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PREFACE

The many attempts at trying to explain the extreme regulariy of the set
of propositions referring to physical systems, exempli ety the Boolean al-
gebra of subsets of phase space of classical systems, andotitieomodular
lattice of projections in a Hilbert space of quantum systemdas resulted in
various axiomatic foundations [1, 2, 3]. To a large extenthese have not been
totally satisfactory seeing that in all of them some of the amms seem verad
hoc and removed from any operational or phenomenological infetation.
Rather than attempt yet a di erent formulation, we investigate the proper-
ties that can be expected of a completely general statistictheory without
trying to impose assumptions that would lead to one of the stalard physical
examples. The hope is that by understanding better the geredrtheories, we
can perhaps see better what is so special about the speciaésn Following
one line of investigation, we nd that statistical theoriescan be manipulated
rather freely, being objects of a bicomplete monoidally cded category. In
a sense this provides more machinery than we use but it's ursfiected ma-
chinery with much potential. Another line of study leads to vhat is probably
the main result of this work: the identi cation of those measring procedures
that cannot be interpreted as involving ad hoc interferenseby the experi-
menter. This leads to the result that theories with only two pire states can
be imbedded in Boolean theories with restriction on state pduction, adding
yet another example of statistical theories with a natural ssociated lattice
of propositions, a Boolean algebra in this case.

Our studies were originally motivated by physical examplesespecially
by the challenging and deceitful guide of the foundations ajuantum me-
chanics, but the formalism is purposefully general, and waterpret many
of the objects in terms of other types of experiments. Matheatical mod-
elling in biology and psychology should be quite di erent 'om either Boolean
or quantum modelling, and it is these sciences that we evertly hope to
bene t.



A brief description of the content of each chapter is as folis:

In Chapter 1 we set the stage by presenting mostly already weédnown
material, formalizing the notion of state and yes-no obseation in terms of a
certain duality of convex sets. Nothing is really new excedbr some exam-
ples and possibly some of the commentary. We follow this in @pter 2 by a
presentation of convex set theory from the point of view of uwversal algebra.
This allows us to view convex sets as objects of a bicompleteonwidally
closed category. In Chapter 3 we imbed the convex set dualitytroduced
in the rst chapter into a canonical vector space duality fdlowing a pattern
already established in the literature. Chapter 4 goes beydrhe rst chapter
in introducing into the formalism simultaneous measuremés and many-exit
operations on states. We follow an axiomatic approach, irdducing these as
primitive entities and axiomatizing all the properties they should have based
on their phenomenological interpretation. This is the esséial formalism of
this work. The short Chapter 5 brie y deals with the introduction of ideal
objects in statistical theories, that is, objects that are ot physically real-
izable, but arbitrarily well approximated by physically realizable ones. We
use this notion mainly to be able to assume in subsequent chaps that
all convex sets are algebraically closed, although the noti of idealization
naturally appears in various other places. Chapter 6 retusto the simple
statistical theories introduced in Chapter 1 and using the ategorical ma-
chinery of the second chapter shows that these theories foranbicomplete
monoidally closed category. This is a calculus of statisattheories. We also
introduce another category of theories, with not so many ne properties,
but one more realistically re ecting the intuitive notion of strength of theo-
ries and providing for the formalization of localization. ®@apter 7 contains
the most important results. we identify, by an analysis of tb complexity of
states, those measuring procedures that cannot be interpee as containing
interferences by the experimenter that would produce spus complexity in
the observed data. In parallel with this we explore the notio of an entropy
function, stopping somewhat short however of a fully satiging treatment.
The chapter also contains various passages related to quamt mechanical
models, pointing out the special nature of these. The last @ipter 8 takes
up the theme of lattices of propositions using the conceptd the previous
chapter. Scratching only the surface, we discover a Boolealgebra of propo-
sitions in theories with only two pure states, and include sne commentary
on the general case.

We diagram below the logical interdependence of the chapser Dotted



Preface 7

lines mean minimal dependence that can be successfully hkattby recourse
to the indices of symbols and de nitions provided at the end.
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Chapter 1

Preliminaries

In this work we consider the formal foundations of statistial experimental
sciences. Such a science involves the following type of expentation: by
certain well de ned procedures, we prepare a state of a airfor study, and
at some later time, according to other well de ned proceduss we observe
whether the so obtained state of a airs possesses or not a gsvproperty.
What interests a statistical science is the asymptotic fragency with which
repeated preparations yield a given observation. We shalbthere go into the
problem of bow we identify repeated executions of experinmtahprocedures as
being a repetition of the same experiment. Such an identi ¢en is necessary
in order to make valid sense of the frequency of occurrencesoime property
and we suppose this problem is solved in some manner. A sceemeay not
be wholly statistical. Psychology for example builds modelof behavior on
other than statistical grounds, yet part of psychology can & handled by a
statistical theory. It has only to be recalled that the multivariate statistical
approach known as factor analysis was developed primarily psychologists
of human behavior. In animal psychology also, the frequenaf a particular
type of behavior is often the subject of research, as in leang for example.
Thus a given non-statistical science can have a statisticttieory associated
with it and a quantitative model can be built for this part. Certain properties
of this statistical part can be ascertained directly from egerimental data,
independently of what model one uses for the presumed mectsans by which
the data is produced. Such experimentally determinable pperties should
shed light not only on the problem of model construction butigo on the non-
statistical aspects as well. It is these properties that weish to investigate.
At the minimum, we can say that any formalization of a statisical science
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must begin by introducing two setsS and O and a partial function h; i with
domainD S O and with values in the interval [01]. Each 2 S is
interpreted as a preparation procedure and eagh 2 O as an observation
procedure. If (;p) 2 D thenpis applicable to andh;pi is the asymptotic
frequency of times the given property is observed under regted preparations
of and observations ofp. While strictly speaking, and according to this
formalism, not every observation procedure is applicable every preparation
procedure (confronting a hungry rat with an optical collimaor rather than
a T maze is not likely to be considered a legitimate experimgnwe shall
immediately sidestep this issue by formally settindn;pi =0 if ( ;p) 62D,
thus not bothering to formalize the notion of applicability From now onhj i
is a total function.

We call S the set of statesand O the set of observations It should be
stressed from the outset that every state should be consi@eras representing
an ensemble that is, a hypothetical population that we can realize prati-
cally only in part by repeated preparations. In what followsa preparation
procedure shall be, at a convenient point in the discussiomjenti ed with
the ensemble it is hypothetically capable of generating, étifying thus pro-
cedures that generate the same ensemble. The state of a aresulting from
each particular preparation we shall call aopy of the state. Similar state-
ments hold for the observations. Each particular realizatin of a preparation
of a state a followed by a realization of an observation p, waltan execution
of the experiment(;p). Only by a repetition of a large number of such exe-
cutions can the numberh; pi be computed since with a single execution the
result is simply yes or no. Each triple (S;O;h; i we shall call astatistical
system or systemfor short.

