ � i di ] so hc; 
 i di i = hc;[� i di ]i = hc; � i di i � =
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	 c(� i di ) = h� i c; di i i . Thus � i : P ! Pi is a morphism inDual with � �
i = 
 i .

By construction the diagram below commutes

Pi

P
� � � � �� i

*

H H H H H� j j
Pj

� ij

?

Let now � i : P0 ! Pi be any family of morphisms compatible with �. We
have the diagrams:

C
� i - Ci

I
..........� �

�
�

�

� i

�

C0

D i
� i

- D �
� �

` a
D i

	..
...

...
...

...

� 0

D0

� �
i

?
� ...................

�
D

�

?

By universality � and � 0 exist and are unique. To show the existence and
uniqueness of� we must show that ifd1 � d2 in D � then � 0(d1) = � 0(d2) and
thus de�ning � [d] by � 0(d). Since�

`

is surjective, we have ford 2 D � a rep-
resentation d =

P
� i � i di ; thus, � 0(d) =

P
� i � 0� i di =

P
� i � �

i di . For c0 2 C0

then h�c 0; di � =
P

� i h�c 0; � i di i � =
P

� i h� i �c 0; di i i =
P

� i h� i c0; di i i =P
� i hc0; � �

i di i 0 = hc0; � 0di 0. On the other hand if d1 � d2 have h�c 0; d1i � =
h�c 0; d2i � ) h c0; � 0d1i 0 = hc0; � 0d2i 0 ) � 0d1 = � 0d2 since P0 is sepa-
rated. Hence� exists and is unique. We now haveh�c 0; [d]i = h�c 0; di � =
hc0; � 0di 0 = hc0; � [d]i 0 establishing that � = � � . Clearly by construction the
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diagram

P0

P
� � � � �� *

H H H H H� i j
Pi

� i

?

commutes and soP is indeed the limit of �.
The colimit of � is now clearly J lim J � and so Dual is bicomplete.
We now proceed to monoidal closure. Consider the setDual (P; P0), this

is canonically identi�ed with a subset of Conv(C; C0). Let now f 1; f 2 2
Dual (P; P0), then it's easy to see that (�f 1 + (1 � � )f 2)� = �f �

1 + (1 � � )f �
2 ,

hence by convexity ofD, (�f �
1 + (1 � � )f �

2 )(D 0) � D or in other words
Dual (P; P0) as a subset ofĈonv(C; C0) is convex. Let f 2 Dual (P; P0) and
(c; d0) 2 C � D 0; then we have a mapC � D 0 ! [0; 1] given by (c; d0) 7!
hfc; d0i 0 = hc; f � d0i . Being bia�ne it de�nes a morphism 	 f : C 
 D 0 ! [0; 1]
such that c
 d0 7! hfc; d0i . The map h�; �i � : Dual (P; P0) � (C 
 D 0) ! [0; 1]
given by hf; r i � = 	 f (r ) is bia�ne and de�nes a pairing ( Dual (P; P0); C 

D 0; h�; �i � ). Now h�; �i � clearly separates points ofDual (P; P0) but may not
separate points ofC 
 D 0. We let D̂ual (P; P0) be the associated reduced
system (Dual (P; P0); C 
 D 0=� ; h�; �i 
 ). It's easy to see that it de�nes a
contra-covariant functor Dual � Dual ! Dual . We now exhibit a tensor
product 
 in Dual and a natural bijection

Dual (P1; D̂ual (P2; P3)) ' Dual (P1 
 P2; P3):

we thus de�ne C = C( P1 
 P2) to be C1 
 C2 and D = D( P1 
 P2) to be
the set of those morphismsf : C1 
 C2 ! [0; 1] such that for all c1 2 C1,
and all c2 2 C2 we have f (� 
 c2) 2 D1, and f (c1 
 � ) 2 D2; of course
hr; f i = f (r ). Now h�; �i separates points ofD by de�nition. To show
separation in C it is enough to note that there is a canonical injection
D1 
 D2 ! D de�ned by means of:hc1 
 c2; d1 
 d2i = hc1; d1ihc2; d2i . Now
Dual (P1; D̂ual (P2; P3)) � Conv(C1; Ĉonv(C2; C3)) = Conv(C1 
 C2; C3) so
we have a natural injectionU : Dual (P1; D̂ual (P2; P3)) ! Conv(C1
 C2; C3).
If now � 2 Dual (P1; D̂ual (P2; P3)) we must show thatU� 2 Dual (P1
 P2; P3)
which amounts to showing that if d 2 D3 then (U� )� d 2 D. We have
hc1 
 c2; (U� )� di = h(U� )c1 
 c2; di = h(�c 1)(c2); di = hc2; (�c 1)� di , also
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h(�c 1)(c2); di = h�c 1; [c2 
 d]i = hc1; � � [c2 
 d]i . From these equations
we see that ((U� )� d)(c1 
 � ) = h�; (�c 1)� di 2 D2 and ((U� )� d)( � 
 c2) =
h�; (� )� [c2 
 d]i 2 D1 henceU� 2 Dual (P1 
 P2; P3). Reciprocally consider
now  2 Dual (P1
 P2; P3) thus  : C1
 C2 ! C3 and this de�nes canonically
(W �  ) : C1 ! Ĉonv(C2; C3) by (( W  )(c1))( c2) =  (c1 
 c2). We must show
that ( W  )(C1) � Dual (P2; P3) and that (W  ) 2 Dual (P1; D̂ual (P2; P3)).
Let c 2 C1, then hc2; ((W  )(c1)) � di = h((W  )(c1))c2; di = h (c1 
 c2); di =
hc1
 c2;  � di = (  � d)(c1
 c2). Since � d 2 D(P1
 P2) then ( � d)(c1
� ) 2 D2

which means that ((W  )(c1)) � d 2 D2 and so (W  )(c1) 2 Dual (P2; P3). Let
now [c0
 d] 2 D(D̂ual (P2; P3)) ; we havehc;(W  )� [c0
 d]i = h((W  )c)c0; di =
h (c
 c0); di = hc
 c0;  � di . Since ( � d)( � 
 c0) 2 D1 we have (W  )� [c0
 d] 2
D1 and so (W  ) 2 Dual (P1; D̂ual (P2; P3)) establishing �nally a bijection
and proving the theorem. Q.E.D

Theorem 6.2 Trip is a bicomplete monoidally closed category.

Proof: Let � be a nonempty diagram in Trip ; it has a limit and colimit
in Dual . It only remains to show that these objects belong toTrip . To do
so we must exhibit a negation for the observations and the existence of an
absurd observation0. We borrow notation from the proof of the previous
theorem. Let f : T ! T0 be a morphism inTrip where T = ( S; O; h�; �i )
and T0 = ( S0; O0; h�; �i 0). We have h�; f � : pi = hf �; : pi 0 = 1 � h f �; p i 0 =
1 � h �; f � pi = h�; : f � pi hence f � commutes with negation; furthermore,
h�; f � 00i = hf �; 00i 0 = 0 hence f � 00 = 0. Let now T = ( S; O; h�; �i ) be the
limit of � in Dual . In this caseO = O� =� whereO� is the colimit of D�.
Since� �

ij commutes with negation we have by universality a unique morphism
: : O� ! O � which renders commutative the diagram

Oi
� i
- O�

� - O

Oi

:
? � i

- O�

:
? � - O

We show that : can be de�ned in O. If p 2 O � then by surjectivity of
�

`

we can write p =
P

� i � i pi and by the diagram : p =
P

� i � i : pi . Thus
	 � (p) =

P
� i h� i �; p i i i and so 	 � (: p) =

P
� i h� i �; : pi i i = 1 �

P
� i h� i �; p i i i =

1 � 	 � (: p). From this we conclude that if p is equivalent to q, then so is
: p to : q, and : can be de�ned by: [p] = [ : p] , and furthermoreh�; : [p]i =
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h�; [: p]i = h�; : pi � = 	 � (: p) = 1 � 	 � (p) = 1 � h �; p i � = 1 � h �; [p]i
showing that : is indeed a negation.

To show the existence of0 in O, let 0i 2 O i be its absurd observation.
Then 
 i 0i 2 O and for � 2 S we haveh�; 
 i 0i i = h�; � i 0i i � = h� i �; 0i i i = 0.
Hence any
 i 0i is the absurd observation ofO.

Remembering now that the colimit is computed asJ lim J , and using
when necessary an appropriate notation, we now assume thatT = ( S; O; h�; �i )
is the colimit in Dual of � with injections � i : Oi ! O . Since� �

ij commutes
with negation, we are given by universality an a�ne isomorphism : : O ! O
commuting with the � i � . Now 	 : p � � i = h�; � �

i : pi i = h�; : � �
i pi = 1 �h� ; � �

i pi =
1� 	 p� � i = (1 � 	 p)� � i and so by universality 	 : p = 1 � 	 p . SinceS = S� =� ,
h[� ]; : pi = h�; : pi � = 	 : p(� ) = 1 � 	 p(� ) = 1 � h �; p i � = 1 � h [� ]; pi and
so : is indeed a negation. Consider now the morphism! i : f�g ! O i given
by � 7! 0i . Universality provides a map! : f�g ! O which determines an
element ! (� ) = 0. Since 	 0 � � i = h� i �; 0i i i . we see by universality that0 is
the absurd observation ofO.

To complete the proof of bicompleteness we must exhibit a �nal and initial
object which correspond to the limit and colimit of an empty diagram. It's
immediately apparent that the initial object is (; ; f�g ; ; ) where; : ;�f�g !
[0; 1] is the empty morphism. The �nal object is (f�g ; [0; 1]; h�; �i ) where
h�; � i = � . Note that this is di�erent from the �nal object in Dual which is
(f�g ; ; ; ; ).

We now proceed to monoidal closure.
Consider nowD̂ual (T; T0) for two statistical triples T; T0. We have the

map 1S � : : S � O 0 ! S � O 0 which being an isomorphism induces an
isomorphism: : S 
 O 0 ! S 
 O 0, such that : (� 
 p0) = � 
 : p0. One easily
sees that this map is compatible with the equivalence relation in S 
 O 0 and
since hf; : (� 
 p0)i � = hf; (� 
 : p0)i � = hf �; : p0i 0 = 1 � h f �; p 0i 0 = 1 �
hf; (� 
 p0)i � the map is a negation. Sincehf; [� 
 00]i = hf; � 
 00i � =
hf �; 00i � = 0 we see that 0 = [ � 
 00] is the absurd observation. Thus
D̂ual (T; T0) is a statistical triple and we can thus identify it with an object
in Trip which we denote byT̂rip (T; T0).

Consider now the tensor product inDual of two statistical triples: T 
 T0.
If f 2 D(T 
 T0), then for all � 2 S, � 0 2 S 0; f (� 
 � 0) 2 O and f (� 
 � ) 2 O 0;
thus 1 � f (� 
 � 0) 2 O and 1 � f (� 
 � ) 2 O 0, and so de�ning : f by
hr; : f i = 1 � h r; f i we obtain : f 2 D(T 
 T0) and so : is a negation.
Clearly the map that sendsS 
S 0 to 0 in [0; 1] belongs to D(T 
 T0) and is the
absurd observation of D(T 
 T0). We can now considerT 
 T0 as an object of
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Trip . SinceTrip is a full subcategory ofDual and since the tensor products
coincide in Dual and Trip , and D̂ual (T; T0) coincides with T̂rip (T; T0) we
still maintain a natural bijection Trip (T1; T̂rip (T2; T3)) = Trip (T1 
 T2; T3)
showing that Trip is monoidally closed. Q.E.D

For the sake of gaining some familiarity we cite a few examples

1. Product T � T0 = ( S � S 0; (O
`

O0)=� ; h�; �i )) where h(�; � 0); [�p +
(1� � )p0]i = � h�; p i +(1 � � )h� 0; p0i 0and we have�p +(1 � � )p0 � �q +(1 �
� )q0 if and only if in V0(O

`
O0) of the pairing (S � S 0; O

`
O0; h�; �i )� )

they di�er by � 1 � � 10 for a real � . Operationally, the experiment
(( �; � 0); [�p + (1 � � )p0]) is performed as follows: prepare simultane-
ously copies of� and � 0 in a way that they don't interfere with each
other; toss a coin with head-tail probabilities (�; 1 � � ), if the result is
heads, observep on the copy of� , if tails, observep0 on the copy of� 0.

The product is an operation that has not been usually considered. For
example, the product of two Kolmogorov, or two quantum triples is
not one of these again, nor readily related to one.

2. Coproduct T
`

T0 = ( S
`

S0; O�O 0; h�; �i )) whereh�� +(1 � � )� 0; (p; p0)i
= � h�; p i + (1 � � )h� 0; p0i 0. The experiment (�� + (1 � � )� 0; (p; p0)) is
performed as follows: toss a coin with head-tail probabilities (�; 1� � );
if the result is heads, perform the experiment (�; p ), if tails, perform
(� 0; p0).

If T and T0 are two quantum triples within Hilbert spacesH and H 0

respectively, then we can identifyS
`

S0as being those density matrices
that are of the form �� � (1 � � )� 0, � 2 S,� 0 2 S 0; and O � O 0 with the
set of operators of the formA � A0, A 2 O , A0 2 O 0. This means that
T

`
T0 is a quantum theory with H and H 0 as superselection sectors.

A coproduct decomposition of a theory can therefore be viewed as
generalizing the notion of decomposition into superselection sectors.

For two Kolmogorov triples based on measurable spaces (X; �) and
(X 0; � 0), the coproduct is the Kolmogorov triple based on
(X

`
X 0; �

`
� 0).