It may well happen that di erent procedures yield the same site of af-
fairs. In such cases it must be true that if ; and , really produce the same
state of a airs, then within experimental errorh ;pi = h »;pi forallp2 O.
Similarly di erent observation procedures can be conneatewith the same
property, and if p;, and p, are two such, then again within experimental
error, h;p.i = h;p,i forall 2 S. The notion of same state and property
generally come from extrastatistical grounds. Thus in ipjing a coin there
is only one preparation: ip; there are two observations: heds (H) and tails
(T). Thus S can be taken as the one point séftg and O as the two point
setfH; Tg and if the coin is fair we haveh ; Ti = h ;Hi = 1=2. Statistically
heads and tails are the same, but phenomenologically di exe At this stage
of the discussion however, we shall identify statisticallgquivalent elements,
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for the simplicity so obtained compensates for the loss ofrta&n distinctions
which however we shall later to a large extent recover by a nmothorough
formalism. In any case if §;0;h; i) is a system as introduced above, we
de ne an equivalence relation inS and O as follows:

°, 8 p20; h;pi=hSpi
p p°, 8 2S; h;pi=h;pt:

Of course ifS, O, and h; i are experimentally determinable objects,
such equalities hold only up to a certain error. We do not entehere into
the investigation of how to test hypotheses of the fornm;pi = h %pi. In
any case, once these relations are introduced, we can pasghe quotient
setsS= , O= and the corresponding function, still denoted by the same
symbol,h; i :S= O =! [0;1] dened by H ];[p]i = h;pi where from
now on we use the bracket to denote equivalence classes omelds. We
call (S= ;0= ;h; i) the reduced system of (S;O;h; i). We say that a
statistical system isseparatedif the families of functionsth ;pij p2 Og and
fh; ij 2 Sg separate points ofS and O respectively. The reduced sys-
tem is always separated. In a separated system states and etations are
determined entirely by their statistical behavior. Phenomanologically this
is not always the case as the coin tossing example shows. Hohrsystems
with complicated S and O we may encounter empirical separated systems.
This is believed to be the case of quantum mechanics for exdepwhere in
principle only statistical behavior is observable. Howevewe have no means
of knowing when this should be the case, and should not make angiple of
it.

Once we are working with a separated system it is advantageto intro-
duce further structure in the setsS and O. It makes sense to assume they
are convex in the sense thatif;; »2S and 0< < 1 we can talk of the
element ;+(1 ) ,2S. Given procedures for the preparation of; and

» this new state is prepared by the following procedure: cho®s number
randomly in [0; 1] from a uniformly distributed population (by a random
number table say); if it turns out that <  prepare ,if > prepare ».
Certainly this is a practical procedure and we can assunf is closed under
convex combinations. As before, we here gloss over somedaat practice
is a rational number while we are assuming the above can be gad out for
any . Similar convex combinations can be introduced i® and we assume
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they have been. Remembering that we are in a reduced triple whould note
that what is of practical importance is to able to identify a gven state a as
being a mixture ;+ (1 ) ,, 06 6 1 even though the preparation
leading to may not involve such deliberate mixing procedures. An exartg
of this is furnished by physics of molecular beams. A beam ofohecular hy-
drogen consists of a certain fractiom of orthohydrogen and a fraction 1 f
of parahydrogen . Hence we can write = f oo + (1 ) paa, Yet the
preparation of involved no random number table contingent decisions. Of
course it's possible to build apparatus to prepare pure orthydrogen and
pure parahydrogen and these can be used along with a randommmier gen-
erator to recreate a state having identical statistical prperties as above.
This is not the main point, the main point is the importance ofidentifying
mixed states, as this implies a simpli cation of the study otheir statistical
behavior, the problem passing on to the components of the ntixe. The
present work has to a large extent been in uenced by the protype of the
statistical behavior of beams of physical particles applyg the ideas however
to far removed contexts. A \beam" then becomes simply an ensble of pre-
pared states be they physical, biological, psychological otherwise. In such
a way we propose to unify the study of statistical scienceshysics becoming
simply a particular case.

It should now be noted that by the frequentistic interpretaion of h; i
this function is bia ne. That is:

h 1+@ ) 2pi = hgpi+(@  )hypi;
h;p1+(1  )pi = hipii+(1  )h;pai
forall , , 1, 2, p1, p2. To see this, consider the rst expression. Sup-

pose that we have made a large numbét of repetitions of the experiment
( 1+(1 ) 2;p). In terms of mean expected behavior of thedd repeti-
tions, N correspond to copies of; and (1 )N to copies of ,. Of these
N instances of ; we obtain N h 1; pi positive observations of, and of the
(1 )N instances of , we obtain (1  )Nh ;pi positive observations of
p. Thus the total number of positive responses itN h 1;pi+(1  )Nh ,;pi
meaning that the frequency is h 1;pi + (1 )h ,; pi. By the frequentistic
interpretation this frequency is preciselyn | + (1 ) ,;pi demonstrating
the rst equality. A similar argument works for the second eqality.

In addition to the convex structure we can assume further adigbnal
structure for O. Since eactp 2 O corresponds to gyes-noobservation we can



Preliminaries 13

consider the observation p obtained by interchangingyes and no. We thus
assume thatO is provided with the map: : O ! O . By the frequentistic
interpretation we nd, using the same methods as in the prewus paragraph,
that

h;, :pp = 1 h ;pi;
(pt (@ )p2) et )R

forall , ,p, p1, p2. From this it is also clear using the fact that the system
is separated that

p=p:
Thus : , which is callednegation, is an a ne involution of O.

We further assume thatO is provided with a distinguished elementl
having the property that h; 1i = 1 for all . We interpret 1 as being the
observation of a tautological property, or simply the obsemation that a state
has been prepared. The negationl of 1 we denote by0 and this corresponds
to an observation of a contradictory property, and as an eleemt of O satis es
h; Oi =0 for all

We are thus able at this point to make a formal de nition:

De nition 1.1 A statistical triple is a separated statistical syster(S; O; h; i)
whereS and O are convex sets andh; i : S O! [0;1]is a biane map,
such that the following axioms are satis ed:

1.8p20; 9:p20 suchthat8 2S; h;:pi=1 h ;pi,

2.9120 suchthat8 2S; h; 1i =1:

We note that an easy consequence of (1) and separatednesshat t p
is unigue and that the map: : O ! O is ane. We likewise deduce, as
has already been mentioned, the existence of the elemén2 O such that
8 2S;h; 0i =0.

We have deliberately avoided mentioning the vector spaces which S
and O are to be considered as convex subsets. For our immediate poses
it doesn't matter, and since we shall in the next chapter rsly dispense with
them by an intrinsic axiomatization of convex sets and secdly reinstitute
them in a canonical manner, we gloss over the problem hereusang only to
introduce the following terminology.
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The extreme points ofS are calledpure states and the extreme points of
O, pure observations States and observations that are not pure are called
mixed. We shall also at times refer taS as thestate gure and to O as the
observation gure.

We now present a few examples of statistical triples that hatraditionally
been considered and a few that haven't.

Example 1.1 Kolmogorov Probability

Let ( ;) be any measurable space, where is a -algebra of subsets of
. Let S be the set of all probability measures in (; ) and O be the set of

gll measurable functionsf : ! [0;1]. We deneh; i by h;f i= (f)=
f (w)d (w). The set of extreme points ofS are the dichotomous measures
that is, such that for all A 2 , (A) is always either O or 1. There is a

map which associates to each poirt 2 an extreme point of S given by

I' 7', where , is the Dirac measurede ned by h, ;fi = f(!). In general

this map is neither injective nor surjective. In many imporant cases though
it is bijective. The pure observations of any Kolmogorov tple are precisely
the characteristic functions a of measurable subsets. The elemenfisand 1

are the constant functions 0 and 1 respectively, andf =1 f.

If is a pure state thenh; Ai = (A)is either O or 1; in other words, a
pure state has a pure property either certainly or certainlynot. This is the
intuitive content of sharply de ned states and sharply de red measurements.

In mechanics, is taken to be the phase space of the physicaysem.
Statistical mechanics deals with certain canonically de @d measures in
such as the Gibbs and the microcanonical ensembles, claskimechanics
restricts itself to Dirac states, other measures are intradced only as auxiliary
objects.

An important di erence between our viewpoint and the usual ae is the
introduction of mixed observations. We have been motivatedy reference [5]
in this regard.

if = flg;:::5;1¢gis nite, then we can take for the algeqf,a of all
subsets of . Now every probﬁbility measure can be writtenas = . m; |,
wherem; = (f!;g) 0 and b = 1. Thus S can be identi ed with the
n 1simplexfm2 R"jm; 0; m; = 1g and identifying h; i with the
usual Euclidean inner product inR" we see thatO is identi able with the
cubefp2 R"jO p  1g. In this casel is the point (1;1;:::;1) and O is
the origin; negation is given by: (py;p2;::5;pk) =2 pui;l p2riiinil o po)-
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We can think of this system as that of in nite messages in an pha-
bet onk letters ; »,;:::; k which can be identi ed as copies of the pure
states. A pure observation consists of verifying whether ainstance of one
of the letters falls within a predetermined subset of lettex. We assume the
asymptotic frequency of such events exists. Such messages@oduced by
the outcomes of Bernoulli trials. As every cryptanalyst knas, natural lan-
guages approximate such behavior, even though natural lamgges are not
Bernoulli processes. In natural languages, symbols at drent positions are
correlated, but for this example, such correlations are ngdart of the obser-
vation procedures.