3. Tensor product Consider the canonical mapO � O 0 ! D(T 
 T0)
de�ned by h� 
 � 0; p 
 p0i = h�; p ih� 0; p0i To perform the experiment
(� 
 � 0; p 
 p0) we must simultaneously prepare copies of� and � 0 in a
way that they do not interfere with each other, and observep on � and
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p0 on � 0 with the �nal result being the conjunction of the two separate
observational results. The generic experiment in the tensor product is
in general an idealized one.

For two Kolmogorov triples in measurable spaces (X; �), ( X 0; � 0), the
Kolmogorov triple in (X � X 0; � � � 0) is an idealization of T 
 T0.
Likewise for two quantum triples in H and H 0, the quantum triple in
H 
 H 0 is an idealization ofT 
 T0. In the �rst case this idealization
becomes identity ifX or X 0 is �nite and in the second case ifH or H 0

is �nite dimensional.

Though we have established the existence of a natural category of sta-
tistical triples, it must be noted that the morphisms of this category don't
represent in a totally satisfactory way our notions of comparing two sys-
tematizations of partial knowledge. Each statistical triple T systematizes a
set of procedures for the preparation of copies of states, and procedures for
observations of properties. Suppose onT0 we embody more descriptions of
state preparations than inT, but both theories embody the same procedures
for observation of properties. Then every operation inT is the result of re-
stricting ones in T0 to the fewer states ofT. Hence we have an inclusion
i : S � S 0 with i � O0 � O and the possibility that di�erent observations
in T0 can become identi�ed inT. On the other hand if T0 embodies more
procedures for observation or properties thanT but both theories embody
the same procedures for state preparation, then one must have an inclusion
j � : O � O 0 and a corresponding surjectionj : S0 ! S . In this case state
preparations statistically indistinguishable inT may become distinguishable
in T0. Thus in both casesT0 should be considered a stronger theory than
T but in the �rst case we have i : T ! T0 and in the secondj : T0 ! T
which are arrows with di�erent directions. Under more complicated condi-
tions the situation cannot be represented by a morphism inTrip . Consider
for instance whenT0 is an idealization ofT, then S � S 0 and O � O 0 and
under most circumstances this corresponds to neither a morphism from T to
T0 nor to one fromT0 to T.

To analyze these more complex situations consider the following parable.
Suppose a master experimenterE 0 who systematizes the world according to
T0 hires an apprenticeE whose presumably weaker power of systematization
is given by a triple T. If E prepares a copy of a state� for E 0, the latter
notices, by his greater power of observation that somewhat di�erent prepa-
rations, though for E would be just as good for preparing� would in fact
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prepare di�erent states for E 0. We must thus assume that a subsetS0 � S 0

corresponds in a many-one fashion toS. On the other hand anything E
can observe aboutS, E 0 can also, hence to everyp 2 O there must be a
p0 2 O 0 which givesh�; p i on any element ofS0 that corresponds to� . Thus
O0 restricted to S0 must be able to embodyO. We must thus posit a diagram

T � s
T0

i - T0

whereT0 is the reduced triple of (S0; O0; h�; �i 0) and as maps of setss : S0 !
S is a surjection and i : S0 ! S 0 is an injection. Furthermore i � O0 �
s� O. Reciprocally given such a diagram withs and i satisfying the stated
properties we see thatS0 can be considered a subset ofS0 that corresponds
to a set theoretic epimorphic image ofS and since one readily checks that
s� : O ! O 0 is a monomorphism,O is embedded inO0, but s� O � i � O0

henceO can be executed inT0.

Let us now de�ne a new categorySta whose object class is that ofTrip
but whose morphisms� : T ! T0 are equivalence classes of ordered triples
(s; T0; i ) where theTrip morphisms : T0 ! T is a set epimorphism, theTrip
morphism i : T0 ! T0 is a set injection, ands� O � i � O0. The equivalence
relation (s1; T1; i1) � (s2; T2; i2) holds when there is aTrip isomorphism
� : T1 ! T2 such that the diagram below commutes:

T1

	�
�

�s1 @
@

@
i1
R

T T0

I@
@

@s2 �
�

�

i1

�

T2

�

?

We must show that an associative composition law can be de�ned for
these morphisms. Let therefore� : T1 ! T2 and  : T2 ! T3 be two such
morphisms represented by (s� ; T� ; i � ) and (s ; T ; i  ) respectively. We then
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have the diagram:

T

	�
�

�s @
@

@
i
R

T� T 

	�
�

�s� @
@

@
i �
R 	�

�
�s @

@
@
i  
R

T1 T2 T3

where the square is de�ned to be a pull-back. We now show that (s� s; T; i i )
represents a morphism fromT1 to T3 that we call  � .

We must have inConv a pull-back

C - C 

C�

?
- C2

?

and sinceConv limits and Set limits coincide in the underlying sets and
morphisms, we can takeC = f (c� ; c ) 2 C� � C j i � c� = s c g with s and i
as the restrictions of the corresponding canonical projections. It's immediate
that s is a surjection andi an injection. But then s� s is a surjection andi  i
an injection. We also have inConv the diagram

O

I@
@

@
@

YH H H H H H H H H H

i �
KA
A
A
A
A
A
A
A
A
A

s�
O�

� O 

O�

6

�
i �
�

O2

s�
 

6

where the square is a push-out. Nows�
� O1 � i �

� O2 hences� s�
� O1 � s� i �

� O2 )
s� s� � O1 � i � s�

 O2. On the other hand s�
 O2 � i �

 O3 and thus s� s�
� O1 �

i � i �
 O3 and so (s� s; T; i i ) is indeed a morphism representative. We must

now show that the morphism is well de�ned; that is, if we choose other
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representatives (s0
� ; T0

� ; i0
� ) and (s0

 ; T0
 ; i0

 ) of � and  respectively, with iso-
morphisms� � : T� ! T0

� , �  : T ! T0
 then the resulting composition lies

within the same equivalence class as the previous one. We have the diagram:

T

	�
�

�
�s @

@
@

@

i

R

T� T 

	�
�

�
�s�

@
@

@
@

i �

R 	�
�

�
�s 

@
@

@
@

i  

R

T1 T2 T3

I@
@

@
@s0

� �
�

�
�

i0
�

� I @
@

@
@s0

 �
�

�
�

i0
 

�

T0
�

� �

?
T0

 

�  

?

I@
@

@
@s0

�
�

�
�

i0

�

T0

SinceT0 is a pullback, we have a unique map� : T ! T0 such that s0 � � =
� � � s and i0 � � = �  � i . Now using the same argument seeing thatT is
also a pullback we get a map in the opposite direction which byuniversality
must be inverse to� . Thus � is an isomorphism and by commutativity of
the diagram we must haves0

� � s0 � � = s� � s, i0
 � i0 � � = i  � i and so the

composition is well de�ned.

To prove associativity let � : T1 ! T2,  : T2 ! T3 and � : T3 ! T4 be
represented by (s� ; T� ; i � ), (s ; T ; i  ) and (s� ; T� ; i � ) respectively. Consider
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the diagram

T00

	�
�

�s00 @
@

@
i00

R

T T0

	�
�

�s @
@

@
i
R 	�

�
�s0 @

@
@
i0

R

T� T T�

	�
�

�s� @
@

@
i �
R 	�

�
�s @

@
@
i  
R 	�

�
�s� @

@
@
i �
R

T1 T2 T3 T4

where each square is a pull-back. By general category theory, the two rect-
angles

T00 - T0 - T�

T
?

- T 
- T3

?

and

T - T0

T
?

T 

?

T�

?
- T2

?

are both pullbacks. Hence we see that (s� ss00; T00; i � i0i00) represents both
� ( � ) and (� )� and the associative law is proved.

A morphism � : T ! T0 in Sta represents a way of subsuming the
knowledge systematized inT within T0; henceT0 must be a stronger theory.
Note now that an idealization is given by aSta morphism, for if i : S � S 0,
j : O � O 0 we can take forT0 the reduced triple of (S; O0; h�; �i 0) and so
de�ne the morphism (1S; T0; j ) : T ! T0. Our scienti�c life would be greatly
simpli�ed if Sta were a cocomplete category, for this would mean we could
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always by universal systematic procedures combine fragmented knowledge
into a coherent whole. However this is not the case and unfortunately not
too much can be said about this category. One can view now however certain
existing formalisms in this light. Consider for instance local quantum theory
in the C � algebra formulation. Here to each bounded open regionG of space
time we have aC � algebraA(G) which can be assumed to be a subalgebra of
the algebra of all bounded operators for some �xed Hilbert space. If G � G0

we have an inclusionA(G) � A(G0). The global theory has theC � algebra
A given by the norm closure of[ A(G). Let S be the set of states ofA and
let O be the elements ofA such that 0 � a � 1. To eachG we associate the
local statistical triple T(G) which is the reduced triple of (S; O\ A(G); h�; �i ).
Each restriction morphism ofT = ( S; O; h�; �i ) to T(G) therefore corresponds
to a Sta morphism T(G) ! T and T is an idealization of theTrip limit of
the T(G) and this Trip limit coincides with a colimit in that subcategory of
Sta wherei is an isomorphism. The notion of localizability assumes that the
global theory is loosely speaking a colimit of its localizations, implying thus
a categorical idea in its very conception.
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Chapter 7

On the Complexity of States

Consider a state a of a general statistical theory. Intuitively we expect to be
able to de�ne a measure of the unpredictability of the state,a measure of
the complexity of its repertoire of behavior. Thus if we viewa state with an
exhaustive instrument I = ( p1; p2; : : : ; pn ) the classical entropy

h(�; I ) = �
X

h�; p i i logh�; p i i

is a measure of the unpredictability of observing the state by the instrument
I . There are many di�culties however in attributing this entr opy wholly to
the state. Consider the instrument ((1=2)1; (1=2)1); every state has entropy
1 bit. One could have obtained the same observational resultby observing
1 and then 
ipping a coin considering heads and tails as our observational
outcomes. Thus the entropy we are seeing here can be wholly interpreted as
being due to a stochastic mechanism in the observation process itself rather
than in the complexity of the state observed. Suppose more generally that
we are observing with an instrumentJ = ( q1; q2; : : : ; qm ) and then follow this
observation with a stochastic process withn possible outcomes where the
process is de�ned by giving transition probabilitiesp(i; j ); i = 1; : : : ; n; j =
1; : : : ; m that the i -th outcome of the process will be realized if thej -th
property of J was observed. The matrixp is stochasticin that

P n
i =1 p(i; j ) =

1 for all j . The probability that the i -th outcome of the process be realized
in a state � is

P n
j =1 p(i; j )h�; q j i .

Lemma 7.1 Given a stochastic matrix and an instrumentJ as above, if we
set I = ( p1; p2; : : : ; pn ) wherepi =

P n
j =1 p(i; j )qj then I is an instrument.
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Proof: Represent each probability measurep(�; j ) by the partition

0; p(1; j ); p(1; j ) + p(2; j ); : : : ; p(1; j ) + � � � + p(n � 1; j ); 1

of [0; 1]. The union overj of all of all of these partitions results in a partition
s0; s1; : : : ; sk with s0 = 0 < s 1 < s 2 < � � � < s k� 1 < 1 = sk Let � r =
sr � sr � 1; r = 1; : : : ; k; then � r � 0 and

P
� r = 1. We can express each

p(i; j ) as a sum of the� r : p(i; j ) =
P

f � r j; r 2 L ij g whereL ij � f 1; : : : ; kg
and for eachj the L ij ; i = 1; : : : ; n form a partition of f 1; : : : ; kg. Consider
the instrument K = � (� 1 ;� 2 ;:::;� k )(J; : : : ; J ). To obtain pi we include in a
condensation thej -th atom in the r -th copy of J if and only if r 2 L ij . Since
the L ij form a partition as described above, no atom gets included inmore
than one condensation and soI is in fact a condensation ofK and so by
axiorm 4.60 is an instrument. Q.E.D

Lemma 7.2 Given a stochastic matrix and an instrument as in the previous
lemma, let � i = f Qi; 1; : : : ; Qi;� (i )g be an arbitrary partition of f 1; : : : ; mg for
each i. De�ne pik =

P
f p(i; j )qj j j 2 Qik g, then the pik ; i = 1; : : : ; n; k =

1: : : � (i ) are atoms of an instrument.

Proof: We de�ne a new stochastic matrixt by

t (i; k ; j ) =
�

p(i; j ) if j 2 Qik

0 otherwise

where the rows are labelled by the double index (i; k ), i = 1; : : : ; n; k =
1: : : � (i ). Now apply Lemma 7.1. Q.E.D

The instrument obtained by this last lemma we call astochastic con-
densation of J by means ofp and the � i or simply a stochastic conden-
sation. Ordinary condensations that ignore no atoms are particular cases.
Stochastic condensations given by Lemma 7.1 we callfull ; they correspond
to � i = ff 1; : : : ; mgg for all i .

We shall at a certain point also consider similar constructions, still called
stochastic condensations, but withsubstochasticmatrices, that is matrices
s(i; j ) with s(i; j ) > 0, and

P n
i =1 s(i; j ) � 1.

Lemma 7.3 Without altering the conclusions, one can replace in Lemmas
7.1 and 7.2 the stochastic matrixp with a substochastic matrixs.
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Proof: We only show that the conclusion of Lemma 7.1 is unchanged,
since the proof of the altered Lemma 7.2 follows almost verbatim the proof
of the original. Introduce now a new row in the matrixs, labelled by 0 and
with elements

~s(0; j ) = 1 �
nX

i =1

s(i; j )

where~s is the matrix s with this added row. We see that~s is stochastic, and
the instrument obtained by a full stochastic condensation of J by means of
~s is

~I = ( 1 �
nX

i =1

pi ; p1; p2; : : : ; pn)

where pi =
P m

j =1 s(i; j )qj . Condensing ~I by eliminating the �rst atom we
obtain an instrument I = ( p1; : : : ; pn). Q.E.D

Lemma 7.4 Let J = ( q1; : : : ; qm ) be an instrument ands a substochastic
matrix. If I = ( p1; : : : ; pn ) wherepi =

P m
j =1 s(i; j )qj is an exhaustive instru-

ment then for all j either qj = 0 or
P n

i =1 s(i; j ) = 1

Proof: Since
P

pi = 1 we have
P

i;j s(i; j )qj = 1 Let ! j =
P n

i =1 s(i; j ) �
1. Thus

P
! j qj = 1. SinceJ is an instrument this is only possible if

P
qj = 1

and qj = 0 whenever! j 6= 1. In fact if
P

qj 6= 1, there is a state� such
that 1 > h�;

P
qj i =

P
h�; q j i but then as ! j � 1 we have 1>

P
! j h�; q j i =

h�;
P

! j qj i which contradicts
P

! j qj = 1. If now qa 6= 0 and ! a 6= 1 we
have a state� such that h�; q ai 6= 0 and we have 1 =h�;

P
qj ii

P
j 6= ah�; q ai +

! ah�; q ai �
P

! j h�; q j i = h�;
P

! j qj i = 1, an absurdity. Q.E.D
This last lemma shows that whenever we obtain an exhaustive instrument

I by means of a �ll stochastic condensation with a substochastic matrix s
from an instrument J , then eliminating the zero atoms ofJ and the corre-
sponding columns ofs we obtain a stochastic matrix andI as a full stochastic
condensation by means of this stochastic matrix from an instrument with
nonzero atoms.

For a stochastic matrix p(i; j ), each p(�; j ) is a probability measure on
a �nite set and we can consider its classical entropyh(p(�; j )) and we set
h(p) = sup j h(p(�; j )). If now J = ( q1; : : : ; qm ) is an instrument with nonzero
atoms, andI is the stochastic condensation ofJ by means ofp with h(p) > 0,
then we can attribute the entropyh(�; I ) of a state o as being partially due to
the stochastic process described byp and thus not completely intrinsic to the
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state. We say that an exhaustive instrument isstochastically factorizableif it
can be written as a full stochastic condensation of an exhaustive instrument
J with nonzero atoms by means of a stochastic matrix with positive entropy.
We must eliminate such instruments from any computation of entropies of
states.

This however doesn't �nish the story. Consider an instrument I =
� (�; 1� � )(I 1; I 2) with I i exhaustive. This is a stochastic splitter followed by
instruments at each exit. The entropy of this arrangement inthe state a is
easily computed to be

h(�; I ) = �h (�; I 1) + (1 � � )h(�; I 2) � � log� � (1 � � ) log(1 � � ):

Here the quantity � � log� � (1� � ) log(1� � ) can be interpreted as the entropy
due to the action of the stochastic splitter and must not be counted as belong-
ing to the state, but attributed to the intervention of the experimenter. We
now generalize this. Given an operation 	 = ( 1; : : : ;  m ) and a stochastic
matrix p we can consider then-tuple � = ( � 1; : : : ; � n ) with � i =

P
p(i; j ) j .

By an argument exactly parallel to the one used in Lemma 7.1� is a conden-
sation of an operation of the form� (� 1 ;:::;� k ) f 	 ; : : : ; 	 g and is thus an oper-
ation. It is also easy to see that� is a condensation of 	f � p(�;1); : : : ; � p(�;m)g
giving an independent proof that it is an operation. As before we say� is
a full stochastic condensationof 	. We call an operation nondestructive ifP

� i 1 = 1 (no copy is rejected) and we say that a nondestructive operation
is stochastically factorizableif it is a full stochastic condensation of a nonde-
structive operation 	 with no dummy exits by means of a stochastic matrix
p with h(p) > 0. Now if an exhaustive instrumentI is stochastically factor-
izable being a stochastic condensation ofJ , then we can interpret the action
of I as being that of observingJ followed by a stochastic process applied to
the result and independent of the state being observed. On the other hand
if I is of the form � (J1; : : : ; Jm ) with � stochastically factorizable being a
stochastic condensation of 	 its action can be interpreted as operating with
	, applying a stochastic process at the exits by which statesget reclassi�ed
into new categories independently of the actual copies thatmay appear and
prior to observing with the array (J1; : : : ; Jm ) in a way conditioned to the
outcomes of the process. Again, this introduces entropy duesolely to the ex-
perimenter and this type of instrument must also be excludedfrom entropy
calculations.

Under a more careful analysis we may say that an instrumentI should not
be allowed in entropy calculations if it can be interpreted as a construction
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using the means supplied to us by the axioms of Chapter 4 and which contains
stochastic elements interpretable as being due to the experimenter. There
is a di�culty in this, for consider the instrument obtained b y condensing
corresponding atoms of the two copies ofI in � (1=2;1=2)(I; I ). This gives us
I again but constructed with the obvious stochastic element� (1=2;1=2) . What
happened is that the condensation eliminated the in
uence of this stochastic
element. Essentially� (1=2;1=2) is not there and in fact we can change (1=2; 1=2)
to any other two point probability ( �; 1 � � ) without changing the result.

Consider therefore an instrumentI 2 I n that can be written as a construc-
tion in terms of operations and other instruments using the means given us
by the axioms of Chapter 4. Assume that in this construction there is an oc-
currence of a stochastic splitter� � 0 with h(� 0) > 0. Let nowI � be the instru-
ment resulting from replacing that occurrence of� � 0 by � � where � is a mea-
sure absolutely continuous with respect to �0 (If it were not, new operative
exits will be created for which no provision has been taken).We say that the
given occurrence of the splitter isinessential if I � = I � 0 = I . Now the map
� 7! I � is a�ne and so in the case of essentiality this map is not constant on
f � j � � � 0g, and since �0 is an interior point of this set, I cannot be
an extreme point of I n . We are thus led to consider that pure exhaustive
instruments are the ones that cannot be interpreted as having state indepen-
dent experimenter determined positive entropy stochasticprocesses in their
construction. That is, the entropy they see would be intrinsic to the state.
Reciprocally, supposeI = (1 =2)I 1 + (1 =2)I 2, I 1 6= I 2; then we can viewI
as a condensation of� (1=2;1=2) (I 1; I 2) and the essentiality of� is interpreted
as saying that the condensations did not completely eliminate the e�ects of
the splitter. We now show that this point of view is consistent with our pre-
vious decision to eliminate instruments interpretable in terms of stochastic
factorizability.

Lemma 7.5 An exhaustive instrumentI is stochastically factorizable if and
only if there is an observationq 6= 0 and two atoms ofI which we callp1 and
p2 after reordering, such thatp1 � (1=2)q; q; p2 � (1=2)q; p3; : : : ; pn is also an
instrument.

Proof: Suppose suchq; p1; p2 exist, then we see that

�
p1

p2

�
=

�
1 1=2 0
0 1=2 1

�
0

@
p1 � (1=2)q

q
p2 � (1=2)q

1

A
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and this can be extended to a stochastic factorization ofI . Suppose con-
versely that I is a full stochastic condensation of an exhaustive instrument
J = ( q1; : : : ; qm ), qj 6= 0; pi =

P
j p(i; j )qj ; h(p) > 0. Then there are indices

a; b; csuch that 0 < p(a; c) < 1 and 0 < p(b; c) < 1. By renumbering we
set a = 1, b = 2. Calling the two numbers above by� 1 and � 2 respectively
we can perform a stochastic condensation ofJ as in Lemma 7.2 to get an
instrument p1 � � 1qc; � 1qc; � 2qc; p2 � � 2qc; p3; : : : ; pn . Assume� 1 � � 2 so we
can write � 1 = �� 2, 0 < � � 1. We then have

�
� 1qc

p2 � � 1qc

�
=

�
� 0

1 � � 1

� �
� 2qc

p2 � � 2qc

�

and so by a further stochastic condensation we obtain an instrument
p1 � � 1qc; � 1qc; � 1qc; p2 � � 1qc; p3; : : : ; pn and setting q = 2� 1qc a �nal con-
densation results inp1 � (1=2)q; q; p2 � (1=2)q; p3; : : : ; pn . Q.E.D

Corollary 7.1 If I is stochastically factorizable thenI is mixed.

Proof: By Lemma 7.5 there is aq 2 O , q 6= 0 and two atoms pi , pj of I
such that J : q; p1; : : : ; pi � (1=2)q; : : : ; pj � (1=2)q; : : : ; pn is an instrument.
By condensing we get two distinct instruments

I 1 : p1; : : : ; pi + (1 =2)q; : : : ; pj � (1=2)q; : : : ; pn ;

I 2 : p1; : : : ; pi � (1=2)q; : : : ; pj + (1 =2)q; : : : ; pn ;

and soI = (1 =2)I 1 + (1 =2)I 2 is mixed. Q.E.D
We observe that we could have proved the corollary without recourse to

Lemma 7.5 by arguing thatp 7! full stochastic condensation ofJ , is a�ne
and if h(p) > 0, then p lies on a segment on which the map is not constant.
However, Lemma 7.5 is useful for other purposes.

By an argument totally parallel to the above, we can also prove:

Lemma 7.6 An operation � = ( � 1; : : : ; � n ) is stochastically factorizable if
and only if there are two exits, say1 and 2 after renumbering, and a one
exit operations  6= 0 such that � 1 � (1=2) ;  ; � 2 � (1=2) ; � 3; : : : ; � n is an
operation.

Suppose now that� is stochastically factorizable andI = � (J1; : : : ; Jn ).
By condensing the operation� 1 � (1=2) ;  ; � 2 � (1=2) ; � 3; : : : ; � n in two
ways we obtain the distinct operations

� 1 : � 1 + (1 =2) ;  ; � 2 � (1=2) ; � 3; : : : ; � n ;



On the Complexity of States 75

� 2 : � 1 � (1=2) ;  ; � 2 + (1 =2) ; � 3; : : : ; � n ;

and we �nd that I = (1 =2)� 1(J1; : : : ; Jn) + (1 =2)� 2(J1; : : : ; Jn) = (1 =2)I 1 +
(1=2)I 2 Now if I 1 = I 2 then (� 1 + (1 =2) )(J1) = ( � 2 � (1=2) )(J1) or,
 (J1) = 0. Supposing J1 exhaustive, we have 1 = 0 which by axiom
4.90 implies  = 0 contradicting the construction. Thus we conclude the
following corollary.

Corollary 7.2 If I = � (J1; : : : ; Jn) with � stochastically factorizable andJi

exhaustive, thenI is mixed.

We dignify the following obvious fact to a lemma for future reference:

Lemma 7.7 If every atom of an instrument is pure, then the instrument is
pure.

To complete our argument that interprets pure instruments as those free
of ad-hoc interventions by the experimenter, we must counter a possible
objection that sleight of hand operations must be taken intoaccount. If a
given instrument can be constructed by the means of Chapter 4with the use
of substitution operations one can argue that these represent interventions of
the experimenter by means of which the original copy of the state is destroyed
and arbitrary others are substituted so that the �nal observations do not
entirely refer to the original state but also incorporate the structure of ad
hoc states introduced by the experimenter. We now proceed toexplain that
in case the �nal instrument is pure, the presence of possiblesleight of hand
operations is innocuous. Consider schematically such an instrument I which
we �rst assume can be written as� (I 1; : : : ; I m ) where � is itself a construct
involving the sleight of hand operation� J

� ; J = ( q1; : : : ; qn ), � = ( � 1; : : : ; � n )

� J
�-

-

-
-

-

-
-

-

-

-

...
... ...

I m

I 2

I 1

Since the entry of a state into� J
� leads to its observation byJ and to

a subsequent preparation of one of the states� 1; : : : ; � n , we can consider
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all subsequent events as being a stochastic data analysis performed on the
outcomes ofJ . This analysis becomes systematically incorporated into the
pattern of �nal observations by the array I 1; I 2; : : : ; I m . Such incorporation
would be innocuous if no real stochastic elements are introduced. Consider
now the operation 	 obtained by direct entry into � J

� bypassing the original
entrance:

� J
�-

6

-

?

- -

-
-

-

-

-

... ...

and the operation � obtained by excising � J
� and leading every state that

would normally enter � J
� out to a new exit labelled by 0:

-
- � � �
- X XX
- H HH

6
q

-

-

-

-

... ...

0

We now see that the instrument I can be given the following schematic
description:

�-

-0 	
@

@@

�
��

@
@@

�
��@
@@

�
��

-q

-q
-q

...

...
...
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which is a condensation of the instrument

� f 	; Id ; : : : ; Idg(I 1; : : : ; I m ; I 1; : : : ; I m ):

Let us now examine the action of 	. Let p1; : : : ; pr be the atoms of
(I 1; : : : ; I m ). Clearly h�; p i i depend a�nely on h�; q j i and we can write

h�; p i i =
nX

j =1

s(i; j )h�; q j i + ci :

We proceed to show thats(i; j ) is a substochastic matrix andci = 0. Consider
the operation � j de�ned by feeding directly into the j -th exit of � J

� in 	
bypassing the original entrance:

� J
� j-

6

-

?
q

-

-
-
...

-

-

-
-

-

-

-

...

...
...