Example 1.2 Boolean triples

This is a system closely related to Kolmogorov probabilitybut with the
measure-theoretic troubles disregarded. LeB be a Boolean algebra. By
Stone's representation theorem [6B is identi able with the algebra of closed-
open subsets of a completely disconnected compact HausdspaceX . We
let S be the set of all nitely additive measures onB. We.let O ge the
set of continuous functionsf : X ! [0;1] and we seth;f i = fd
This is a nitely additive integral and so perhaps qﬁservesosne explana-
tion. Consider the setF of simple functionsf = G A, Where thec
are real andA; are closed-open sets. Such functions are continuous, and by
the Stone-Weierstrass theorem are dense ®X) considered as a Banach
gpace WiTrb the supremum norm. Fof 2 F we can de ne the integral by
fd = ,c (A)). It can be easily checked that this de nes a norm con-
tinuous linear functional oncF and so can be extended to the closu@X ).
Henceh; i is well de ned. The extreme points ofS are Dirac measures
and the extreme points ofO are characteristic functions of closed-open sets.
Negationis givenby. f =1 f and0 and1 are the constant functions 0 and
1 respectively. WhenB is a nite Boolean algebra with k atoms, this triple
is isomorphic to the Kolmogorov triple with being a set with k points.

Example 1.3 Two dimensional triples

This is the simplest non-trivial triple, that is one in which S is spanned by
two pure states o and ;. Thus Sis a line segmenf = ;+(1 ) o]
0 1g which we identify with the line segment between () and (1; 0)
in R2. Hencenowa =(; 1 ). We considerO R2 and if we use the
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normal duality, O must be a subset of the square J@] [0;1]. The existence
of negation means thatO is symmetric under inversion through the point
(1=2; 1=2) and the separation requirement means that besides the ssgnt
[0; 1] there must be at least one more point irO (and by convexity, many
more). An example of such a set is given by the gure below:

The boundary ofO consists of two parts, theupper boundary that lies above
the segment (; 1] and the lower boundary that lies below. We includeO
and 1 in both parts. In case the upper boundary is the graph of a fution
we denote this function byb. This occurs if and only ifO is the only point
of the form (O;y) on the boundary. If O is all of the square then we have a
Kolmogorov triple on a two point set, or equivalently a Boolan triple with

B having two atoms.

Example 1.4 Hilbert space quantum mechanical triple

Let H be a complex Hilbert space with inner product ( ) We let S be the
set of positive trace class operators of trace 1, and letO be the set of
operatorsA suchthat0 A |. Wedeneh;Ai=Tr( A). The extreme
points of S correspond to pure quantum mechanical states, and these are
operators of the form (; ) wherejj jj =1, 2 H. Such a is dened
only up to a multiplicative constant of modulus 1. The extrene points of

O are orthogonal projections. Negation is given byA=1 A, and 0 and

1 are the operators 0 and 1 respectively. It is customary to datlements
of S density matrices Just as for the Kolmogorov triple in mechanics, this
formalism di ers from the usual one in the admission of mixedbservations.
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Example 1.5 Stochastic triples

Let (X; X) and ( ;) be measurable spaces with -algebrasX and
respectively. LetP, be a family of probability measures in indexed by X
and such that for allA 2 , x 7! P,(A) is a X -measurable function onX .
We let S be the space of probability measures ok, agagO be the set of mea-
surable functionsf : ! [0;1]. Wedeneh;f i= ( f(I)Px(d))d (x).
The system ;O h; i) may not be separated; the stochastic triple is the
corresponding reduced system. This construction correspts to stochas-
tic processes which of course have additional structure. Buch cases is
the path space,X the coordinate space of the process andis the initial
distribution.

This triple is closely related to the Kolmogorov triple on ( ; ), and can
be obtaineg from it by restricting the states to be the meases that can be
written as Py d (X).

Example 1.6 Empirical triple

The ideas presented here could be used as a basis for proceslumn mul-
tivariate statistics. The setsS and O are experimentally determinable given

We wish to interpret the data according to the model that we a& dealing
with a statistical triple ( S; O; h; i) with the Y; corresponding to points inO

and each empirical observation being performed upon a cdrtastate in S.

Although we have not developed the general statistical predures to make
such an analysis, there is nothing in principle to prevent anset of data
from being treated in this way. Certain existing proceduresan already be
applied if we make somea-priori assumptions about the data. If the sample

one of which can be considered as corresponding to a singhgest , then by
averaging the variables within the subsamples we obtain thellowing new
sample variables:
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wherej runs over thek-th sample. We now consider the?, as components
of a vector ¥, . On the basis of these we can perform an oblique axis factor
analysis [7] and t a model of the form:

X
Y= &z +h

1

where theZ- are picked to be certain of the?, and b is the coe cient of
the presumably always present factofl of mean 1 and variance O, that is,
the constant 1. Once this is done, consider iR-*! the convex envelope of
the set of vectors

These give the empirically determined setS and O respectively. If the factor
analysis is well done in that one cannot reduce the number adtors and

product that serves to de ne the duality of the empirical triple is given by:

X X X
h  «(1Zy); i(b;a)i = iar Zw k!
ik
Note that even though the sums on the left hand side involve igeneral sets
that are linearly dependent, the de nition is consistent, or if any of the sums
vanish, the right hand side vanishes also. In this tripld is (1,0;:::;0), the
origin is 0, and negation is given by. p=1 p.
More sophisticated statistical analysis must of course beade if we don't
have a-priori identi cations of which observation is done in which state.
Normal factor analysis techniques usually con ne themsedg to the elab-
oration of a factor model, and after appropriate coordinatehanges to the
identi cation of the factors with some naturally interpretable variables. Lit-
tle, if any, attention is paid to the geometrical shapes of th sets of empirical
points in the various spaces involved. A study of these shapshould give
clues as to the underlying mechanisms that could be involved producing
the observed data. To illustrate these remarks, consider étphysics of a light
bench. The polarization states of light are well modelled bg Hilbert space



Preliminaries 19

triple with H = C2. If we usePauli spin matrices:

1. 01 o_ 0 i s 10

10 i 0 0 1
we can write any 2 2 matrix masm = | + =~ ~. We nd that hermi-
tian matrices correspond to , and ~ real. Now S is dened by = 1=2,

7] 1=2,andO by j~j min(; 1 ) which is a four dimensional convex
region. Furthermore, Tr((I + = ~)(I +~ ~)=2( + ~ 7). Now if
the above mentioned factor analysis were done on a large nuenbof opti-
cal bench experiments, the above convex gures and dualityp to an a ne
isomorphism, would be found. With su cient knowledge on ourpart, we
would recognize them as coming from a Hilbert space model. Rgimcal data
can therefore in some systematic way call for certain modejges. Now the
freedom to choose our coordinates arbitrarily implies thabnly the a ne in-
variants of the setsS and O and of the pairingh;i : S O! [0;1] are
intrinsic to the data. Based on this observation we now prepa to formulate
the study of convex sets independent of their possible imbdidgs in linear
spaces and of any possible coordinate systems therein.
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Chapter 2

The Category of Convex Sets

Because of the role that convex sets play in the previous dission, we
propose here to give a condensed development of convex seiotly from an
intrinsic viewpoint. We want to consider a convex set as an géct existing
apart from any vector space in which it may be embedded. To béle to do
this the best procedure is to develop convex set theory as algebraic theory
and to investigate the category that is so formed.