In a state � we have that � j (i )
� � j appears at exit j of 	 exactly a fraction

h�; q j ih� j ; � j (i )1i times, and soh�; 	 (i )pi =
P

h�; q j ih� j ; � j (i )1ih� j (i )
� � j ; pi =P

h� j � j (i )pih�; q j i that is,

	 (i )p =
X

j

h� j ; � j (i )pi qj :

If now pi corresponds to atomrab of I a we have

pi =
X

j

h� j ; � j (i )rabi qj

and soci = 0 and
s(i; j ) = h� j ; � j (i )rabi � 0:

Let ra =
P

b rab we then have
X

i

s(i; j ) =
X

i

h� j ; � j (i )rabi =
X

i

h� j ; � j (i )r i i :
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Now � j (1) r1; : : : ; � j (m)rm is an instrument and sor j =
P

i � j (i )r i 2 O and we
have

P
i h� j ; � j (i )r i i = h� j ; r j i � 1, and s is substochastic. We now see that

I is a condensation of (�(0) 	( I 1; : : : ; I m ); � (1) I 1; : : : ; � (m) I m ) and in which
� (0) 	( I 1; : : : ; I m ) is a stochastic condensation of �(0) J by means of a sub-
stochastic matrix. Thus I is a stochastic condensation of (�(0) J; � (1) I 1; : : :
: : : ; � (m) I m ) by means of a substochastic matrix~s(i; j ). If now we assume
that I is an exhaustive extreme instrument then by Lemma 7.4 and Corol-
lary 7.2 we conclude that

P
i ~s(i; j ) = 1 unless � (0) qj = 0 and eliminating

these atoms of �(0) J we obtain I as a stochastic condensation by means of
a stochastic matrix, which by extremity of I must be trivial entropically.
Thus the presence of� J

� in the construction of I is innocuous, seeing that
the data processing that is e�ected by subsequent passages of the state is
non stochastic in character and does not contribute to the complexity of the
�nal observations. To complete the analysis we remark that any construc-
tion of an instrument by the axioms of Chapter 4 is a (possible) exhaus-
tion of a (possible) condensation of an instrument of the form � (I 1; : : : ; I m ).
Since exhaustions and condensations cannot introduce any new stochastic
elements into any previous data analysis, performing the above analysis on
� (I 1; : : : ; I m ) we reach the same conclusion.

We thus assume the following basic thesis for the rest of thiswork: pure
instruments are those that cannot be interpreted as incorporating any essen-
tial ad hoc interferences of the experimenter, and the complexity they exhibit
when applied to a state can be attributed entirely to the state.

In order to be assured of su�ciently many pure instruments one must
generally place the theory within an appropriate idealization. We shall always
suppose, according to Chapter 5, that all of the de�ning convex sets of a
statistical theory are algebraically closed. For �nite dimensional state �gures
this is su�cient to assure enough pure instruments that theydetermine all
others.

We can now consider the entropy of a state a as being the supremum of
h(�; I ) over pure exhaustive instruments, since this roughly speaking is the
maximum complexity exhibited by a state that can be intrinsically attributed
to it. We shall come to realize that there is still more involved in the notion
of entropy, but this quantity is certainly an important one and we call it the
instrumental entropy of the state and denote it byH (� ):

H (� ) = supf h(�; I ) j I pure and exhaustiveg:
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Before proceeding with our investigation we need an elementary technical
result.

Given two probability measuress and s0 on two �nite sets X and X 0

respectively, we says is a condensation of s0 (and s0 is a re�nement of s) if
there is a map� : X ! X 0 such that s0(� � 1(A)) = s(A) for all A � X . The
classical entropy ofs is of course given byh(s) = �

P
X s(x) log s(x).

Lemma 7.8 Let s0 be a re�nement ofs, then h(s0) � h(s) and equality holds
if and only if s0 is also a condensation ofs.

Proof: By induction we need only show that if 0� a, 0 � b, 0 � a+ b � 1
then � a loga � blogb � � (a+ b) log(a+ b) with equality holding if and only
if at least one of the numbers is zero. The casea + b = 0 is trivial and so
consider a + b 6= 0and the two point probability measure s1 = a=(a + b),
s2 = b=(a + b). Now h(s) � 0 with equality holding if and only if one of the
si is zero. Thus we have

�
a

a + b
log

a
a + b

�
b

a + b
log

b
a + b

� 0

or equivalently, multiplying by a+b and expanding

� a loga � blogb+ ( a + b) log(a + b) � 0

with equality holding if and only if one of the numbers is zero. This is what
we need. Q.E.D

We see in particular that h(�; I ) increases with re�nements ofI , a useful
fact for computation.

We proceed to discuss the instrumental entropy function in each of the
following theories: (1) Kolmogorov probability (2) Boolean triples (3) Two
dimensional triples, and (4) Quantum mechanics.

1. Consider a Kolmogorov triple based on a measurable space (
; �).
We associate with the triple the canonical operational statistical theory.

Theorem 7.1 In a Kolmogorov triple an exhaustive instrument is stochas-
tically non factorizable if and only if it is pure, which happens if and only if
each atom is a characteristic function.
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Proof: Let I = ( f 1; : : : ; f n ) and suppose not allf i are extreme. Renum-
bering the functions if necessary we can assume 0< f 1(x0) < 1, and 0 <
f 2(x0) < 1 for some pointx0. Let � be such that 0< � < f i (x0), i = 1; 2 and
set g = �� x0 . Then f 1 � (1=2)g; g; f2 � (1=2)g; f3; : : : ; f n is an instrument
and so by Lemma 7.5 is stochastically factorizable and by Corollary 7.1 is
mixed. Conversely, if eachf i is pure then by Lemma 7.7,I is pure. Q.E.D

Theorem 7.2 Consider a Kolmogorov triple. Let� be a state that is a sum
of Dirac measures:� =

P 1
i =1 � i � x i , x i distinct. Then H (� ) = �

P
� i log� i .

Proof: If I = ( � A 1 ; : : : ; � A n ) is a pure instrument corresponding to the
partition 
 = [ A i then h(�; I ) = �

P
� (A i ) log � (A i ) is equal to

�
P

i (
P

j f � j j x j 2 A i g) log(
P

k f � k j xk 2 A i g). Now any partition can be
re�ned to contain the �rst N singletonsf x i g, i = 1; 2; : : : ; N . Sinceh(�; I )
increases with re�nements we haveH (� ) = �

P
� i log� i which is the classical

formula. Q.E.D

2. Consider a Boolean triple. Associate with it the canonical operational
statistical theory.

Theorem 7.3 An exhaustive instrument in a Boolean triple is stochastically
nonfactorizable if and only if it is pure, and this occurs if and only if each
atom is a characteristic function.

Proof: LetI = ( f 1; : : : ; f n ) and suppose as in the proof of Theorem 7.1
that 0 < � < f i (x0), i = 1; 2. The same inequalities can now be a�rmed
in a closed-open neighborhoodU of x0. Let g = �� U , then f 1 � (1=2)g; g;
f 2 � (1=2)g; f3; : : : ; f n is an instrument and by Lemma 7.5 and Corollary 7.1
is mixed. Conversely if eachf i is pure, by Lemma 7.5,I is pure. Q.E.D

Theorem 7.4 Consider a Boolean triple. Let� be a state that is a sum of
Dirac measures:� =

P 1
i =1 � i � x i , x i distinct. Then H (� ) = �

P
� i log� i .

Proof: Let the pure instrument I correspond to a partition X = [ A i of
the Stone's space of the Boolean algebra, into closed open sets. Now any
such partition can be re�ned to a partition by closed open sets such that the
�rst N points x i ; i = 1; : : : ; N lie in di�erent elements of the partition. The
conclusion follows as in Theorem 7.2. Q.E.D
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3. Let (S; O; h�; �i ) be a two dimensional triple. Associate with it the
canonical operational statistical theory,.

For a non zero pair of real numbersq = ( q1; q2) we de�ne the slope
m(q) = q2=q1.

Lemma 7.9 Let 1 =
P n

i =1 pi be a decomposition of1 2 O by non zero
elementspi of V0(O) arranged in the orderm(p1) � m(p2) � � � � � m(pn ).
This decomposition de�nes an instrument if and only if all ofthe following
partial sums belong toO): p1; p1 + p2; p1 + p2 + p3; p1 + p2 + � � � + pn� 1.

Before giving the proof we remark that we can identify the above partial
sums with the vertices of a convexpolygonal line obtained by placing thepi

tail to head in the given order.
Proof: Consider the partial sums in increasing slopes:pn ; pn + pn� 1;

pn + pn� 1 + pn� 2; : : : ; pn + � � � + p2. Each element in these sums is the negation
of an element in the original sums. Thus if the �rst ones lie inO so do the
second ones. By the slope condition, any other partial sum has to lie within
the convex �gure bounded by the two polygonal lines, hence ifthe upper line
lies in O so do all the partial sums, and the decomposition is an instrument.
Conversely, suppose some partial sum is outsideO then since it is within
the convex polygon formed by the upper and lower lines, some point of the
boundary of this polygon must lie outsideO and since the upper line is paired
to the lower by negation, some point of the upper line lies outside O. By
convexity of O some vertex of the upper line now lies outsideO. Q.E.D

We see from this lemma that if we take a convex polygonal line joining 0
to 1 and lying within O, above or on the segment [0; 1], then by taking for
pi the sides of this line we obtain an instrument and conversely. Instruments
are thus in one to one correspondence with convex polygonal lines joining 0
to 1, lying within O and above or on the segment [0; 1].

Lemma 7.10 SupposeI = ( p1; : : : ; pn ); pi 6= 0 is an instrument in a general
statistical theory. If some two atoms are proportional, then I is stochastically
factorizable and hence mixed.

Proof: Suppose, by reordering if necessary, thatp1 = �p 2, 0 < � � 1. Let
J = ( p1 + p2; p3; : : : ; pn ) be a condensation.

�
p1

p2

�
=

0

@

�
1 + �

1
1 + �

1

A (p1 + p2)
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showing that I is stochastically factorizable and so by Corollary 7.1 is mixed.
Q.E.D

Theorem 7.5 An exhaustive instrumentI = ( p1; : : : ; pn) with pi 6= 0 in a
two dimensional triple is stochastically non factorizableif and only if it is
pure and this occurs if and only if every node of the upper polygonal line of
I is an extreme point ofO.

Proof: By Lemma 7.10 we can suppose all slopes are distinct. Let
m(p1) > m (p2) > � � � > m (pn ) and suppose the �rst mixed partial sum isp1+
p2 +
+ � � � + pa. Consider the parallelogram formed by the verticesp1 + � � � + pa� 1,
p1 + � � � + pa, p1 + � � � + pa� 1 + pa+1 , p1 + � � � + pa+1 . Call these pointsr , s, t,
u respectively. We argue that there is a line segment lying within O, having
s in its interior, and of slope m satisfying m(pa) � m � m(pa+1 ). Since s
is mixed, there is at least a line segment lying withinO and containing s in
its interior. If its slope already satis�es the condition welook no further, if
not, then by nature of its slope, the segment is partly in the interior of the
parallelogram. Assume the segment is of the form [x; y] with [x; s) outside,
and (s; y] within the parallelogram. But now the triangle r , x, u hass in its
interior and so contains a segment with the desired property.

Now there is a vectorq in O of slopem since m(pa) � m � m(pa+1 ).
Furthermore we can chooseq small enough that if placed at its midpoint at
the vector s = p1 + � � � + pa it would lie wholly in O. Making q yet smaller if
need be, we can havem(pa� 1) > m (pa � (1=2)q) > m (pa) � m � m(pa+1 ) >
m(pa+1 + (1 =2)q) > m (pa+2 ). By the correspondence between exhaustive
instruments and polygonal lines joining0 to 1, we thus have and instrument

p1; : : : ; pa� 1; pa � (1=2)q; q; pa+1 + (1 =2)q; pa+2 ; : : : ; pn

and by Lemma 7.5,I is stochastically factorizable and so by Corollary 7.1 is
mixed.

Suppose now that every vertex of the upper polygonal line is pure, and
supposeI = (1 =2)I 1 + (1 =2)I 2. Now each such vertex is a partial sum of
atoms ofI and so is a convex combination of partial sums of atoms ofI 1 and
I 2. By the purity assumption all three of these partial sums coincide. Since
the atoms of the instruments can be uniquely recovered from these partial
sums, the atoms of all three instruments coincide andI is pure. Q.E.D
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Corollary 7.3 The pure exhaustive instruments for a two dimensional �gure
form a �ltered set under re�nement.

Proof: The pure exhaustive instruments are in one to one correspondence
with �nite subsets of the extreme points of the upper boundary of O with
0 and 1 deleted: we simply identify these with the vertex set of the upper
polygonal line of the instrument. For any two such sets, their union gives a
common re�nement. Q.E.D

Corollary 7.4 In a two dimensional triple

H (� ) = lim
I

f h(�; I ) j I pure, exhaustiveg:

Proof: We use Corollary 7.3 and the remark that the entropy increases with
re�nements of instruments. Q.E.D

Corollary 7.5 The two dimensional instrumental entropy is concave:

H (�� + (1 � � )� 0) � �H (� ) + (1 � � )H (� 0):

Proof: We use Corollary 7.4 and the concavity of the classical en-
tropy: H (�� + (1 � � )� 0) = lim I h(�� + (1 � � )� 0; I ) � lim I (�h (�; I ) +
(1 � � )h(� 0; I )) = �H (� ) + (1 � � )H (� 0). Q.E.D

Hence if one pure state has in�nite instrumental entropy, then so does
every mixed state.

We see that if the observation �gure is a polygon, then the entropy H (� )
is given by h(�; I 0) where I 0 is the instrument corresponding to the upper
polygonal boundary ofO. In this case it is always �nite. The entropy could
very well be in�nite if O is not a polygon. Suppose the upper boundary ofO
is such that the projection onto the �rst component of the setof pure points
contains a closed interval� . By convexity of O the same is then true for the
projection onto the second component. Let us take a partition of � into n
subintervals giving rise to an instrument containing at least the corresponding
vectors (� x i ; � yi ). Thus h(� 1; I ) � �

P
� x i log � x i and if we take the � x i

all equal to some �x the right hand side becomes� n� x log � x. As n ! 1 ,
n� x remains constant and so this term becomes in�nite, andh(� 1; I ) = 1 .
A similar reasoning showsh(� 0; I ) = 1 and by Corollary 7.5h(� � ; I ) = 1 .