De nition 2.1  An abstract convex setCis a set endowed with the following
additional algebraic structure: To eachn 1, and to eatgh n-tuple =

1, 27::%; n), of real numbers such thaD i land , ;= ]Pthere
IS given ann-ary operation : C" 1 C where for intuitive we write i Xi
instead of (X1;X2;:::;Xn). These operations are subject to the following
axioms:
1.1 x=x.
P P P P

2. 5 0 ax) = 50 5 g %
P P P

3o 0 X)) = 5 Ci )X

4.1f06 61 and x +(1 )= x +(1 )z, theny = z.

Easy consequences of these @(ioms are: (ax®# 0 y = x which implies

that in any expression of the form  ;x; we can simply drop any term with

i =0; and (b) that in order to de ne the operations  we need only know
how to form x + (1 )y for any x, y and O 1.

21
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Given two convex set€Cand D a morphism :C!D is a set map that
is @ homomorphism of the algebraic system; that is:
X
( iXi) = i (Xi):
| |
We shall call such a anane map .

We denote byConvthe category whose objects are convex sets and whose
morphisms are a ne maps. The set of morphisms : C ! D we denote by
Conv(C; D). The empty set and any singleton set are obvious objects dfis
category.

Given any convex setC a subsetD C is called aconvex subsetf
x;y 2D;0 1) x +(1 )y 2 D. The intersection of any family
of convex subsets is a convex subset, hence given any sul&etC we can
de ne its convex envelope con\) as being the intersection of all the convex
subsets that containS. This is the smallest convex subset that contain$
and consists of points of the form ; ;s; with s; in S.

A subsetF of a convex setCis called afaceof Cif x 2 F;y;z2 C;0

ILx=vy +(1 )z) y;z2 F. Clearly Cis a face ofC. A point x
such that the singleton setf xg is a face is called gure, or extreme point
All other points are calledmixed. If :C ! D is a morphism andG is a
face ofD then 1(G) is a face ofC.

The aim of this chapter is to show thatConvis a bicomplete monoidally
closed category [8]. To achieve this we must rst constructraequivalent
category which is also of great utility because it interpret each convex set as
being canonically imbedded as a base of a cone in a functdsiadependent
seminormed vector space.

We rst note tBat Conv(C; D) can itself be considered as an object in
Conv by de ning i i by the formula:

X X
( i i)(X) = i i(x):

We shall write Conv(C; D) for this object in Conv.

We further note that if Lin is the category of real linear spaces with
linear maps as morphisms, then there exists a functdin ! Conv which
interprets each linear space as a convex set in the obvious mar.

To simplify notation, we give no names to the various identication func-
tors that we are about to start using, letting the context suply the nec-
essary information. Note that ifV is a real linear space, therConv(C; V)



The Category of Convex Sets 23

can also be thought of as a real linear space; namely, der@e + b by
(a +b)(xX)=a (x)+ b (x) for a; breal.

Let C now be a nonempty convex set. We show th&onv(C; R) separates
points in C; that is, givenx; y 2 C,x 6 ythereisananemap :C! R
such that (x) 6 (y). To show this we rst imbed C by a rather laborious
construction into a real vector space/c in a way that the convex structure
of C becomes part of the linear structure oVc In this way any a ne map
C ! R will have an extension to a linear map/c ! R, and conversely, the
restriction of any such linear map to the imbedded image @@ provides an
anemap C! R. Thus using the fact that Lin (Vc;R) separates points of
Ve we will conclude the needed result.

In order to understand the construction that follows, thinkof V¢ as being
formed by formal di erences of the formax by, x;y 2 C;a; b2 R; a; b>0.
Consider the set of all quadruples of the formrx{y;a;bp 2 C C (0;1)
(0; 1 ) and for intuitive reasons write such a quadruple aax by. Introduce
now an equivalence relatiorax by a%° by rstly requiring that

a+ BP’= a’+ Iy call this number D; and secondly by requiring

where of course the symbolic sums now refer to the algebraipesations
performed in the convex setC. Let V: be the set of equivalence classes
[ax by] of these quadruples. We now de ne a linear structure iNc. First,
we de ne, choosing anykg 2 C:

0= [1X0 lXo]:
Givenr 2 R, we de ne scalar multiplication by:
8
< [(ra)x (rb)y] if riO
rlax byl = 0 if r=0
[( by ( ra)x] if rHO
and we de ne addition by:
[ax byl +[a%® B9 =

0
(a+ a9 G

X + X
a+ ad a+ ad

b 0
(b+ 1) T o
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where the sumsa+ a’and b+ [P are to be interpreted inR, and the other
two as standing for the operations irC.

A tedious and totally unenlightening veri cation shows tha V. as so
de ned is in fact a real vector space.

We now de ne an imbeddingjc : C! V¢ by:

jex =[2x Ix]

To see thatjc is injective suppose that [R  1x] = [2y 1y], then by the
de nition of equivalence we must have (23)x + (1=3)y = (2=3)y + (1=3)x
which by the axioms of convex sets is easily shown to be equéert to x = vy.
A further tedious veri cation shows that j¢ is a ne, hence we can identify
the convex structure inC as being induced by the linear structure invc.
Letnow :C! R beanyane map, wedeneV :Vc! R by setting
V[ax byl=a (x) b (y). Wehave =V |jc. We conclude nally, using
the argument already presented, thaConv(C;R) separates points inC.

Having established this, we can proceed in a more canonicaklfion.
Consider the setC = Conv(€onv(C;R):R). There is a natural a ne map
jc:C! C given by

()= (0

for 2 Conv(C;R), x 2 C. By the previous discussion we now know thgic
is injective. In what follows, we drop the subscript ifj c whenever convenient.

SinceC is naturally a vector space, we de ne/(C) as being the vector
space spa}{,med by the image & by j. An elementv of V(C) is therefore of
the form,  rijx;. Let | be the set of indices such thatF;i > 0, and letK
be the setof indicesk such thatr, < 0. LetD" =1+  friji 2 Ig, and
D =1 frijk 2 Kg. Let xo 2 C be arbitrary. We have:

| |
X X

Xo+ L IXi D iJ'Xo"‘ iJ'Xk

D+ D D
| K

v=D"

D+

which being of the formD*jx* D jx ;D";D > 0;x";x 2 C, is now
identi able with the element [D*x* D x ] of the vector spaceV: con-

structed earlier. We thus recover our previous constructio We furthermore

note that any element ofV(C) can be written asajx; bjx;; x3;x, 2 C

and a; b > 0. We can clearly allowa or bto be zero, though in the above
manipulations we avoided this to be able to relat& (C) to V.
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The spaceV(C) has considerable additional structure. LetK (C) be
the cone of elements of the formajx, a 0, x 2 C; thus jC is identi ed
with the base of this cone and we hav&/(C) = K(C) K(C). Given
v =ax by 2 V(C) we can de ne the linear functional c(v) = a b
Note that is positive onK (C). We now de ne the functional

pc(v) =inffa+ bjv=ajx bjy;a;b 0Og
or better
pc(v) =inff (vi)+ (v2)jv=vi Vo vi 2K(C)u:

One veri es that pc is a seminorm that coincides with on K (C); fur-
thermore ¢ jc(X) =1. Letnow :C ! D be an ane map. Dene
V():V(C)! V(D) by:

V()(ax biy)=aj (x) bj (y):

One checks thatV ( ) = V() V() V(@c) = 1y, and that the
diagram

\
V(C) # V(D)
@
e 5
R
commutes.
For the omitted caseC = ; we setV(C) = f0g, the zero dimensional

vector space. The rest of the structure can now be easily ideed.

We are now ready to de neBsn, the category of based seminormed linear
spaces. The objects of this category are real vector spas@sendowed with
the following additional structure: a proper convex cond& such that W =
K K (proper means that K\ K = f0g) and a positive linear functional
such thatx 2 K; (x) =0 ) x =0. Morphisms in this category are positive
linear maps :W ! Z such that the diagram
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commutes (positive means (K (W)) K(Z)). Now Conv and Bsn are
equivalent categories. We have already exhibited a functa@ 7! V(C);

7' V() from Conv to Bsn. The functor in the other direction which
establishes the equivalence i3V 71fv2 K(W)j (v)=1g;, 7! jW.

Just as for the categoryConv we shall identify Bsn(W; Z) with an object
of Bsn. Now Bsn(W;Z) is a convex subset otin (W;Z) since =
and = imply ( +(@1 ) )= and ; positive imply

+(1 ) positive. We thus de ne Bsn(W;Z) = V(Bsn(W;Z)) think-
ing of Bsn(W;Z) as a convex set. Now by equivalence we have a natural
bijection Bsn(V(C); V(D)) ' Conv(C; D) which is readily seen to be an iso-
morphism of convex sets. Thud/(€onv(C;D)) * V(Bsn(V(C);V (D))
Bsn(V(C); V(D)) a fact that will be useful later so we dignify it to be a
lemma.

Lemma 2.1 There is a naturalism Bsn isomorphism:
V(€onv(C; D))" Bsn(V(C);V(D)):
We also need the following technical result in a subsequergmionstration.

Lemma 2.2 Let 2 Bsn(W:Z) then we have the equality

z( (W) = () w(w):

Bsnw:z)

Proof: Suppose =a b ;a;b 0;; 2Bsn(W;Z),then ,( (W))=
z@(w) bw)=az (W bz W=awWw bwWw)=(a
b) w(w)= ésn(vv;Z)( ) w(w). QED

The advantage of usingBsn instead ofConv is that we can use the linear
structure to manipulate the convex structure.

Theorem 2.1 Conv is a bicomplete monoidally closed category.

The proof will proceed by stages. To show bicompleteness weed to
prove the existence of products, equalizers, coproductscacoequalizers. To
prove monoidal closure we will exhibit a tensor produc€ D of convex sets
and a natural bijection Conv(C D;E)"' Conv(C;Conv(D;E)).
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1. Existence of products

Q

Let C be afamily of convex setsand le€ = =~ C be the set theoretic
productand :C! C be the set theoretic projections. We furnish
C with the following convex structure: (x )+ (1 Wy )=(x +
(3 )y ). To show that C is the product in Convis now trivial.

2. Existence of equalizers

Let ;; ,:C ! D be two ane maps. Consider the subsetE =
fx2 Cj 1(x) = 2(x)g. Now E is a convex subset and the inclusion
map :E ! Cisthe settheoretic equalizer, which being a ne is easily
seen to be the equalizer il€onv.

3. Existence of coproducts

Let C , be a family of convex sets. ngsider the family (C ) of the
corresponding vector spaces. Le¥ = =~ V(C ) be the vector space
coproduct, that is, the subspace of the vector space produde ned
by(v)2V, v 2V(C)andv =0 for all but a nite number of
indices. Wedene :C ! Vby: (x)=(y)where

_ dex it =
Y= 0 it 6 :

Let C = conv(S (C )) be the convex envelope of the union of the
images of all theC , by the maps . Continue to call by the
injectionsC ! C. We show thatC is the coproduct inConv. Clearly
each is ane. Let :C ! D be algamily of ane maps. Now
eachx 2 C can be uniquely written X = f (x)j 2 Fgwhere
F is a nite set of indices, 0, a=1 and x 2 C . We wish
to establish the existence of a unique anemap :C! D such that

;= but by a nity and tk|§ factorization requirement we see
that must be given by (x)= ¢ (x ) which is readily shown
to satisfy the requirements.

4. Existence of coequalizers

Let ;; ,:C! D betwo morphismsinConv. Consider the convex set
D D. AnequivalencerelationrR D D is said to beconvexifitis a
convex subset oD D. Seeing that the total relationD D is a convex
equivalence relation, and that an intersection of an arbiary family of
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convex equivalence relations is also a convex equivaleneéation, we
conclude that the set of convex equivalence relations is anaplete
lattice. The smallest element is equalitye = f(x;y)jx = yg. Thus,
let R be the smallest convex equivalence relation containing g@l&irs of
the form ( 1(x); 2(x)), x 2 C. The passage to the quotient spad@=R
is compatible with the convex structure inD; and we can introduce a
convex structure in the quotient by setting [x] + (1 Nyl =[x +
(1 )y]. The set theoretic canonical map : D ! D=R is easily
seen to be ane. Letnow : D ! F be a morphism such that

1= 2; Wwe note that ( ) Y(E) is a convex equivalence
relation in D, and since it contains all pairs of the form (1(x); 2(x)),
it contains R. Thus is constant on the equivalence classes Rfand
so there is a unique factorization = " ; " is easily shown to be
a ne showing that K is the coequalizer.

. Existence of tensor product

To show that Conv has a tensor product, its enough to show that
the equivalent categoryBsn has a tensor product. LetV and W be

based seminormed vector spaces and consider the linear gptnsor

product V. W. De ne a cone in this space as being the convex cone
K generated by elements of the forrv  w, v 2 K (V), w2 K(W).
Since any element o/ W has a representation X; Yy; and since
we can writex; = vi V& yi = w Wl v v02 K(V); wi; wl2 K (W);
we conclude thatVv W = K K. Dene :V W ! R by the
universal diagram:

vV W—V W
@

%

R

where (X;y)= v(X) w(y). If P(V) =0forv2K,thenv= P Xi Vi
Xi 2 K(V), y; 2 K(W) and (xi) (yi) = 0. Since each term is
positive we have (x;) (y;j) =0 for all i, that is, for all i, either x; =0
ory; =0, hencev =0. We conclude thatK is a proper cone and that
V W has a natural Bsn structure. We now show there is a natural
bijection

Bsn(V;Bsn(W;Z)) ' Bsn(V W;Z):
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A Bsn morphism :V ! Bsn(W;Z) coincides with aLin morphism
"V ! Lin (W; Z) which in turn de nes a unique Lin morphism
*: V. W ! Z. We need show that * is a Bsn morphism. Let
x y2V Wthen (x y)=(%)(¥)so z Xx y)= z((X)¥)
which by Lemma 2.2 is equal to ésn(W;Z)( X ) w(y) which in turn

is equal to v (x) w(y) since " is actually a Bsn morphism. As this
last number is v w(x y) we conclude that ; *=  w. Fur-
thermore, if x 2 K(V), y 2 K(W), then *(x vy) = (x)(y), but
since (x) 2 Bsn(W;Z) we have (x)(y) 2 K(Z), showing that *is
positive. We conclude from all this that * is a Bsn morphism. We
have established one side of the bijection however, usingetkame equa-
tions the argument is reversible and we conclude th&sn has a tensor
product. Returning to Convwe dene C D to be the base of the
cone in theBsn tensor productV(C) V(D), establishing thus a nat-
ural isomorphismV(C D)' V(C) V(D). ThereforeC D is the
convex envelope of the set of points of the forpxx  jpy; x 2 C,
y 2 D. We now have using Lemma 2.1Conv(C;Conv(D;E)) '
Bsn(V(C);Bsn(V(D);V(E))) ' Bsn(V(C) V(D);V(E))
Bsn(V(C D);V(E))' Conv(C D;E) where each bijection is nat-
ural. Thus Convis a monoidally closed category and we conclude the
proof of our theorem. Q.E.D.

The tensor product of two convex sets is generally hard to cqmute.
For example [Q1] [O;1] is a nely isomorphic to the tetrahedron, but
this requires some work to establish.

As a nal observation on the theorem we note that the initial dject in
Conv is the empty set; where the unique initial morphism; ! C is the
empty map. As has already been note (;) = f0Og is the initial object in
Bsn. The nal objectin Convis any singleton sefg . NotethatV(fg )' R
wherej =1.
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Chapter 3

The Canonical Vector Space
Duality of a Statistical Triple

By a statistical pairing, or pairing for short, we shall mean a system
(C;D;h; i) where C and D are convex sets anch;i : C D! [0;1] is
bia ne. Given a pairing, we can imbed C in its Bsn spaceV(C). We
can now think of eachd 2 D as dening a linear mapV(C) ! R by
jc  jc %7 h;d  hetdi. Thus D is mapped to a subset of the algebraic
dual of V(C). Let V(D) be the subspace of this dual spanned by the image
of D. Thus we have a pairing oV (C) with V(D) and we continue to write
h; i for the bilinear form de ning this pairing. Note thatif P = (C;D; h; i)
is a pairing, then so isJP = (D;C; h; i;) wherehd;d; = hc;di. Hence we
can also pairV (D) with Vy(C) de ned analogously.