In such cases it may happen that certain natural constructions can still
be �nte. Suppose the upper boundary is the graph of aC1 function b and
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that all of its points are pure. Let I be a pure exhaustive instrument, and
then using the obvious notation we can writeI = ((� x i ; � bi )) i . If we now
compute h(� � ; I ) � �h (� 1; I ) � (1 � � )h(� 0; I ) then after rearrangement we
have

� �
X

� x i log(� + (1 � � )� bi =� x i )+

� (1 � � )
X

(� bi =� x i )� x i log(� (� x i =� bi ) + (1 � � ))

which in the limit goes over to

� �
Z 1

0
log(� + (1 � � )b0(x)) dx � (1 � � )

Z 1

0
b0(x) log(1 � � + �=b0(x)) dx

and this may very well be �nite depending of the functionb0(x). We may
symbolically write the result asH (� � ) � �H (� 1) � (1 � � )H (� 0) and this
corresponds to the removal of the in�nite contributions to the entropy by the
pure states.

Under the same hypotheses, the limit of discrimination entropies could
also be �nite. The discrimination entropy of two probability measuress
and r on f 1; : : : ; ng is de�ned as h(s; r) = �

P
si log(si =ri ). Thus if �; � 0

are two states andI an exhaustive instrument, we can de�neH (�; � 0; I ) =
h(h�; I (�)i ; h� 0; I (�)i ). Making a calculation similar to the above, we �nd that
in our caseH (� � ; � � ; I ) in the limit approaches

�
Z 1

0
(� + (1 � � )b0(x)) log

� + (1 � � )b0(x)
� + (1 � � )b0(x)

dx

which again could be �nite depending onb0(x).
That entropies could be in�nite in such seemingly simple situations as

two dimensional observation �gures should not be considered unnatural as
the following considerations suggest.

Every polygonal two dimensional observation �gureO can be obtained
by restricting from a larger �nite dimensional Boolean system. Let the upper
polygonal boundary of 0� be represented by the instrumentI = ( p1; : : : ; pn ).
Consider then-point Boolean probability triple (Sn ; On ; h�; �i ) and the instru-
ment J = ((1 ; 0; : : : ; 0); (0; 1; : : : ; 0); : : : ; (0; : : : ; 0; 1)) in it. A state � 2 Sn

is given by an n-tuple of numbers 0� si � 1,
P

si = 1. Consider now
the two states � 0 = ( pi; 2), � 1 = ( pi; 1) where pi; 2 and pi; 1 are the second and
�rst components of pi 2 O . Restrict now the system to the production only
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of states in the segment [� 0; � 1]. The reduced system of ([� 0; � 1]; On ; h�; �i )
is now precisely the given two dimensional triple with the two instruments
above corresponding atom by atom. The high entropy of the pure states for a
polygonal observation �gure thus can be interpreted as arising from the for-
mal identi�cation of these as highly mixed states in a largerBoolean model.
This larger model may or may not have phenomenological signi�cance. The
pure components of� i in the formal mixture � 0 =

P
pi; 2� i could correspond

to unrealizable situations. In the case of organisms for example the formal
pure states could correspond to conditions under which the organism would
be dead, in which case the organism would in a certain sense bealways in-
trinsically mixed though phenomenologically it could be a pure state in the
statistical theory adapted to it. If the observation �gure is not a polygon,
then to interpret a oure state as a formal mixture in a Booleansystem we
must go to in�nite Boolean algebras and hence should not be surprised that
the entropy could be in�nite. We pursue these ideas further in the next
chapter.

4. Consider a quantum triple in a Hilbert spaceH of dimensionN < 1 .
Now the canonical operational theory associated to the triple is not what is
normally considered as being the statistical theory of quantum mechanics.
The canonical theory contains instruments that normally one does not admit.
According to the usual interpretation two operators represent observables
that can be simultaneously measured if and only if they commute. Thus if
I = ( A1; : : : ; An) is an instrument we should haveA i A j = A j A i This view, as
has already been remarked, does not exactly correspond to our idea of what
constitutes an instrument; for example, ifI and J are two instruments with
some atom ofI not commuting with some atom ofJ , then � (1=2;1=2) (I; J ) is
a perfectly realizable instrument with noncommuting atoms.

Let us consider then the statistical theoryTc(H ) generated by using the
constructions of Chapter 4 and starting from instruments with commuting
atoms. Let I c

n be the set ofn atom instruments of Tc(H ) with commuting
atoms.

Lemma 7.11 Tc(H ) = conv(I c
n ):

Proof: I n (Tc(H )) is an algebraically closed subset of a �nite dimensional
space, thus each point is a �nite convex combination of extreme points.
It thus su�ces to show that each extreme point of I n (Tc(H )) belongs to
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conv(I c
n ). Now I (Tc(H )) can be built up recursively by means of instru-

ments constructed in previous steps and using condensations, exhaustions,
stochastic splatters, and sleight of hand operations whoseinstruments are
also constructed in previous recursive steps. The recursion initiates with I c

n .
By analysis made on the e�ects of the presence of substitution operations on
pages 75-78, where� (I 1; : : : ; I m ) was replaced by a stochastic condensation
of (� (0) J; � (1) I 1; : : : ; � (m) I mJ ) we see that by allowing stochastic condensa-
tions we can forgo using sleight of hand operations in the construction. Since
stochastic condensations can be e�ected by stochastic splatters and ordinary
condensations, as was done in the proof of Lemma 7.1, we see that in con-
structing I (Tc(H )) we can forgo completely the substitution operations. In
constructing an extreme instrumentI though, each statistical splitter must
be inessential, thus replacing each splitter by an appropriate one with only
one certain exit and the rest dummy, we see thatI must be an exhaustion
of a condensation of an element ofI c. But this leads again to an element of
I c. Thus I 2 I c

n . Q.E.D

Lemma 7.12 The extreme points ofI n (Tc(H )) are instruments with projec-
tions for atoms.

Proof: SupposeI is an extreme point ofI n (Tc(H )). Then as was shown
in the proof of Lemma 7.11,I 2 I c

n . Thus there is a spectral measureE of
a �nite set X such that A i =

R
ai (x) E(dx) where ai : X ! [0; 1]. Now each

instrument F = ( f 1; : : : ; f n) in the Boolean triple based onB = P(X ) de�nes
and instrument in I c

n by  : F 7! (B1; : : : ; Bn ) where B i =
R

f i (x )E(dx).
Now  � 1(I ) must be a face ofI n (B) seeing that I is extreme. Thus there
is an extreme point ofI n (B) whose image by is I . But extreme points
of I n (B) are de�ned by n-tuples of characteristic functions whose spectral
integrals are projections. ThusI has projections as atoms. Q.E.D

Now Tc(H ) is a perfectly acceptable fragment of quantum mechanics,
though as we shall see it doesn't incorporate all of the normally acceptable
ideas.

Theorem 7.6 The instrumental entropy function inTc(H ) is constant: H (� ) =
logN .

Proof: We have, by de�nition,

H (� ) = supf h(�; I ) j I pure and exhaustiveg:
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Now by Lemma 7.12,I has projections for atoms, and as the entropy in-
creases with re�nement we can assume that these atoms are onedimensional
Projections ( i ; �) i for some orthonormal basis i , i = 1; : : : ; N . Thus
h(�; I ) = �

P
( i ; � i ) log( i ; � i ) which is the entropy of the diagonal ele-

ments of the matrix of � in the orthonormal basis i , i = 1; : : : ; N . Consider
now a 2 by 2 hermitian matrix A, then we can writeA = � 1 + ~� � ~� where
~� is the usual vector of Pauli spin matrices. The diagonal entries of A are
� 1 = � + � 3 and � 2 = � � � 3. Assume say that� 1 � � 2. A unitary transform
of A corresponds to a rotation of~� and so for any� � � 1 � � 2 the diagonal
elements can be changed to� 1 � � , � 2 + � by a unitary change of basis.
Applying this reasoning now to the matrix of � , we can, by unitary trans-
formations in two dimensional subspaces, bring closer together by any given
amount any pair of diagonal entries. Apply now the followingprocedure:
if there is an entry less that 1=N, then by the fact that Tr( � ) = 1, there
must be one larger that 1=N. By narrowing the di�erence between these
two entries, one of them can be brought to coincide with 1=N. After a �nite
number of steps therefore all the entries are 1=N and for this particular basis
 0

i , and the corresponding instrumentI 0 = ((  0
1; �) 0

1; : : : ; ( 0
N ; �) 0

N ) we have
h(�; I 0) = log N . Since this number is the maximum thath(�; I ) can achieve
in a pure instrument, we haveH (� ) = log N . Q.E.D

We have here our �rst major contrast between quantum theory and the-
ories of a more classical nature as in our �rst three examples. In Tc(H ) each
state can appear maximally chaotic if the instrument is appropriately cho-
sen. Note that each basis provides a maximal instrument, thus in contrast
to �nite Boolean schemes and polygonal two dimensional triples, no instru-
ment exists that completely determines the state. A state reveals its true
nature only if we compare its behavior with respect to instruments that are
incompatible, in the sense that one has an atom that never appears with an
atom of the other in yet a third instrument.

To understand the situation better, we must now consider operations.
As before, we consider a �nite dimensional Hilbert spaceH of dimension
N . According to the standard interpretation of quantum mechanics, if B
is any observable with spectral measureE: B =

P N
i =1 � i E i , then if we ob-

serveB the result is one of the numbers� i . If before observation the state
was � , then the new state immediately after having observed the value � i

is E i �E i =Tr( E i �E i ) provided Tr(E i �E i ) 6= 0. The frequency with which � i

is observed as the value ofB is precisely this latter number Tr(E i �E i ) =
Tr( �E i ). Thus B can be thought of as describing ann-exit operation � B
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in which � (i )
B � � = E i �E i =Tr( E i �E i ), � i (� ) = Tr( E i �E i ); but this means that

� (i )
B (A) = E i AE i . We now make a slight modi�cation of this idea, namely,

we allow for the possibility that observing some of the� i may involve a
destruction of the state. For instance, in determining linear polarization
of a beam of light we place a polarizer in the beam representedby a one
dimensional projectionP in C2. If a photon in a state � passes through,
we have a copy of the the exit stateP �P=Tr( P �P ), but if the photon
is absorbed, we do not have access to a copy of the corresponding state
(1 � P)� (1 � P)=Tr((1 � P)� (1 � P)). We thus admit the following: A
quantum mechanical statistical theoryis a statistical theory generated by the
constructions of Chapter 4 and starting with instruments with commuting
atoms and a familyF of operations� E where eachE is an n-tuple of orthog-
onal projectionsE1; : : : ; En such that PE = E1 + � � � + En � 1, and where
� (i )

E (A) = E i AE i . Note that from the inequality we get by multiplying by E j

on the right and left that
P

k6= j E j EkE j � 0 ) E j EkE j = 0 ) EkE j = 0
for each k 6= j . Thus E is part of a spectral measure. LetTF (H ) be the
statistical theory so de�ned. Now there is no simple and reasonable way to
choose the familyF . The usual way to avoid this problem is to accept any
� E as a possible operation. In this case we call the resulting theory TQ(H )
and call it the quantum mechanical theory associated toH. We also consider
this theory in cases when the dimension ofH is in�nite.

In TQ(H ) we have instruments with noncommuting atoms that do not
come about via stochastic splitters. Consider the theory ofa free parti-
cle in one dimension as formalized inL2(R). Let E and F be the spectral
measures of the momentum operator and the position operatorrespectively.
If we �rst prepare a state that lies in E(A)H , A � R, E(A) 6= 0; 1, at
t = 0 and at t = t1 > 0 observe with the instrument F (B1); : : : ; F (Bn )
where the B i form a partition of R, then in terms of H we are making
a simultaneous observation of properties represented byA1; : : : ; An where
A i = E(A)U(t1)F (B i )U(t1)� E(A) and U is the unitary group of time trans-
lation. Of course, this really involves measurements at di�erent times, yet
even for t1 near zero, [A i ; A j ] is still appreciably di�erent from zero. Ac-
cording to our formalizm there is no way of denying that this is a bona �de
instrument, so one can ask just what does the normal interpretation require
when it insists on commutativity of the operators that correspond to simulta-
neous observations. One can argue that what is hidden in the above example
is that the F (B i ) in fact commute and it just happens that we are restricting
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our states to be inE(A)H which is a proper subspace ofH . Thus we've placed
our preparations as being part of the observation. One couldtry to say that
only the so called ultimate instruments, those that do not involve previous
preparations must be commutative. This idea is in fact somewhat incorpo-
rated in the very de�nition of TQ(H ) whose ultimate instruments come from
I c. Now whether phenomenologically speaking an instrument isultimate or
not is certainly hard to de�ne. It's hard to see how measurements can be
done without preparation except in the extreme cases of either not interacting
with the state or destroying it instantly. In terms of our formalism, suppose
I = ( A1; : : : ; An) is an instrument in TQ(H ) with commuting atoms, and for
simplicity assume the spectrum of eachA i is �nite. Then as before, there is
a �nite set X , a spectral measureE on X , and functionsai : X ! [0; 1] such
that A i =

R
ai (x) E(dx). We can think of the family of functions ai as an

instrument J in the Boolean triple based onB = P(X ). We can then write J
as a convex combination of extreme instrumentsJ =

P k
1 � i Ji . The spectral

integrals of theJi provide instrumentsI i in TQ with projections for atoms and
I is thus a condensation of� (� 1 ;:::;� k )(I 1; : : : ; I k). We can thus assume ultimate
instruments have projections for atoms. If now howeverI = ( E1; : : : ; En ) has
projections for atoms, thenI = � E (1; : : : ; 1) where E = ( E1; : : : ; En ) so the
only ultimate instrument is 1, and the commutativity requirement cannot
be explained by any notion of ultimate instrument. Commutativity seems to
be the result of attributing self adjoint operators to observables. Now ifB is
an observable with �nite spectrum� 1; : : : ; � n and E is its spectral measure,
then we can consider the result of observingB as that of observing with
the instrument I = ( E1; : : : ; En ) where E i = E(f � i g) and assigning value� i

to the observation if the i -th property of I is realized. We see in this case
that I is an exhaustive instrument with commuting atoms. Suppose now
I = ( A1; : : : ; An ) is any exhaustive instrument ofTQ(H ) and suppose each
time the i -th property of I is realized we assign the value� i to our observa-
tion. In general this doesn't correspond to any observableB for then we must
have for some spectral measure (E1; : : : ; En ) that Tr( �A i ) = Tr( �E i ) for all
� and soA i = E i . So I in general cannot be used to construct observables
as understood by the standard interpretation, though thereis nothing wrong
operationally with the procedure just described. This we must understand
by realizing that the standard model describes somehow ideal measurements,
and so our procedure must correspond to an imprecise observation. We may
thus remark in our example of the free particle that the simultaneous observa-
tion of the A i are not ideal position measurements, for before measuring,the
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instrument projects into the momentum subspaceE(A)H . Commutativity
seems to involve the notion of ideal measurement.