In case a pairing is separated, we call it statistical duality, or duality for
short. In this case the correspondencek7! h ;di andc 7! hc; i imbedD as a
subset ofConv(C;[0; 1]) and C as a subset ofConv(D; [0; 1]), identi cations
that we will normally use without mention.

A statistical triple (S;O;h; i) is clearly a duality, and in this case we
note that O is mapped to the origin of\(O). We have in this case:

Theorem 3.1 The pairing of V(S) with Vp(O) is separated.

Proof: Suppose rst that hgj bj %ri = 0 for all r 2 Vu(O), then in

particular for r = 1 we concludea = b. Thus if a 6 0 we have that for all

p20,H j %pi=0,or h;pi=h%pi and hence = O‘since triples are
separated. In any case thereforaj bj °= 0 and the pairing separates
points of V(S).
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p Suppose nown ; P ripi =0 forall 2 S, then as before we can write

ripp=ap bgp;g2 O, a;b > 0. Thus we haveah;pi = bh;qi.
One of the ratios a=b or b=amust lie in [0;1], say b=a Henceh;pi =
(b=9h;qi = h; (b=9p+ (1 b=390i. Since triples are separated we have
p=(b=39g+ (1 b=390 but then in V,(O), ap bg=(a b0 =0, and so
the pairing separates points o¥/,(O). Q.E.D

We note that in ve of the examples in the rst chapter, the statistical
triples were thought of as being already within their respéiwe linear duali-
ties. For example, in quantum mechanicsy (S) is the space of all trace class
matrices, andVy(O) the space of all self adjoint bounded operators with the
pairing given by Tr(P A) where P is trace class andA is bounded and self
adjoint.



Chapter 4

A More Extensive Formalism

Various experiences in trying to develop the formal foundains of quantum
mechanics [9] have demonstrated that the scheme so far infeced is too
restrictive in two aspects. We rarely perform simply a singl yes-no ob-
servation, we generally observe several properties at thanse time, or use
instruments with scales whose response is some real numbed & not re-

stricted to merely registering yes-no alternatives. Furtermore, the act of
observation does not normally mean the end of experimentah; observation
could be part of preparation of the state. That is, some states prepared,
then observed, and if it satis es certain conditions it's kpt for further ob-

servations, and if not, it's rejected and the state preparan procedure is
aborted and considered a failure. An example of such a proced would be
an initial screening of subjects for a psychology experinteoy administering

certain tests.

In previous works these two ampli cations of the formalism &s been done
within an already existing statistical triple (S; O; h; i). That is, instruments
and operations were de ned within an already mounted formam and then
their properties studied.

The point of view we shall follow here is to introduce these tions as
primitive, to formalize the properties that we intuitively feel they have in
their concrete realizations in experiments, and to show than doing so, we
can, under certain phenomenological assumptions, consttun the end a
statistical triple (S; O;h; i) within which the given structure can be repre-
sented.

Consider a measuring instrument with a scale, such as a vokter, a
balance, a yardstick, or an apparatus for measuring visuahtesholds. Such

33
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an instrument does not provide us with a yes-no alternativeui with a family
of such. We think of the scale as an abstract seX such that each point
X 2 X represents a possible reading of the instrument. K X is in some
sense a su ciently regular subset, we can associate foa yes-no observation
described by: the reading of the instrument fell withinA. If it is meaningful
to attach such yes-no observations to the setd; B X, then it's equally
meaningful to attach them toX nA, A[ B, andA\ B. Thus we can assume
these subsets form a Boolean algebra.

Without further ado we introduce a setl of instruments. To eachl 2 |
is associated a certain Boolean algebi, the algebra of events in thescale
of the instrument. (For the scale we can take the Stone reprstation space
of B;) We still assume that we have a convex s&t of states. Given 2 S,
I 21 ,andA 2 B, we denote byh;l (A)i the asymptotic frequency that in
the state the instrument has a reading in the evenA of the scale. We must
assume by the frequentistic interpretation that foreach 2 S, A 7' h;1 (A)i
is a measure o8, Of special interest are the instruments in whiclB is nite,
say a Boolean algebra witm atoms. In practice, due to technical limits on
resolution of observations, we can always assume the scdiam instrument
to be divided into a nite number of mutually disjoint subsets. Other types of
scales are idealizations introduced for ease in theoreticavestigations. It's
easier in physical theories for example, to talk about an atract length with
values in [Q1 ) instead of actual metersticks, microcalipers, interferoeters,
planetary orbits, and other length measuring instruments r@ad methods as
mathematical objects formalized within the theory. For fomdation studies
however, these generalizations to in nite algebras are clrarsome to handle,
and we shall therefore assume for the rest of this work th& is always a nite
Boolean algebra. If nowB hasn atoms, we can assume it to be the Boolean

the associated Boolean algebra g,. The trivial algebra f;g we denote by
Bo. For ease of notation, we denote the atorhkg of B,, simply by k. We can
now think of | as being the simultaneous observation of mutually exclusive
properties. We shall refer to these properties as thaomic observations
or simply atoms of I. A copy of a state can posses only at most one of
these properties, which one however, can vary from copy topyo In these
circumstances we can also introduce the property which ise¢tconjunction of
the negations of the given set of properties. Thatis, we canldto B one more
atom and now assume that in addition to having a set of mutuafl exclusive
properties we also have a set of mutually exhaustive ones. i$hprocedure
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we callexhaustionof the instrument | . If we denote by $ the largest element
of B then we say thatl is exhaustiveif h;1 ($)i = 1 forall 2 S. The
exhaustion of any instrument is clearly exhaustive. A nal onvenient way
of intuitively thinking of | with B nite with n atoms is the following: think
of | as an apparatus with a panel oh lights, when applied to a copy of the
state any one of the lights may register, but never more than one. Vém |

is exhaustive then there is always some light that does retgs. Every event
A B is a subset of lights, andh;l (A)i is the asymptotic frequency with
which a light registers within the subsetA when applied to a state . Let

We can now congder the instrumentl on B, de ned as follows: ifS Kk,
then h;J (S)i = fh;1 (A))ijj 2 Sg. We call J a condensationof | and

| are nement of J. In terms of properties, thej -th atomic property of J is
the logical disjunction of the atomic properties of that lie in the subsetA, .
In terms of a panel of lights we consider the event of any lighegistering in
the subsetA; as triggering of the registration of theg -th light on the panel of
J. For eachA; that is empty we therefore have a dummy light on the panel
of J that never registers. Note that the union of theA; is not necessarily all
the atoms ofB,, certain atoms may thus be simply ignored. Such a situation
may turn an exhaustive instrument into one which is not.

Least the reader be led terribly astray, we must warn him or hehat the
above notion of simultaneous observations is rather di er¢ from the same
called notion as is commonly considered in quantum mechasicThe actual
physical mechanism that leads to the assignment of one of thpgoperties
of an instrument to a copy of a state could involve interactios with the
copy over a prolonged time interval. What is essential is thaonly one of the
properties is a rmed of the copy in the end. We shall exploren Chapter 7 the
relationship that our notion has to the one of the usual quantm mechanical
models.