This raises now two questions of consistency. First of all wehad pre-
viously considered an operatorA with 0 � A � 1 as a possibly non-ideal
measurement of a yes-no property. By the above discussion this non-ideal
measurement should correspond to a two atom instrumentI = ( A1; A2) with
`yes' attributed to the realization of the �rst property. Th is is totally consis-
tent if we take A1 = A. It must be emphasized at this point that the atoms
of an instrument I must not be treated as observables, even though they are
represented by self adjoint operators. Observing withI one of the atoms is
realized, that is achieves the value `yes' and all the others`no'; we do not
observe the eigenvalue of any of them. Each instrument de�nes any number
of not necessarily ideal observables by assigning values toeach atom.

The second point of consistency is that we have already argued, by a
di�erent route, that ideal observables would correspond topure instruments,
whereas the standard quantum mechanical interpretation would say that they
correspond to self adjoint operators, that is instruments with projections as
atoms. This is consistent inTc(H ) by Theorem 7.12 but as we shall see
shortly in TQ(H ) there are pure instruments with atoms that are not projec-
tions. This apparent inconsistency can be resolved by noting that the notion
of ideal observable in quantum mechanics means a bit more than purity of
the instrument. Ideality in quantum mechanics also means repeatability of
the measurement and the preservation of purity of states. Thus observingB
again, after having observed the eigenvalue� leads again to the same eigen-
value now with certainty, and the exit state after the secondmeasurement
coincides with the one after the �rst. Moreover, observing with B , pure states
are transformed into pure states. How do we repeat a non-ideal observation?
We must determine what happens to a state after a non-ideal measurement.
This in principle is not uniquely determined by the corresponding instrument
I = ( A1; : : : ; An ) as occurs in the ideal case. However, inTQ(H ), as we shall
brie
y show, we can always writeI as� (1; : : : ; 1) for some operation� . Now
� is not uniquely determined byI , but if we shift our attention to � we can
talk about its repeatability properties. What we want is that if a state leaves
by the i -th exit of � , then applying � again, it leaves again by thei -th exit
now with certainty and unchanged. We call such a� repeatable. If in addition
� (i )

� � is pure whenever it is de�ned and� is pure, we call� ideal. In our
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formalism, leaving again by thei -th exit with certainty means

h�; � (i )1i 6= 0 ) h � (i )
� �; � (j )1i = � ij ;

and leaving unchanged means

(� (i )
� )2� = � (i )

� �:

This in turn implies h(� (i )
� )2�; p i = h� (i )

� �; p i but h(� (i )
� )2�; p ih� (i )

� �; � (i )1i =
h� (i )

� �; � (i )pi which using the �rst equation now leads toh� (i )
� �; p i = h� (i )

� �; � (i )pi .
This now is equivalent toh�; � (i )pih�; � (i )1i = h�; (� (i ))2pih�; � (i )1i which by
Axiom 4.90 implies h�; � (i )pi = h�; (� (i ))2pi which �nally says (� (i ))2 = � (i ) .
Now for i 6= j , h� (i )

� �; � (j )1i = 0 ) h �; � (i ) � (j )1ih�; � (i )1i = 0 and again by
Axiom 4.90 we conclude that� (i ) � (j ) = 0. Repeatability is thus equivalent
to � (i ) � (j ) = � ij � (i )

We now show that every instrument inTQ(H ) is of the form � (1; : : : ; 1).
By de�nition of TQ every instrument is a (possible) exhaustion of a (possible)
condensation of a� (I 1; : : : ; I m ) where I i 2 I c. As was already show, eachI i

can be written as a convex combination of instruments with projections for
atoms and these convex combinations can be obtained by condensing from
stochastic splitters with the given instruments with projections for atoms
at the exits. An instrument with projections for atoms can bewritten as
� E (1; : : : ; 1). Thus we can replace� (I 1; : : : ; I m ) above by a� (1; : : : ; 1) where
of course we now use� to mean a di�erent operation. A condensation of such
an instrument can be obtained by �rst condensing exits of� and again placing
1 on the new exits. Any instrument I is therefore a (possible) exhaustion
of a � (1; : : : ; 1). If now somewhere in the construction of� , state destroying
elements occurred, these are of two possible types: either condensations that
ignore exits or operators� E where E = ( E1; : : : ; Ek) is not a full spectral
measure andpE = E1 + � � � + Ek < 1. Introduce now a new exit labelled by
0. For each ignored exit in any condensation involved in the construction of
� , allow this ignored exit to lead now to exit 0. For each� E with pE < 1
introduce a� Ê with Ê = ( I 1; : : : ; I k ; 1� pE ) and lead the new exit so obtained
to exit 0. The new resulting operation� 0 has one more exit and� 0(1; : : : ; 1) is
the exhaustion of� (1; : : : ; 1). Hence every instrument inTQ can be written
as � (1; : : : ; 1).

For ease in the following computation let us make the inessential assump-
tion that dim H = N < 1 . We claim that every one exit operation 	 in
TQ (and subsequently every� (i ) of an n-exit operation � ) can be written as
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	( A) =
P

� i C �
i AC i . where � i � 0 We prove this by recursion. Suppose 	

is an exit of a many exit operation each exit of which has the above form.
Condensing with other exits corresponds to summing with other expressions
of the same form, which preserves the form. Suppose now we place at the
exit of 	 one of the generating operations: a stochastic splitter � � , a � E or a
sleight of hand operation� J

� Let us examine thej -th exit of the composite;
we have:

(	 f � � g)(j )(A) =
X

i

� j � i C �
i AC i ;

(	 f � E g)(j )(A) =
X

i

� i E j C �
i AC i E j ;

(	 f � J
� g)(j )(A) = Tr( � j

X

i

� i C �
i AC i )B j ;

whereJ = ( B1; : : : ; Bn ) and � = ( � 1; : : : ; � n). Of these the �rst two expres-
sions are certainly of the given form, to see that the third one is also, let us
introduce the spectral decompositions of� j and B j with respect to bases of
eigenvectors:

� j =
NX

k=1

� k(� k ; �)� k;

B j =
NX

m=1

� m ( m ; �) m :

Now we see that the third expression above can be written as:
X

i;k;m

� k � i � m ((  m ; �)� k)� C �
i AC i ((  m ; �)� k)

which again is of the claimed form. Since every operation ofTQ is built up
using these steps starting from the operation Id, which clearly has the given
form, our claim is justi�ed. We thus have

	 � � =
P

� i Ci �C �
i

Tr(
P

� i Ci �C �
i )

provided the denominator is not zero. The requirement that pure states
transform into pure states means that

X
� i Ci ( ; �) C �

i =
X

� i (Ci  ; �)Ci  
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must be of the form (�; �)� for all  . Since each summand is positive, this
means that in particular Ci  = � i � for eachi , henceCi = 
 i C for some �xed
C and we have:

	( A) = (
X

� i j
 i j2)C � AC:

Incorporating the square root of the numerical factor intoC, we can write
	( A) = C � AC. Idempotency now implies that (C � )2AC 2 = C � AC for all A.
Now this holding for all self adjoint operatorsA with 0 � A � 1 implies that
it holds for all bounded operators and in particular for (�; �) which means
that ( C � 2�; �)C � 2 = ( C � �; �)C �  which in turn implies that C � 2 = �  C �  
and �� � �  = 1 unlessC � � or C �  is zero. This can only be satis�ed if�  is
independent of wheneverC �  6= 0 and we can now writeC � 2 = �C �  
with j� j = 1. But now ( �C )� 2 = �� 2C � 2 = �� 2�C � = ��C � = ( �C )� and (�C )�

is an idempotent. Since multiplyingC by a phase factor doesn't change 	
we can write 	( A) = P � AP where P is an idempotent. Taking A = 1 we
must have 	(1) = P � P � 1 ) k Pk � 1, but a Hilbert space projection with
norm not exceeding one is necessarily orthogonal so in fact 	(A) = EAE
for an orthogonal projectionE. An ideal operation therefore has the form
� (j )(A) = E j AE j with E i E j = � ij E i , that is � = � E and its instrument
� (1; : : : ; 1) has projections for atoms. Instruments corresponding to ideal
measurements inTQ therefore have projections for atoms and thus commute.

We conclude from the above analysis that the condition of commutativity
in quantum mechanics corresponds to more than just commensurability, but
incorporates in addition repeatability and the preservation of purity of states.

Before exploring further the structure ofTQ(H ), we remark that repeata-
bility and preservation of purity of states are rather stringent conditions and
a general statistical theory should not have any ideal operations other than
the ones that are always present, such as 0, Id, and certain sleight of hand
operations. Consider a two dimensional statistical tripleand an idempotent
purity preserving one exit operation� , which would be given by a 2� 2 matrix�

a b
c d

�
. Now � � � � = � � where� = ( �a +(1 � � )c)=(� (a+ b)+(1 � � )(c+ d)) .

So [� 0; � 1] gets transformed into [� c=(c+ d) ; � a=(a+ b) ] unlessc+ d = 0 or a+ b = 0.
If ( c + d)(a + b) = 0 but � 6= 0, then the image interval is degenerate and� �

is unde�ned on one of the pure states, if� = 0 then � � is totally unde�ned.
By preservation of purity, there are four possibilities forthe image: [� 0; � 0],
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[� 0; � 1], [� 1; � 0] and [� 1; � 1] and these correspond to� of the form
�

0 b
0 d

�
;

�
a 0
0 d

�
;

�
0 b
c 0

�
and

�
a 0
c 0

�

respectively. Imposing idempotency results �nally in the following four pos-
sibilities: �

0 0
0 0

�
;

�
1 0
0 1

�
;

�
0 b
0 1

�
and

�
1 0
c 0

�
:

Now in general the last two don't exist unlessb= 1 and c = 1, since applying
them to 1 results in (b;1) and (1; c) which cannot be assumed to be inO

unlessb = c = 1. We have however
�

0 1
0 1

�
= � 1

� 0
,

�
1 0
1 0

�
= � 1

� 1
which

certainly must always be present.
This points out yet another essential di�erence between general theo-

ries on the one hand, and quantum mechanics and Boolean theories on the
other hand. The latter are completely determined by their ideal operations,
whereas general theories have a scarcity of them.

We resume now the study ofTQ(H ) and assume now that dimH = 1 and
let K � H be a �nite dimensional subspace. Suppose now thatA1; : : : ; An are
positive operators inK such that A1 + � � � An � 1K . By [10] it is now possible
to �nd a �nite dimensional Hilbert space K+ � K with projection P+ : K+ !
K and a spectral measureE +

1 ; : : : ; E+
n on K+ such that A i = P+ E i P+ . Since

K is in�nite dimensional we can considerK+ � H and so there is a projection
P in H and projectionsE i such that E1 + � � � + En � 1 and A i = P Ei P. Let
Q = E1 + � � � + En , then P � Q. Now if E = f Pg and I = ( E1; : : : ; En ),
then � E and I are objects ofTQ(H� ) and we have � E (I ) = ( A1; : : : ; An). Thus
in TQ(H ) with H in�nite dimensional the instruments that act on any �nite
dimensional subspace can be taken to be those of the canonical operational
statistical theory associated to the quantum triple based on the subspace.
If our quantum mechanical system is described by an in�nite dimensional
Hilbert space, and if we admit any self adjoint operator as anobservable, then
in any �nite dimensional subspaceK, given any set of operatorsA1; : : : ; An

that are positive and so that A1 + � � � + An � 1K then there is an ideal
operation in H whose instrument acting on the states inK is represented
by (A1; : : : ; An ). Admitting TQ(H ) as a model implies admitting at least the
instrumental structure of the canonical operational theory associated to a
�nite dimensional Hilbert space as a realistic model.

We now return to the investigation of the instrumental entropy function.
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Theorem 7.7 Let TI (H ) be a quantum mechanical triple with dimH =
N < 1 and the set of instruments given by the canonical operational theory.
The instrumental entropy function is constant equal tologN 2.

Before proving the theorem we shall need a few technical results.
SupposeI = ( A1; : : : ; An ) is not extreme, then I = (1 =2)I 1 + (1 =2)I 2

with I j = ( A(j )
1 ; : : : ; A(j )

n ). Let Ci = A(2)
i � A(1)

i then we see that theCi are
self adjoint, not all zero,

P
Ci = 0, and 0 � A i + �C i � 1 for j� j � 1=2.