Consider now anoperation, that is, an observation followed by either
rejection or an acceptance as a new state. Given such an ogena and
a further observation p, we can consider the situation from two points of
view, as diagrammed below (note thap is not the observation involved in
the mechanism of the operation, it is a subsequent one):
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- — P
@
—f—3 2
new prepartion  new state
procedure
- — P
I {z }
new observation
p

The two viewpoints are equivalent, though for certain purpses the sec-
ond is more convenient, for if rejects every copy of , then strictly
speaking doesn't exist, yetp continues to make sense. Now this type of
reasoning, though extensively treated in the literature othe foundations of
guantum mechanics, su ers from the same defects that lead the consider-
ation of instruments instead of isolated observations. If &@now admit that
the observation needed to de ne an operation can be perforohdy an in-
strument, then instead of rejecting or accepting, we can daify according to
the response of the instrument. A more adequate re ection @ictual practice
would be diagrammed as follows:

1.
2.

That is, a copy of a state is prepared and observed with an insiment; on
the basis of the result, the copy is either rejected or is clsied as belonging
to one ofk possible new states. We say the operation h&sexits. In terms
of beam physics parlance, is a beam splitter, for other situations however
this is merely a metaphor. In a psychological experiment fanstance, the
subject can be given a preliminary test, and on the basis of ¢hresult he
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or she is classi ed within any one of k categories. Note thatevare not
assuming that after such a classi cation the subject contimes to be a copy
of the original state; the fact of having been tested could gainly in uence
subsequent behavior, and such in uences must be part of thermalism.

Note that outputs of operations can be inputs to others so thaa com-
plicated array can be constructed. For example:

In terms of a collection of tests, we can consider such an ayras a system
comprising an initial test and contingent subsequent testisy which a subject
is prepared for nal observations in any one of the six categes at the
end. Furthermore, anywhere along the line any one of the o@dions could,
depending on its functioning, reject the subject from the stem. Note that
in the above diagram, the double entries in3 and 4 are merely apparent,
since a given copy of the state makes its way only along one teuand by
the very interpretation of the formalism, there is never anysimultaneous
entries or exits. We can think of the whole array above as itdebeing a
single operation with six exits.

Given an operation with k exits, we can place a di erent instrument at
each exit:

I {z }

new instrument
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If each |; is based onB,,, the ccp;nbined system is now a new instrument
(I1;12;:::;1%) based onB,, n = n;. Of course even if each; is exhaus-
tive, the new instrument may not be, since may reject some copies.

We must now introduce into our scheme something that would o®@-
spond to the convex combinations of ob,gervations introdudein the rst
chapter. Let =( ; 2;:::55 0), i 0, i = 1 be a probability mea-
sure onn points. We de ne an operation that functions according to
the following prescription: Divide the unit interval [0; 1] into the following
subintervals [Q 1), [ 15 1+ 2), [ 1+ 2+ + j; 1+ 2+ + ju),
[ 1+ 2+ + ., 1 1+ 2+ + ,]There aren such intervals, some of
which may be empty. Whenever a copy of a state is presented to  pick
a number randomly in [Q 1] from a uniform distribution there and classify
the copy of as belonging to class if this number fell within the i-th inter-
val. Since the operation does not involve any interaction with the copy of

, and in fact the result can be decided even before that partitar copy is
prepared, we must admit that at each one of the exits of the given copy
continues to be a copy of the same state. In other words simply classi es
a-priori in a random manner a fraction ; of the population as belonging
to classi without basing the classi cation on any characteristics of at all.
We call  a stochastic splitter.

There is yet another sort of operation that must be introduce into any
formalism because it can always be performed in practice. tLé be an

as follows: Observe a state with I, if | does not register, destroy the copy
of the state, if the k-th property of | registers, destroy the copy of the state
and prepare state ¢ considering this as the outcome of the operation. Notice
that here the transformed copy of the state could have absolutely nothing
to do with the original copy of since the preparation can be performed
independently of anything to do with . We call this operation asubstitution
operation and denote it by ' where = ( 1; 5;:::; ). It could better
be called asleight of hand operationbeing a type of operation by which a
magician puts a bottle of champagne in a hat and then pulls ow rabbit.
We use both names in this work.

Now except for sleight of hand operations, we shall usuallyp what fol-
lows abandon all mention or investigation of the instrumenneeded in the
mechanism of the operation. All that matters are the result®f applying the
operation to a state . In fact in many operations, such as light lters for
example, the instrument is not made accessible to the expmenter, the oper-
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ation performs its classi cations automatically, making he said instruments
something that is only virtually present.
We now formally de ne a statistical theory:

De nition 4.1 A statistical theory consists of the following:
1. A convex setS called theset of states

2. A setl called theset of instruments This set is a disjoint union of
subsetsl ,, n =1;2::: where ifl 21, we sayn is the sort of| and
call it the number of itsatomic observation or atoms for short.

3. A set R called theset of operations This set is a disjoint union of
subsetsR,, n=1;2::: where if 2 R, we sayn is the sort of and
call it the number ofexits of the operation.

These objects are subject to the following laws:

Axiom 4.1 Eachl 21 ,is a function () : B, ! Conv(S;[0;1]). We call
I (A) the property of the reading of to fall within A. The numberh;l (A)i
has the frequentistic interpretation of being the asympiotfrequency with
which the eventA occurs in the state when viewed withl . According to
this interpretation we must assume thaba; | ()i is a measure onB, for all

Axiom 4.2 Each 2Ryisamap :1% 1 . Wecall (Ily:::;1) the
instrument constructed by placind; on thq:j -th exit of . If n; is the sort of
[, then the sort of (I1;12;:::51%) iIsn= n;. We identify B, with Bn,

via tllge_ injections B,, ! B, that sends the atormm of B, into the atom
m+ 1_'n; of By.

Axiom 4.3 For anysk 1 and anyk-tuple = ( 4;:::; ) of numbers
such that 0, i =pl; there is an operation 2 Ry such that
h; (Il 1)(A) = ih;1 i (A\ By)i whereA\ B, is the pro-

jection of A 2 B, onto the summandB,,. We call  a stochastic splitter.
For k = 1 we have ;(I) = | and we call ; by Id being the identity map
I 1]
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operation ' such thath; "(I4;:::;1)(A)i = L h;l (fig)ih i;1i(A\ By,)i
with the same notation as in axiom 4.3. We call' a substitution or sleight
of hand operation

Axiom 4.5 The setR is closed undercompositions That is, given 2 R,
and 1;:::; min Ry, Ry, respectively, there is an operationf 1;:::; g

foi mg(Iil);:::;I,(ﬁl);lf)':::'l(z)'::"Iim)':::'l("‘))=

’ 1ing Y " ’ LA o™

1)..... . 5 T () R B € 11) I .
(20805019 02500 @) ™1™y

This allows us to form systems of operations. For example,dlsystem shown
on page 37 is

1f ofid; 3fld; 499, sfld; 40, 4 1dg:

Axiom 4.6 We assumel is closed undercondensation Thatis, if | 21

and :B,! By, is a lattice morphism, thenl 2 1,. We calll the
condensation ofl along . The condensation de ned by the map: B; ! Bp

which sends the only atoni of B; into the largest element of B, is called
a total or full condensationof | . It corresponds to forming the conjunction
of all the atomic properties ofl .

Axiom 4.7 We assumeR is closed undercondensations of exitsthat is any
subset of exits can be considered as a single exit. L&&R,and :n! m
be any map. Then we must have 2 R, where

and where * o 1, By ! L1Bn
“(A\ Bn)= fA\ B, (i)jj = (i)o.

is the lattice morphism de ned by

Hence to condense the rst two exits of a three exit operatiowe must de ne
what would happen if we place an instrument on the condensation of the
two exits an instrument J on the third. Place therefore a copy of on the
rst two exits, J on the third, and condense the corresponding atoms of the
two copies ofl .
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We also include under this axiom the act ofgnoring an exit, which we
consider as a type of condensation. Thus we assume that i2 R, then

2R, 1 where (Ig;lo;:::;1, 1) is that condensation of (I4;15;:::;1y)
which ignores all the atoms of ,. Operationally this corresponds to rejecting
every copy of a state that leaves by the last exit.