Conversely, if suchCi existed, thenI could not be extreme since then� 7!
(A1 + �C 1; : : : ; An + �C n ) would be a nontrivial a�ne map [ � 1=2; 1=2] ! I n

with 0 7! I .
Suppose we have 0� A + �C � 1 for A and C self adjoint and j� j � 1=2.

Let E = E(f 0g) + E(f 1g) be a spectral projection ofA and decomposeH
into EH � (1 � E)H . In matrix form we have

A =
�

E1 0
0 B

�
C =

�
C1 C2

C �
2 C3

�

whereE1 = E(f 1g) and B, C1 and C3 are self adjoint. From the inequality
we obtain in particular that 0 � E1 + �C 1 � 1 which by the extremality of
E1 implies C1 = 0. Applying now A + �C to x � y we get

0 � k xk2 + 2� Re(x; C2y) + ( y; (B + C3)y) � k xk2 + kyk2 ,

, 0 � 2� Re(x; C2y) + ( y; (B + �C 3)y) � k yk2:

If C2 6= 0 then we can �nd a y and an x such that (x; C2y) is real and
di�erent from zero. Picking � 6= 0 we can then multiply x by a real constant
in such a way as to contradict the inequality, thusC2 = 0 and we conclude
that the null space of C contains EH. Conversely if C is self adjoint and
containsEH in its null space, then for someR > 0, jCj � RE ((0; 1)) and so
0 � A + � (2=R)C � 1 for j� j � 1=2.

Suppose nowI = ( A1; : : : ; An ) is an extreme instrument. By the spectral
theorem we can write for eachi , A i =

P
j � ij (� ij ; �)� ij where (� ij ) j =1 ;:::;N is an

orthonormal basis for H . We then have a re�nement J =
(� ij (� ij ; �)� ij ) i =1 ;:::;n ;j =1 ;:::;N of I . We claim that J is pure. If it weren't, there
would exist self adjoint operatorsCij not all vanishing with

P
ij Cij = 0 and

0 � � ij (� ij ; �)� ij + �C ij � 1 for j� j � 1=2. By our previous paragraph we
conclude that Cij = � ij (� ij ; �)� ij with � ij = 0 if � ij = 0 or 1. Let now
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Ci =
P

j Cij =
P

j � ij (� ij ; �)� ij and since some� ij 6= 0 and each (� ij ) j =1 ;:::;N

is an orthonormal basis, not all theCi vanish. Now 0� A i + �C i � 1 for
j� j � 1=2 and

P
Ci = 0 so I is not extreme contrary to the hypothesis.

Since the entropyh(�; I ) increases with re�nements we need only look at
instruments of the form where each atom has rank one.

Lemma 7.13 In TI (H ) an instrument I = (( � i ; �)� i ) i =1 ;:::;n is extreme if
and only if the operators(� i ; �)� i for k� i k 6= 0; 1 are linearly independent as
elements of the real vector space of hermitian operators.

Proof: If I is not extreme then there are real numbers� i not all zero such
that 0 � (1 + �� i )( � i ; �)� i � 1 for j� j � 1=2 and such that

P
� i (� i ; �)� i = 0.

Now the �rst inequality implies that � i = 0 if k� i k = 0 or 1 and so the (� i ; �)� i

for k� i k 6= 0 or 1 are linearly dependent. Following the argument backwards,
we �nd a set of real numbers
 i not all zero with 
 i = 0 if k� i k = 0 or 1 and
such that

P

 i (� i ; �)� i = 0; setting � i = 
 i =R for R su�ciently large, the

�rst inequality is satis�ed and we conclude that I is not extreme. Q.E.D

Lemma 7.14 In TI (H ) if I is extreme withn rank one atoms, thenn � N 2

Proof: Consider the (� i ; �)� i with k� i k = 1, then their sum is a sum of
projections and bounded by 1 and as has already been seen, they must
be orthogonal and sum up to a projectionE of dimension k, say. ThenP

f (� i ; �)� i j k� i k 6= 1g = 1 � E and by the previous lemma these (� i ; �)� i

are linearly independent operators in (1� E)H . Since we can have at most
(N � k)2 linearly independent hermitian operators in (1� E)H we have
n � k + ( N � k)2 � N 2. Q.E.D

According to the proof of Theorem 7.6 there is an orthonormalbasis
� 1; : : : ; � N such that (� i ; �� i ) = 1 =N where � is a given state. Consider
now the instrument J with N 2 rank one atoms obtained by repeating each
(1=N)(� i ; �)� i , N times. We �nd h(�; J ) = log N 2. Now J is not extreme
by Lemma 7.13, however by Lemma 7.14, logN 2 is the maximum value that
h(�; I ) can have in a pure instrument. Our theorem would then be proved
once we establish the following result:

Lemma 7.15 There is a pure instrument arbitrarily close toJ .

Proof: Consider an instrumentI with N 2 rank one atoms (( i ; �) i ) i =1 ;:::;N 2 ,P
( i ; �) i = 1. Let � a; a = 1; : : : ; N be any orthonormal basis and set
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� ia = (  i ; � a) The N 2 � N matrix � obeys
P

i � ia �� ib = � ab. Recipro-
cally, if � ia is any such matrix then setting  i =

P
a � ia � a one gets 1 =P

( i ; �) i . Thus the set of exhaustive instruments with rank one atoms is
in one to one correspondence with the setM of N 2 � N matrices � such
that � t �� = 1. Now M � CN 3

and the condition � t �� = 1 imposes 2N 2

constraints. The real Frechet derivative off ab(� ) = ( � t �� )ab =
P

i � ia �� ib is
given by Df ab(� )h =

P
i (� ia

�hib + �� ibhia ). Since � t �� = 1, the real rank of
� is maximal being 2N , but this implies that the real rank of the deriva-
tive of f = ( f ab) is likewise maximum being 2N 2 so that the setM besides
being a real algebraic subvariety ofCN 3

is in fact a di�erentiable subman-
ifold. Let us show that M is connected. If � 1 and � 2 correspond to in-
struments and (� i ; �)� i , and (� i ; �)� i , i = 1; : : : ; N 2 respectively, then since
1 =

P
(� i ; �)� i =

P
(� i ; �)� i , N of the � , say � 1; : : : ; � N after renumber-

ing, and N of the � , say � 1; : : : ; � N after renumbering, are bases forH .
Thus � i =

P N
j =1 t ij � j , i = 1; : : : ; N . The matrix T = ( t ij ) being invert-

ible possesses a logarithm and de�ningW(s) = exp( s � logT) and setting
� i (s) =

P N
j =1 W(s) ij � j the � 1(s); : : : ; � N (s) form a base forH with � i (0) = � i

and � i (1) = � i . For i > N let � i (�) now be any continuous path from� i (0) = � i

to � i (1) = � i . Let A(s) =
P N 2

i =1 (� i (s); �)� i (s). We see thatA(s) is a positive
operator and since� 1(s); : : : ; � N (s) is a basis forH , A(s) is invertible for all
s. We now have 1 =

P N 2

i =1 (A(s)� 1=2� i (s); �)A(s)� 1=2� i (s) and so provides a
path in M from � 1 to � 2. We conclude therefore thatM is an irreducible
algebraic variety. Let us now establish a one to one correspondence between
1; 2; : : : ; N 2 and pairs (a; b); a; b= 1; : : : ; N setting (a(j ); b(j )) to be the im-
age ofj . For the ( i ; �) i to be linearly independent we must have that the
determinant of the matrix Fij (� ) = Tr((  i ; �) i (( � b(j ) ; �)� a(j ) + ( � a(j ) ; �)� b(j )))
be di�erent from zero. We haveFij (� ) = � ia (j ) �� ib(j ) + � ib(j ) �� ia (j ) . We now rea-
son by absurdity. Suppose that for a certain neighborhoodV of J we had the
implication � 2 V ) det F (� ) = 0. Now det F (� ) = 0 de�nes an algebraic
variety N and if N 6� M we would haveN \ M of codimension at least one
in M sinceM is irreducible. But if V � N then V \N = V has codimension
zero in M a contradiction. Thus V � N ) M � N . Hence to prove our
lemma we need �nd one single extreme instrument withN 2 rank one atoms.
This is the same as �ndingN 2 linearly independent positive rank one oper-
ators whose sum is 1. Assume we already havem operators (� i ; �)� i where
m � N whose sum is 1. Form = N we can take the� i to form an orthonor-
mal basis. Ifm < N 2 there is a hermitian matrix A linearly independent of
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the (� i ; �)� i . Let now  1; : : : ;  N be a basis ofH made up of eigenvectors of
A. If each ( i ; �) i were linearly dependent on the (� i ; �)� i we can then write
A =

P
� i ( i ; �) i as a linear combination of the (� i ; �)� i contradicting the

choice. Thus there is a such that the (� i ; �)� i and ( ; �) are all linearly
independent. Since the� i span H we can write  =

P
ci � i . We now want

to �nd numbers � i and � such that
P

(� i + � i  ; �)( � i + � i  ) + � ( ; �) = 1.
Using the fact that

P
(� i ; �)� i = 1 we �nd that we must have

X
�� i ( ; �)� i +

X
� i (� i ; �) + (

X
j� i j2 + � )(  ; �) = 0:

Choosing now� i = �c i we must have� + �� + j� j2
P

jci j2 + � = 0 which
certainly has a solution for� , given � . We note that if � is made su�ciently
small,then � can also be chosen to be arbitrarily small, but for� su�ciently
small the operators (� i + �c i  ; �)( � i + �c i  ) and are linearly independent.
We have thus foundm + 1 linearly independent positive rank one operators
whose sum is one. Continuing by induction we can �nally �ndN 2 such. We
can now conclude that every neighborhood ofJ contains a pure instrument
I . Q.E.D

With this, Theorem 7.7 is also proved.
We have not been able to calculate the instrumental entropy in TQ(H )

due to the di�culty in identifying the pure instruments, alt hough we suspect
it also to be constant.

It should by now be fairly convincing that the notion of instrumental
entropy is inadequate to give a reasonable justi�cation forthe quantum me-
chanical entropy formula� Tr( � log� ) on information theoretic grounds. This
expression has more to do with the way a state is analyzed in terms of other
states than with intrinsic measures of complexity. We shallnot persue this
train of thought to any great depth, but end this chapter by introducing a
type of complexity that does reproduce the quantum mechanical formula,
thus giving credence to the basic idea of this paragraph.

Let us consider representations of states as mixtures of other states:
� =

P
� i � i suppose the� i are distinct. If one of the � i is not pure, say

a � 1 = (1 =2)� 1 + (1 =2)� 2, � 1 6= � 2, then substituting this expression for� 1 we
obtain a more re�ned decomposition and the original expression would not
contain the ultimate ingredients by which� can be analyzed. Consider now
�nite dimensional algebraically closed state �guresS. Any state can then be
written as a mixture of pure states, and these correspond to non re�nable
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decompositions. We de�ne thedecomposition entropyD(� ) of � as

D(� ) = inf f
X

� i H (� i ) �
X

� i log� i j � =
X

� i � i ; � i pureg:

The �rst term
P

� i H (� i ) is the mean complexity of the constituents� i of
� and the second term�

P
� i log� i is the complexity involved in decom-

posing into the constituents. The sum can be interpreted therefore as the
information theoretic e�ort involved in understanding � as a mixture of pure
states. Since we want the most economic analysis, we must determine the in-
�mum of the corresponding quantities. We must emphasize however that the
decomposition entropy cannot be the best formalization of the information
theoretic cost of analyzing a state in terms of others, seeing that it involves
only the convex structure of the setS and the instrumental entropy H, and
ignores completely the operational structure of the theory, which by its very
nature should have a role in the process of analysis. We compute now some
decomposition entropies.

Theorem 7.8 Given a Boolean triple based onBn , and � = ( s1; : : : ; sn ) a
state, thenD(� ) = �

P
si logsi .

Proof: The decomposition into pure states is unique and so we have� =P
si � i where � i = (0 ; : : : ; 0; 1; 0; : : : ; 0) with 1 in the i -th place. Since

H (� i ) = 0 the result follows. Q.E.D

Theorem 7.9 Consider any quantum mechanical theory in a �nite dimen-
sional Hilbert space in which the instrumental entropy is a constant k. If �
is a state, thenD(� ) = � Tr (� log� ) + k.