Axiom 4.8 We assume thatl is closed underexhaustion If | 21, then
its exhaustionl" 2 | n+1 IS de ned on sayB, B; by:

_ . h;yl (A)iif A\ By =

h; ((A)i = h;l (A\ Bp)i+1 h ;1 ($)i otherwise.

For any instrument | consider now the total condensation of This is an
instrument 1 of sort 1 with the property that h; 1i =1 for all . Consider
now 2 and condense by ignoring the rst atom; this is now an instrurant 0
of sort 1 such thath; 0i =0 for all . With these two special instruments
we can now proceed with the axiomatization.

Axiom 4.9 We assume that the exits of an operation can be viewed as new
state preparations if when applied to a state, a positive fraction of times
the particular exit is used. Let 2 R, and consider those for which ( )=

h; (0;0;:::;0;1;0;:::;0) 6 0 wherel stands in thei-th place. We must
now allow that there exists a state!” SEEE

X
h; (g5 1)A)i= f()h @51 (AN By)ij () 60g:

Note that ;( ) is the fraction of times a new state exits through when
is applied to . By convention we will write sums of the form above ranging
over all i having it understood that if ;( ) = 0, the corresponding term is
not present since no state leaves by that exit. '

We have in particular for = ' that ()= h;l (fig)iand @ = |,
andfor = that ()= ;, © =

Axiom 4.10 Instruments separate states. That is, ifi;1 (A)i = h %1 (A)i
forall | andA, then = 0

We note thatdening | 21 , asamapB,! Conv(S;[0;1]) and 2R,
asamapl"!l we are a already identifying as being n identical any two
realizable instruments or operations that have identicaltatistical behavior.
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This is similar to the assumption previously made about theets S and O, but
now that we have a greater variety of mathematical objects wecover certain
distinctions that previously we lost. For example, for tosag a balanced coin,
we can introduce the instrument that looks at the two excluse possibilities
of heads and tails, though we still can't tell which is which.

The complexity of the above formalization is its major drawhck, fortu-
nately some simpli cation is possible. We proceed to refoumate the theory
to make it more manageable.

Having a statistical theory, we de neO as being a subset aConv(S; [0; 1])
consisting of the union of all images of 21 :

[
O= fI(A)JA2B,;l 21g:

Proposition 4.1 O is identi able with | ; that is with the instruments of
sort 1.

Proof: If I 21 ; then we identify | with the image | (1) of the only atom
lofB;. Ifnowp=1(A), 1 21,, A2 B,, then condensing along the map
:B; ! B, dened by 1 7! A we obtain an instrument of sort 1 which

corresponds exactly top. Q.E.D

Proposition 4.2 O is a convex subset of Cor(;[O; 1]).

Proof: Let p;; p. 2 1 ; be two elements ofO and 0 1. Con-
sider the stochastic splitter (.; ) and let q be the total condensation of

;1 y(P1;p2)- Theng= p,+(1 )b Q.E.D

Proposition 4.3 O is closed undemegation that is, if p2 O then there is
a:p20 suchthath; : pi=1 h ;pi for all

Proof: Letp 21, andletl be the exhaustion ofp; then : pis the image
of the new atom ofl. Q.E.D
We have already shown on page 41 the following:

Proposition 4.4 O contains an elementl such that for all , h; 1i =1.

We have thus shown that §; O; h; i) is a separated statistical triple where
h; i is the restriction of the natural duality betweenS and Conv(S;|[0; 1])
toS O.
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We can now consider each 2 | , as being a map : B, ! O and thus
interpret each instrument within the triple (S;O;h; i) as is usually done.
There is still a more cogent way of viewind ,; it can be interpreted as a

Proposition 4.5 |, is a convex subset dD".

Proof: Let O 1;1;3 21,. As an element ofO", 1 +(1 )J
is equal to the condensation of .1 (I;J) which identi es corresponding
atoms ofl andJ. Q.E.D

Let now :n! m be any partial map and consider the induced map

Vo(O)" I Vp(O)™ given by  (ag;:::;a,) = (bi;::ibn) wherely =
faj (i) = jg. The condensation axiom for instruments now becomes:
Proposition 4.6 (In) I m.
Here of course we identifyt ywith its corresponding subset ol (O)".
Consider now the mape : Vo(O)" !  Vo(O)"*! given by e(ay;:::;a,) =
(ag;::;an1l a ap+ a,) The exhaustion axiom for instruments now
becomes:
Proposition 4.7 e(1,) | n+1.

We now proceed to interpret each operation within the triple. Let
2R,anddene ) :0!0 by the following formula: givenp

h; @pi= ;()h®;pi

where in case i( ) = 0, the right hand side is by convention zero. We
rst need to show that ('p 2 O. But we have from axiom 4.9 that ()p is

Furthermore, axiom 4.9 shows thatO is completely determined by the @
since the equation there can be written as:

X .
h; (I h)(A) = hy OL(AN By)i:
Let Q be the setof all ) forall 2R.

Proposition 4.8 Q is identi able with R;.
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Proof: Clearlyif 2 R4, then isimmediately identi able with @ 2 Q.
Let therefore 2 R,, n> 1, and consider the condensation of obtained by
rejecting all exits other thani. As an element ofR; this operation is now
identi able with ). Q.E.D

With obvious changes in notation we proceed.

Proposition 4.9 Each 2 Q is an ane map.

Proof: Foreach 2S,h; (p +( )i = ()h ;p +(1 )qi
()h ;pi + (1 ) (H)h 5qi = hypi+ (1 )h; qi

h; p +(1 ) qi. Hence (p +(1 = p +(@1 )g Q.E.D
We have immediately from the de nitions.

Proposition 4.10 ()= h; 1i.

In particular we see that in all casedh; pi h ; 1i.
If now ; °2 R, then ©corresponds exactly to the operationf 9.
Hence we have:

Proposition 4.11 If ; °2Q,then °2Q.

We thus see thatQ is a semigroup; in fact it is a monoid with zero, since
Id is the identity and the map p 7! 0, the zero, can be identi ed with the
condensation of the stochastic splitter .1y obtained by ignoring the second
exit.

Proposition 4.12 Q is a convex set.

Proof: If 1; ,2Q and O 1, then +(1 ) » is the full
condensation of (.; f 1; 2,9. Q.E.D
We can now identifyR , with a subset ofQ* bythemap 7! ( @;:::; ()

Since every 2 Q has an obvious extension, still called, to a linear map
Vo(O) ! Vu(O) we can thus also think ofQ* as a subset ofl(in (V(O); Vo(0)))X.

Proposition 4.13 Ry is a convex subset aD.

Proof: If ; °2Rand0 1,then +( ) °can be identied
with the condensation of (.; ,f ; 9 which identi es corresponding atoms
of and ° Q.E.D

The existence of stochastic splatters now becomes:
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P
Proposition 4.14 1f 0, ¥, i=1,then( 1ld; id;:::; (Id) 2 Ry.

The existence of substitution operations now becomes:

The axiom of composition now becomes:

Proposition 4.16

1. 1..... 1. 2.0 A | (I
(11112,---11n1,21,---,2n2,---1m T,--wm ?m)ZRn
wheren = n; + + Np,.
Letnow :n! m be any partial map and consider the induced map

(B1;:::;Bm) whereB; = fA;] (i) = jg. The condensation axiom for op-
erations now becomes:

Proposition 4.17 olRn) R .

The fact that operations act on instruments to produce othemstruments is
now expressed by:

i = 1;:k then (apfiiir; aphsiios kP i «ps,) 2 |h wheren =
ng + + Ng.

In view of the above propositions we now rede ne a statistitaheory as
follows:

De nition 4.1 © A statistical theory T is a statistical triple (S;O0;h; i)
endowed with the following additional structure:

1. For eachn O there is given a convex subsdt, O ".

2. There is given a convex subsemigroup of Conv(O; O) containing
Id and O.

3. For eachn 1 there is given a convex subsd®, Q ".
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This collection of objects satis es the following axioms:

Axiom 4.2 © The statement of Proposition 4.18
Axiom 4.3 © The statement of Proposition 4.14
Axiom 4.4 ° T