Proof: Consider a decomposition� =
P m

j =1 r j (� j ; �)� j of � into pure
states. We assume the� j are di�erent, for if they were not, we could condense
the probability measurer � and lower the entropy. Assume none of ther j are
zero. Consider the two dimensional subspaceK spanned by� 1 and � 2 and
de�ne the state � 1 = (1 =(r1+ r2))( r1(� 1; �)� 1+ r2(� 2; �)� 2). If now R = r1+ r2

and if � 1 = s1( 1; �) 1 + s2( 2; �) 2 is any other decomposition of� 1 in K we
have

� = Rs1( 1; �) 1 + Rs2( 2; �) 2 +
mX

j =3

r j (� j ; �)� j :
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The entropy of this new decomposition is found to be

� R logR � R(s1 logs1 + s2 logs2) �
mX

j =3

r j logr j + k:

Thus if the original entropy were minimum, the entropy of thegiven coe�-
cients (r1=R; r2=R) of � 1 would be minimum. We are thus lead to consider
decompositions of minimum entropy of a state inC2 into two pure states.
Now S(C2) is a solid sphere. Given a point in the interior @welve assumed
r1 6= 0 6= r2 a decomposition into two pure states corresponds to a line seg-
ment through the point and meeting the surface of the sphere in the two pure
states. The coe�cients of the decomposition are the two ratios into which the
line segment is divided by the given point, and the minimal entropy of these
coe�cients is obtained when the segment passes through the center of the
sphere. This corresponds to a decomposition into two orthogonal states. We
conclude therefore that the minimum entropy of decomposition is obtained
when the � i are pairwise orthogonal. This corresponds to the case where
the r j are the nonzereo eigenvalues of� , counting multiplicities, and so the
entropy of such a decomposiotion is� Tr( � log� ) + k. Q.E.D



Chapter 8

On Lattices of Propositions in
Statistical Theories

It is by now notorious that classical mechanics and quantum mechanics each
possess well de�ned lattices of yes-no propositions. Within our formalism we
see that in these two cases the propositions correspond to pure observations;
characteristic functions for classical mechanics and orthogonal projections
for quantum mechanics. The �rst form a Boolean algebra and the second an
orthomodular lattice. One can ask then whether one can identify a lattice
structure in a subset ofO in a general statistical theory. We give here
a satisfactory answer to this in the case of two dimensional theories, which
also hints at the problems to be faced in the general case. Nowthe �rst point
to establish is that we cannot expect the extreme points ofO to correspond
to a lattice of propositions. Consider the following hypothetical system: we
take a maze as pictured below

1 2 3

ENTRANCE

and consider a hypothetical rat which has the following behavior. When

101
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placed in a maze and faced with itsi -th T intersection it has a probability
(pi ; 1 � pi ) of a right-left turn where for some� with � 1 � � � 1:

pi =
�

� + (1 � � )pi � 1 if the previous turn was right
(1 + � )pi � 1 � � if the previous turn was left.

Hence each turn reinforces, positively or negatively, the subsequent turn.
Suppose we have a population of these rats. Let� (�;� ) be the state prepared
as follows: place a rat of parameter� and p1 = � in the above maze. Letp1,
p2, and p3 be the observations of emergence at exits 1, 2, and 3 respectively.
A simple calculation shows:

< � (�;� ) ; p1 > = � 2 + (1 � � )�;

< � (�;� ) ; p2 > = � (1 � � )(1 � � );

< � (�;� ) ; p3 > = 1 � �:

Consider now a subpopulation with� �xed. Seeing that the above expressions
are a�ne in � we see that the states� (�;� ) , � �xed, lie on a segment of stats
with the end points given by the extreme values of� . We identify this segment
with S. LikewiseO is a two dimensional observation �gure constructed from
p1, p2, and p3 by logical operations and mixtures. We represent the systemas
a two dimensional statistical triple in the usual manner. Now unless� = 1
or 0, p3 is mixed, yet it should be natural to associate with this system
the Boolean algebra of propositions generated by the atomicstatements � i :
\the rat appeared at exit i ." Mixed observations must therefore in general
be considered as candidates for a logic of propositions. On the other hand
not every mixed observation should do, only those should be considered that
partake in measurements withoutad hoc interferences by the experimenter.
Our discussion of state complexity suggests we look to pure instruments.
We note that in the maze example above (p1; p2; p3) is the maximum pure
instrument provided that � varies in some interval of positive length. On
the other hand it would still be too restrictive to consider merely atoms
of pure instruments, since logical disjunctions of the properties associated
to atoms correspond to condensations, and these disjunctions must certainly
enter any putative logic of propositions. Let us tentatively call an observation
p 2 O a statistical proposition if there is a pure re�nement of the instrument
(p;1 � p). Now even with this point of view, there is little chance of seeing
a logic in the set of statistical propositions. To situate the problem better,
we consider �rst a general two- dimensional triple (S; O; h�; �i ). In this case
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the pure instruments are �ltered with respect to re�nement. Furthermore if
I is pure and re�nes a pure instrumentJ , there is a unique Boolean algebra
monomorphismBJ ! BI . We have an increasing �ltered family of Boolean
algebras and we can form the limit algebraB with canonical injections � I :
BI ! B. Let now (SB; OB; h�; �i B) be the Boolean triple associated toB. By
universality each� 2 S de�nes a probability measure onB, thus there is a
canonical injection � : S ! S B. We now prove that O is recoverable from
OB.

Theorem 8.1 � � OB = O.

Proof: Since every elementf of OB can be uniformly approximated by simple
functions h =

P
ci � A i 2 O B and sinceO is closed inR2 and � � continuous,

we need only show that these simple functions are mapped intoO to conclude
that � � OB � O . We can assume theA i disjoint and by construction there
is an instrument I such that A i 2 � I BI ; A i = � I (D i ) say. Since theA i are
disjoint, 0 � ci � 1, and � � h is a sum of atoms ofI with coe�cient ci if the
atom belongs toD i and with coe�cient 0 otherwise. Clearly this lies in O
being a stochastic condensation ofI . Thus � � OB � O . On the other hand if
p 2 O is pure, the instrument I = ( p;1 � p) is pure and sop = � � � A where
A = � I (f 1g). Thus � � OB contains every extreme point ofO. Since any point
of O is a convex combination of at most three extreme points, we've proved
the claim. Q.E.D

Thus as was mentioned in the previous chapter, we can view anytwo
dimensional theoryT as being a Boolean theory in which the production of
states is somehow limited to a single interval [� 0; � 1] � S B and soOB collapses
to its quotient making the reduces triple of ([� 0; � 1]; OB; h�; �i ) coincide with
T. The Boolean algebraB should be considered as the lattice of propositions
associated toT, but this lattice is not the set of statistical propositionsas
de�ned above. To see this, consider a two dimensional triplein which O
is de�ned by its upper polygonal boundary formed by placing tail to head
the following three vectorsp1 = (0 ; 1=2), p2 = (1 =2; 1=2), p3 = (1 =2; 0). In
this caseB = B3. Now p1, p2, p3 are three statistical propositions of this
theory, and let them correspond to atoms 1, 2, and 3 ofB3. Now in B3,
1 _ 2 = f 1; 2g 6= 3, but p1 + p2 = p3 so we cannot claim thatB3 is the
Boolean algebra of statistical propositions since the mapB3 ! O de�ning
this condensations of the pure instrument of the upper polygonal boundary
is not injective. on the other hand, this triple can be identi�ed with the rat
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maze triple with � = 1=2 and � 1 � � � 1. Now p1 _ p2 means the rat exited
from 1 or 2, andp3 means the rat exited from 3. Thoughp1 _ p2 and p3 are
statistically equivalent, and thus de�ne the same statistical proposition, they
are distinct phenomenologically. We are thus faced with ourold enemy of
phenomenological distinctions being abolished by statistical identi�cations.
It is only the phenomenological propositions that can be expected to form
a lattice. Of course, since our theory formalizes only the statistical aspect
of phenomena, there is no way of identifying these statistical coincidences;
we can expect though to have a systematic way of suspecting them. The
construction of the Boolean algebraB must therefore be viewed as the result
of e�ecting a separation of all possible coincidences. It iswith this idea in
mind that we now proceed to study the general case.

Seeing that pure instruments correspond to those that cannot be inter-
preted as containing ad hoc interferences by the experimenter, we should
expect its atoms to correspond to phenomenological propositions. Now a
condensation of a pure instrument that corresponds to summing together
some of the atoms, replaces the original propositions by logical disjunctions,
and so must also correspond to phenomenological propositions. If a conden-
sation is not pure though, it means that a logical construct starting from a
measuring situation not interpretable as containing ad hocinterferences, is
one that is so interpretable. This can now be viewed as a suspected statis-
tical coincidence. We can try to remove it by introducing newhypothetical
states in the following way. LetA be the set ofp 2 O which are atoms of
pure instruments.

De�nition 8.1 An instrument measure � of a statistical theory is a map
� : A ! [0; 1] such that the following conditions are satis�ed:

1. � (1) = 1 ,

2. If J = ( q1; : : : qm ) is a condensation ofI = ( p1; : : : ; pn) by means of a
partial map � : n ! m and both instruments are pure, then� (qj ) =P

f � (pi )j� (i ) = j g.

We note that every state� 2 Sde�nes an instrument measure� � de�ned
by � � (p) = h�; p i . Denoting by Ŝ the set of instrument measures we have
a natural inclusion S � Ŝ. We want to think of Ŝ as the set of states of
a new statistical theory which incorporates new states but retains the same
set of phenomenological propositions. Let us de�ne now the new instrument
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set Î . If I = ( p1; : : : ; pm ) 2 I is a pure instrument we de�ne them-tuple
Î = ( p̂1; : : : ; p̂m ) 2 (Conv(Ŝ; [0; 1]))m by setting p̂i (� ) = � (pi ). We de�ne
Î n as the convex envelope of the set ofn-atom condensations ofm-tuples Î
as de�ned above. ThusÎ is the instrument set obtained by maintaining the
same set of phenomenological propositions arrayed in realizable instruments,
but observing now the ampli�ed set of states. In analogy withTheorem
8.1 we see that restrictingÎ to S we recoverI at least in the the case
when eachI n is �nite dimensional. To introduce the new operation setR̂ is
more problematic since it's not clear how a previously realizable operation
should transform the new states, we thus introduce the largest possible set of
operations that reduce to the old ones when applied toS. First we de�ne the
setsŴn as being the set of all consistentn-tuples (�̂ 1; : : : ; �̂ n ) of elements of
Conv(Ô; Ô) satisfying Axiom 4.90 and such that there is ann-exit operation
� 2 R with the property that given any n pure instruments I 1; : : : ; I n 2 I
the restriction of �̂ 1Î 1; : : : ; �̂ n Î n to S coincides with � (I 1; : : : ; I n). The set of
operationsR̂ is now de�ned as being generated from thêWn by means of the
axioms of Chapter 4 as applied to the already existing setŝS and Î . It is not
clear whether to any� 2 R n a consistentn-tuple such as described above
can be found. It's not hard to show thatT̂ = ( Ŝ; Î ; R̂ ) de�nes a statistical
theory which we call thestate extensionof the theory T = ( S; I ; R). Applied
to a two dimensional triple (S; O; h�; �i ) the state extension theory has as its
triple the Boolean triple (SB; OB; h�; �i ) constructed earlier.

Theorem 8.2 For any statistical theory T we have^̂T = T̂.

Proof: If K = ( k1; : : : ; kn ) is a pure instrument of T̂ then by de�nition of Î
it is either of the form Î where I 2 I is pure or it is a condensation of one
of these. NowÎ itself is pure for if Î =

P
� i � i � Î i where theI i are pure and

the � i de�ne condensations, then this relation holds onS � Ŝ, and since on
these states,Î and Î i coincide with I and I i we would haveI =

P
� i � i � I i .

By purity of I we have� i � I i = I and so� i � Î i = Î and Î is pure. Thus the
pure instruments of T̂ include Î , I pure in T. If now �̂ is an instrument
measure inT̂ , de�ning � (p) = �̂ (p̂) for p 2 A we see that� is an instrument

measure inT. Thus ^̂S can be identi�ed with Ŝ. Q.E.D
The state extension theory has a certain phenomenological content. Con-

sider for example a theory that is adapted to describing the behavior of
a certain type of organism within an enclosed environment. The organism
along with its environment can be viewed as a copy of a physical state de�ned
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simply by a certain interval of energy. This new set of energetically de�ned
states include now besides the original organism-environment combinations
also crystals of iron, gamma radiation, beach sand, pea soup, molten sulphur,
other types of organisms, etc. If we maintain the same set of phenomenolog-
ical propositions as arrayed in a set of realizable instruments, and observe
the new states, these provide us with instrument measures onthe set of pure
instruments. Thus in the reduced system corresponding to the enlarged set
of physical states, the set of states is a subset ofŜ. The new states inT̂ can
be looked upon as resulting from removing any restrictions existing in the
preparation procedures that would lead to the creation of a certain type of
state of a�airs. They correspond to any conceivable preparation procedures,
and soT̂ embodies the conceivable universe as seen by a set of propositions
originally designed to study only a part of the real one. Theories for which
T̂ = T we call state complete. They do not contain any statistical coinci-
dences resulting from merely restrictions on state production.

Theorem 8.3 Any Boolean triple is a state complete theory.

Proof: The pure instruments are of the form (� A 1 ; : : : ; � A n ) with A i disjoint
open-closed sets. ThusA can be identi�ed with B itself. The condensation
Axiom (2) of De�nition 8.1 means that if � is an instrument measure and
A = A1 [ � � � [ Ak , A i 2 B, A i disjoint, then � (A) =

P
� (A i ) which is to say

that � is a �nitely additive measure in B and since1 is identi�ed to $ in B
we have� ($) = 1 by Axiom (1) of De�nition 8.1 and thus � is in fact a state
of the Boolean triple andŜ = S. Q.E.D

Theorem 8.4 If H is a Hilbert space with3 � dim H = N < 1 then Tc(H )
is state complete.

Proof: This is an immediate corollary of Theorem 7.12 and Gleason'stheo-
rem [11]. Q.E.D

State complete theories are a natural starting point for general statements
about lattices of propositions, since these no longer exhibit certain types of
coincidences. Other coincidences could conceivably stillexist, leading still to
impure condensations of pure instruments. This is a totallyunexplored area.

Concerning the phenomenal world, we can now ask the following ques-
tions:
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1. Does the phenomenal universe, as viewed by a realizable set of instru-
ments, give rise to a state complete theory; in other words, is the real
world statistically indistinguishable from the conceivable world?

2. In the state extension of any theory adapted to viewing thephenomenal
universe, do there still exist pure instruments with impurecondensa-
tions? If so this would mean that there are certain statistical laws of
logic operating in the real world that up to now haven't been conceived.

Both Boolean triples andTc(H ) come fairly close to being theories that
view the phenomenal universe as a whole, each of course with its particular
set of instruments. Both of these are state complete and withno impure
condensations of pure instruments. Better candidates for real world theories
would be TI (H ) and even more soTQ(H ). The determination of their state
extensions would be quite illuminating.
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